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FOREWORD

The National Curriculum Framework 2005, recommends that children’s life at school
must be linked to their life outside the school. This principle marks a departure from the
legacy of bookish learning which continues to shape our system and causes a gap between
the school, home and community. The syllabi and textbooks developed on the basis of
NCF signitfy an attempt to implement this basic idea. They also attempt to discourage
rote learning and the maintenance of sharp boundaries between different subject areas.
We hope these measures will take us significantly further in the direction of a child-
centred system of education outlined in the National Policy on Education (1986).

The success of this effort depends on the steps that school principals and teachers
will take to encourage children to reflect on their own learning and to pursue imaginative
activities and questions. We must recognise that, given space, time and freedom, children
generate new knowledge by engaging with the information passed on to them by adults.
Treating the prescribed textbook as the sole basis of examination is one of the key reasons
why other resources and sites of learning are ignored. Inculcating creativity and initiative
is possible if we perceive and treat children as participants in learning, not as receivers
of'a fixed body of knowledge.

These aims imply considerable change in school routines and mode of functioning.
Flexibility in the daily time-table is as necessary as rigour in implementing the annual
calendar so that the required number of teaching days are actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’s life at school a happy experience, rather than a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunities for contemplation and wondering, discussion in small groups, and activities
requiring hands-on experience.

The National Council of Educational Research and Training (NCERT) appreciates
the hard work done by the textbook development committee responsible for this book.
We wish to thank the Chairperson of the advisory group in Science and Mathematics,
Professor J.V. Narlikar and the Chief Advisors for this book, Professor P. Sinclair of
IGNOU, New Delhi and Professor G.P. Dikshit (Retd.) of Lucknow University, Lucknow
for guiding the work of this committee. Several teachers contributed to the development
of this textbook; we are grateful to their principals for making this possible. We are



indebted to the institutions and organisations which have generously permitted us to
draw upon their resources, material and personnel. We are especially grateful to the
members of the National Monitoring Committee, appointed by the Department of
Secondary and Higher Education, Ministry of Human Resource Development under the
Chairpersonship of Professor Mrinal Miri and Professor G.P. Deshpande, for their
valuable time and contribution. As an organisation committed to systemic reform and
continuous improvement in the quality of its products, NCERT welcomes comments
and suggestions which will enable us to undertake further revision and refinement.

Director
New Delhi National Council of Educational
15 November 2006 Research and Training



Foreword

The Government of Andhra Pradesh has unleashed a new era in school education by
introducing extensive curricular reforms from the academic year 2020-21. The Government has
taken up curricular reforms intending to enhance the learning outcomes of the children with focus
on building solid foundational learning and to build up an environment conducive for an effective
teaching-learning process. To achieve this objective, special care has been taken in designing the
textbooks to achieve global standards. As part of this the Government of Andhra Pradesh has
decided to introduce NCERT Textbooks from class VI onwards.

As a part of the curricularm reform, an effort was made to ensure quality transaction of
textbooks, bilingual method was used. The mathematical concepts in the text book are developed
based on themes like Number System, Arithmetic, Algebra, Mensuration, Geometry and Statistics.
In this text book, concepts are introduced through activities related to daily life situations and
conversations. To strengthen these concepts, individual activities, group activities and whole class
activities are designed. The textbook attempted to enhance this endeavor through incorporating QR
codes in each chapter to enable efficient learning outside the class room.

We are grateful to our Honourable Chief Minister, Sri Y.S. Jagan Mohan Reddy, Andhra
Pradesh for being our source of inspiration to carry out this extensive reform in the Education
Department. We extend our gratitude to Sri Botcha Satyanarayana, Honourable Minister of
Education , Govt. of Andhra Pradesh for striving towards qualitative education. Our special thanks
to Sri. Praveen Prakash, IAS, Principal Secretary, School Education, Sri. S. Suresh Kumar, IAS,
Commissioner of School Education, Sri. B. Srinivasa Rao, IAS, State Project Director, SS, Ms. Nidhi
Meena, IAS, Special Officer, English Medium Project for their constant motivation and guidance.

We convey our sincere thanks to the text book writers, who studied curriculum and best
practices across the globe to reach global standards. Our heartful thanks to Director NCERT in
designing the text book and for issuing copyrights to print the textbooks by the State Government.
We also thank our Coordinators, Editors, Subject Coordinators, Technical team members, Artists,
DTP and Layout designers for their contribution in the development of this text book. We invite
constructive feedback from the teachers, parents and Educationalists for the further refinement of
the text book.

Dr. B. Pratap Reddy
Director
SCERT — Andhra Pradesh

Vi



RATIONALISATION OF CONTENT IN THE TEXTBOOKS

In view of the COVID-19 pandemic, it is imperative to reduce content load on students. The

National Education Policy 2020, also emphasises reducing the content load and providing

opportunities for experiential learning with creative mindset. In this background, the NCERT

has undertaken the exercise to rationalise the textbooks across all classes. Learning Outcomes

already developed by the NCERT across classes have been taken into consideration in this

exercise.

Contents of the textbooks have been rationalised in view of the following:

Overlapping with similar content included in other subject areas in the same class
Similar content included in the lower or higher class in the same subject
Difficulty level

Content, which is easily accessible to students without much interventions from teachers
and can be learned by children through self-learning or peer-learning

Content, which is irrelevant in the present context

This present edition, is a reformatted version after carrying out the changes given above.

Vii
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Indiais my country. All Indians are my brothers and sisters.
I love my country and I am proud of its rich and varied heritage.
I shall always strive to be worthy of it.
I shall give my parents, teachers and all elders respect,
and treat everyone with courtesy. I shall be kind to animals.
To my country and my people, I pledge my devotion.

Intheir well-being and prosperity alone lies my happiness.

- Pydimarri Venkata Subba Rao
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2 INTRODUCTION TO TRIGONOMETRY

1062CHOE

INTRODUCTION TO 8
TRIGONOMETRY

There is perhaps nothing which so occupies the middle
position of mathematics as trigonometry.

—J.E Herbart (1890)

8.1 Introduction

You have already studied about triangles, and in particular, right triangles, in your earlier classes.
Let us take some examples from our surroundings where right triangles can be imagined to be
formed. For instance :

1. Suppose the students of a school are visiting
Qutub Minar. Now, if a student is looking at
the top of the Minar, a right triangle can be
imagined to be made, as shown in Fig 8.1.
Can the student find out the height of the , :
Minar, without actually measuring it? e l_

2. Suppose a girl is sitting on the balcony of Fig. 8.1
her house located on the bank of ariver. She
is looking down at a flower pot placed on a
stair of a temple situated nearby on the other
bank of the river. A right triangle is imagined
to be made in this situation as shown in
Fig.8.2. If you know the height at which the
person is sitting, can you find the width of
the river?
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4 INTRODUCTION TO TRIGONOMETRY

3. Suppose a hot air balloon is flying in the air. @ @
A girl happens to spot the balloon in the sky A B

and runs to her mother to tell her about it.
Her mother rushes out of the house to look
at the balloon.Now when the girl had spotted r b
the balloon intially it was at point A. When £ ,
both the mother and daughter came out to ‘ l._' J_'
see it, it had already travelled to another point 70~
B. Can you find the altitude of B from the

around? Fig. 8.3

In all the situations given above, the distances or heights can be found by using some
mathematical techniques, which come under a branch of mathematics called ‘trigonometry’.
The word ‘trigonometry’ 1is derived from the Greek words ‘tri’
(meaning three), ‘gon’ (meaning sides) and ‘metron’ (meaning measure). In fact, trigonometry
is the study of relationships between the sides and angles of a triangle. The earliest known work
on trigonometry was recorded in Egypt and Babylon. Early astronomers used it to find out the
distances of the stars and planets from the Earth. Even today, most of the technologically
advanced methods used in Engineering and Physical Sciences are based on trigonometrical
concepts.

In this chapter, we will study some ratios of the sides of a right triangle with respect to its
acute angles, called trigonometric ratios of the angle. We will restrict our discussion to
acute angles only. However, these ratios can be extended to other angles also. We will also
define the trigonometric ratios for angles of measure 0° and 90°. We will calculate trigonometric
ratios for some specific angles and establish some identities involving these ratios, called
trigonometric identities.

@

8.2 Trigonometric Ratios

In Section 8.1, you have seen some right triangles
imagined to be formed in different situations.

Let us take a right triangle ABC as shown in Fig. 8.4. Hypotenuse

Here, ZCAB (or, in brief, angle A) is an acute angle.

Note the position of the side BC with respect to angle

A. It faces Z A. We call it the side opposite to angle A.

AC is the hypotenuse of the right triangle and the side A

AB isapart of ZA. So, we call it the side adjacent Side adjacent to
to angle A. angle A

Side opposite to angle A

or

Fig. 8.4
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6 INTRODUCTION TO TRIGONOMETRY

@)

Note that the position of sides change
when you consider angle C in place of A
(see Fig. 8.5).

You have studied the concept of ‘ratio’ in your
earlier classes. We now define certain ratios
involving the sides of a right triangle, and call them
trigonometric ratios.

Hypotenuse

“  Side adjacent to
angle C

The trigonometric ratios of the angle A in A
right triangle ABC (see Fig. 8.4) are defined as Side opposite to
follows : angle C

side opposite to angle A~ BC Fig. 8.5

sine of Z A=
hypotenuse AC

side adjacent to angle A _ AB

cosine of L A=
hypotenuse AC

side opposite to angle A _ BC

tangent of L A=
angent o side adjacent to angle A AB

1 hypotenuse _AC

cosecant of Z A= — =— : =
sine of ZA  side opposite to angle A BC

1 hypot A
secant of Z/ A= — —YPOWIUSC _AC
cosine of £ A side adjacent to angle A AB
1 i jacent t leA AB
cotangent of £ A= _ side adjacent to angle A _ AB

tangent of £ A ~ side opposite to angle A " BC

The ratios defined above are abbreviated as sin A, cos A, tan A, cosec A, sec A and cot A
respectively. Note that the ratios cosec A, sec A and cot A are respectively, the reciprocals of
the ratios sin A, cos A and tan A.

BC
BC AC sinA cos A
Al thattanA= — =5 =—— tA= :
so, observe that ta AB AB ~ cos Aandco oA
AC

So, the trigonometric ratios of an acute angle in a right triangle express the relationship
between the angle and the length of its sides.

Why don’t you try to define the trigonometric ratios for angle C in the right triangle?
(See Fig. 8.5)



(B8%08 HBSHo

@)

B 80 CJ A 3526066 DOKSR) ghere ﬁ;m@)
$5°88PZeAD HBoHod (0 8.5 FeKod).

K8 SBKHE VY @ grss Cla(oniy'e) 32
ST ©028%s (Q2es P BodS (B8 oD Qsgen
®R RNt 5 (K858 e o S5pi JGDTO.

e
€

8%0 C & &0 gheo

©028%s (@2pas0 ABC (0 8.4 5od) &° 8o
A@é&@é?m&écﬁ DG&en & (Bod Diforr esotron: Agem C 8 Dtitoreiin) eheo 5

) Leoo A 3%d sHz0  BC
AAcﬁwégy sine = &0 v %650 8.5

w0 A evf) oo AB

A SwE) cosine = 550 =AC

80 A% 2d ghwo _ BC
LA S &85 gheo AB

Z A &%) tangent =

L &o _AC
/A &g sine S0 A® b e BC

A Sw¥) cosecant =

B o _AC
ZAGgcos Eewo A® ey w0 AB

A Sw¥) secant =

1 _ Fmo A e o AB

ZAG% tan o A% abs weo  BC

Z A &»¥) cotangent =

2 B Sofore sin A, cos A, tan A, cosec A, sec A 5580w cot A en e d&Domdd. Jsdhen
cosec A, sec A, cot A en $865re sin A, cos A, tan A o Sy&sren o KodolSiD).

BC
_BC_Ac _sinA _ COsA
tan A= . AB = s A 20635 cot A A ) KoDoUsHD).
AC

5%, w0t [BH2os® @@o)%'seao S s)) (©EPeaéHD QY Hen, [IND oot [@deso ) &%s0
5000 T ghere EHe HEte YA BB

I oot (B2H208% &m0 C Do) (&8P e08 0% Q5B AR 0NEY K eS) (£00H&) 0SHeT?
(3¢20 8.5 S0d).



INTRODUCTION TO TRIGONOMETRY

The first use of the idea of ‘sine’ in the way we use it
today was in the work Aryabhatiyam by Aryabhata, in
A.D. 500. Aryabhata used the word ardha-jya for the
half-chord, which was shortened to jya or jiva in due
course. When the Aryabhatiyam was translated into
Arabic, the word jiva was retained as it is. The word
Jiva was translated into sinus, which means curve, when
the Arabic version was translated into Latin. Soon the
word sinus, also used as sine, became common in
mathematical texts throughout Europe. An English
Professor of astronomy Edmund Gunter (1581—
1626), first used the abbreviated notation “sin’.

Aryabhata
C.E. 476 — 550

The origin of the terms ‘cosine’ and ‘tangent’ was much later. The cosine function arose
from the need to compute the sine of the complementary angle. Aryabhatta called it kotijya.
The name cosinus originated with Edmund Gunter. In 1674, the English Mathematician Sir
Jonas Moore first used the abbreviated notation ‘cos’.

Remark : Note that the symbol sin A is used as an
abbreviation for ‘the sine of the angle A’. sin A is not
the product of ‘sin’ and A. ‘sin’ separated from A has
no meaning. Similarly, cos A is not the product of ‘cos’
and A. Similar interpretations follow for other
trigonometric ratios also.

Now, if we take a point P on the hypotenuse AC or a
point Q on AC extended, of the right triangle ABC and
draw PM perpendicular to AB and QN perpendicular
to AB extended (see Fig. 8.6), how will the
trigonometric ratios of £ Ain A PAM differ from those
of Z Ain A CAB or from those of Z Ain A QAN?

P
Hypotenuse
o M
Fig. 8.6

Q

To answer this, first look at these triangles. Is A PAM similar to A CAB? From Chapter 6,
recall the AA similarity criterion. Using the criterion, you will see that the triangles PAM and
CAB are similar. Therefore, by the property of similar triangles, the corresponding sides of the

triangles are proportional.

AM _ AP MP

So, we have “E AC BC
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30 & B eHARNKY) ‘Sine’ ©F grSS FROBEIBMT (HISS
“epsty 83 (oo edgfato &° §.%. 5008° eS@rRoT. @B
©3 DT e75S” IR BN el SHAPAOTD. ©b SPolEaber
e (jya) S @ (ivarr Hosedod. efiBdbos oshESs
DDEOTESYD, B R Q) WP GoT. WEEE Kod BIES
SHTE0 BaHREBPD HBo & ©BMFY) & (fiva) ©F Ho PV
(sinus) e $rp&od. & SHard CrssH wodtr D (sinus) O
S0 DR (sine)rr KBS H8ePRS® eHErAoBEo FEEIDRIE0D 0.
Pl N8 Do o @6 Yok KowS (1581 - 1626), s

FBOFOT “sin’ ©F H08s BoTEITR) SSITNAOTS. .2, 476 - 550

‘cosine’ oci» ‘Tangent o Stren e To SHTFE afDomron. Sin Gwg) FBE S
B80Ty HYSHE cosine HEE0B. TV ey (%8 ) ) edTrAomRd. cosined FnyImsd
BT DO Hotb eHd@rhomd. 1674 &° 86 &% 5078 o wolf K8 38 cosinesn KSoggore
€08 @ BDBTAOTRED.

GedS 1 sin A g ‘Beo A GwE) sine’ e eH@EPAD. Q
©oBR Sin A o ‘sin’ HOcH A © ogo s, eoh

A 28 508 b I o8 ©Zo 8. BPore cos A

XTP COS S8 Ae o8O0 o, oisee (B8P AD DR HH P
St 56 DdBee HONOB. g
B oo’ (®zbeso ABC To%) 8o 05 P Dotnddo '
B8, T AC Q &R0 Q X HothHd AB & eomore

PM %8050 AB r&Aod% gheso QN £ (éo 8.6 &okod) A
AT, (B85 dDH Den APAM S LA $0&

A CAB &%), ZA% &> AQAN Gy LAS der S-tozeon?

M B N

Hexo 8.6

8 BSPEPK0 SPaTe0E , S0t P S (BeHered $kos. A PAM, A CAB 8 {&x% (@3beso
©HBOTP? 65 FIo0 2008 &5, 85 s oo 55 8z‘5:>z)§80&. T LS Do) e9d001) A
PAM %8050 A CABen 0858 (88beren edaron. @ghere D8rHS QD5 @00 o7& LD
gheren &8 DPBE® GotraDH Beniyob.

AM AP MP

8 Lo AB A_C = B_C Q roreco.
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. MP BC .
— = —=smA,
From this, we find AP AC
.. AM AB
Similarly, —— =— = COSA, MP _BC _ tan A and so on.
AP AC AM AB

This shows that the trigonometric ratios of angle A in A PAM not differ from those of
angle Ain A CAB.

In the same way, you should check that the value of sin A (and also of other trigonometric
ratios) remains the same in A QAN also.

From our observations, it is now clear that the values of the trigonometric ratios of an
angle do not vary with the lengths of the sides of the triangle, if the angle remains the
same.

Note : For the sake of convenience, we may write sin’A, cos?A, etc., in place of
(sin A)?%, (cos A)?, etc., respectively. But cosec A=(sin A) ! #sin! A(itis called sine inverse A).
sin! A has a different meaning, which will be discussed in higher classes. Similar conventions
hold for the other trigonometric ratios as well. Sometimes, the Greek letter 0 (theta) is also
used to denote an angle.

We have defined six trigonometric ratios of an acute angle. If we know any one of the
ratios, can we obtain the other ratios? Let us see.

C
. 1 .

If in a right triangle ABC, sin A = 3’ then this means

BC 1 . : 3%
that A_S =3-1e, the lengths of the sides BC and AC of the i
triangle ABC are in the ratio 1 : 3 (see Fig. 8.7). Soif BC is . B
equal to k, then AC will be 3%, where k is any positive )
number. To determine other Fig. 8.7

trigonometric ratios for the angle A, we need to find the length of the third side AB. Do you
remember the Pythagoras theorem? Let us use it to determine the required length AB.

AB?= AC? — BC? = (3k)2 — (k)* = 8k = 22 k)?

Therefore, AB= + 22k

So, we get AB= 22k (WhyisABnot—2\2%?)
AB 242 2+/2

Now, cosA= ——ﬂ=£

AC 3k 3

Similarly, you can obtain the other trigonometric ratios of the angle A.
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MP BC .
— = —=sin A .
B Lo AP AC Q Voo
AM AB
% Bore, —— =— = COsA, MP _BC _ tan A S0EB8ID rotoEeo.
AP AC AM AB =

2 o D0& APAM & LA Ging) (88°008ch Asjhe denden, A CAB & LA Devden 38525
BeoRod.

56 Digorr sin A (388 (88%0805H J&he) Devd A QAN & &roe 5580 @ Beniob.

o0 Srdbone oon God, [Bhere FEdHe assoazsxap)&é Fero (8 0dod Do Denden 8D
© 3 HoBede DHod JKore BepHo.
15500%: % eggo 850 sin’A, cos?A... wEBED Boore (sin A)%, (cos A)? IndBIr ooos S,
©08 =20 cosec A= (sin A)' # sin”' A (B sine aS5G) Are beoo) sin™! A @) PHFS oo
550 P BB Bhdzro. 8L (B EAD JHoBH Lree 5w $000s. TQFE 8% rdosmes
L0 (% @880 0 (Ber)o eHT@eARTo.

%0 we)Eo @Y 68 (B HHAD JYHedH IEDoTTED. HIH B &8 Y  Devd BOR, T
5008 588 Qe Denden Beoos*dT? Srgro.

£
§ eonSie (Btheo ABC &, sin A = —» ol o= =+

e85 ©05%0 (e3gneso , SIn 3ae:90 AC 37 3k X
wlre (Bgheso ABC &° BC 5080w AC ghere SPEden 1:3 &

B

ETNOHD w0, (Hr00 8.7 Ertsod) BC Denss kb imiso womd A
AC Densd 3k 0H00b. ka8)i B 2.8 &5 Sogy,

Sod0 B0 A &n8) Dorfee (B85 080D DY&e Dewden ézéage&mooé, (B8De30B LS gheso SPEHBd
é:éa%'s&mé)ﬂ):é @580 G0, Do PR ?oa(;oééo 1HBOTP? S0 Kot ghezo Ky ABR é:éagsgymébé &
?ocrg;o@?\)& EDTPATTO.

AB?= AC? - BC? = (3k)* — (k)* = 8k* = (22 k)?
=H, AB= 22k

RHevo 8.7

AB= 22k Q &othzro  (AB o386 —2.2 k 506, dotE?)

o A_ﬁ_Z\/Ek_Z\E
SR, COSATNC™ 3k 3

sagore Swo A Gy o) (B8 SD Ao Jevded EHEHED).



12 INTRODUCTION TO TRIGONOMETRY

Remark : Since the hypotenuse is the longest side in a right triangle, the value of
sin A or cos A is always less than 1 (or, in particular, equal to 1).

Let us consider some examples.

. 4 . . .
Example 1 : Giventan A= 3 find the other trigonometric ratios C
of the angle A.
Solution : Letus firstdraw a right A ABC
(see Fig 8.8). 4k
BC 4
Now, we know that tan A= B 3
Therefore, if BC =4k, then AB = 3k, where £ is a positive number. - 3k B
Now, by using the Pythagoras Theorem, we have Fig. 8.8
AC?= AB? + BC? = (4k)* + (3k)* = 25/*
So, AC= 5k
Now, we can write all the trigonometric ratios using their definitions.
oA BC_ak_4
SIMA= S CT %S
AB 3k 3
COSA=3C™5k 5
1 3 1 5 1 5
= —= A = = — = — = —
Therefore, cot A A g cosee nA-a and sec A oA 3
Example 2 : If £ B and £ Q are acute angles such P
that sin B = sin Q, then prove that / B= 2 Q.
Solution : Let us consider two right triangles ABC
and PQR where
sin B = sin Q (see Fig. 8.9).
We have sin B = g C B R Q
Fig. 8.9
L o_ PR
and sinQ = PO
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S 1 a8 o8t (Bghesos® ggo PEIS ghezo S sin A 8we cos A Qend dYEr 1 SodS EENH
soeron. (Soe QP 1 8 Do),

Y] SRS éb%@trgo.

&rrdes 1 @ tan A = %, wand &'%mo A Gws) e (©8°BHAD
QA Hed EHs%08.

PEH L 3w, A ABC eoa8bs (B2 f\trgo. (3¢20 8.8 Feod) 4k

BC 4 5
tan A= B3 ©Q HJE Bend.

s, BC = 4k 008 AB = 3k oo, a8 ks §35 Sogy. 8 3k B

S, RIS BEFoT-R SBEPAOST, 0 8.8

AC?*= AB?+ BC? = (4k)* + (3k)* = 25k*
AC = 5k 9H%Hob.

B T JBESTren eerdore o) (B85 08H QY& Denden o DPorr T°eDHD).

A BC_4_4
SIMA= %Cc 5k 5
3k

AB 3
COSA= =5 T

1 3 1 5
RGO, COt A= —— == cosec A = =— 85w sec A=

5
tanA 4 sinA 4 cosA_3'

&wesRdes 2 ¢ sin B =sin Q exdlhgtey /B 5580 £Qen
woyEferosd £ B =/ Q o $rdod.

A

&S ¢ sin B = sin Q exdgtsyn 3ot eoas’en (@gheren

ABC 5805 PQR e» émmchidHomro (600 8.9 @rtiod). C B R Q

S¢0. 8.9

sinB = 2%
AB

. PR
$oBS5 sin Q = 0 ©)H0k.
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AC PR
Then - = %
AC AB
—_—= — = k’
Therefore, PR PQ say (1)

Now, using Pythagoras theorem,

BC= \JAB*- AC?

and QR = ,/PQ* - PR?
BC yAB? —AC? JK*PQ’- K*PR®  k4/PQ’>— PR’ .

So, QR \PQ? — PR? B PQ? - PR? B \PQ? - PR? ) (2)
From (1) and (2), we have
AC _ AB_BC
PR PQ OR
Then, by using Theorem 6.4, A ACB ~ A PRQ and therefore, Z B= 2 Q.
Example 3 : Consider A ACB, right-angled at C, in which AB = A
29 units, BC =21 units and £ ABC =0 (see Fig. 8.10). Determine
the values of
29
(i) cos? O +sin’ O,
(ii) cos? O —sin? 6.
0
Solution : In A ACB, we have C 21 B
Fig. 8.10

AC= JAB’- BC? = /(29)° - (21

= J(29 - 21)(29 + 21) = /(8)(50) = /400 = 20units

g in9_£_2o cos0 =8¢ _21
0, S AB 29 AB 29
20 (21)  20%+21% 400 + 441
. 2 + s 2 — | — + | — — — 21’
Now, (i) cos’0 + sin’0 (29) (29j S oAl

21 (20)  (21+20)(21-20) 41
11 2 _ Q1 2 = | — —_| — = = —
and (i1) cos® 0 — sin” 0 (29) (29] 297 IR
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. AC PR
P AB P
AC _AB
—_—e—= e = k
T oS0l (1)

BIPD, PFRER ‘z”omcgo@(‘gl EHRrA0D,
BC= \/AB*- AC?
SoB0%w QR = \/PQ? - PR? D grohero.

BC AB’-AC? _k’PQ’- K’PR® _ k\PQ’-PR® _ .
SOE R JPQ? — PR? JPQ>- PR’ JPQ? - PR? (2)

(1) 850 (2) © L00o&,

AC _ AB_BC

PR PQ OR
©)H drrodo 6.4 Kod AACB ~A PRQ 58w £ B= 2 Q e%06.

awrirdn 3 1 CHE voas®mo 8OAS &8 A ACB &° AB =29 chrdey,
BC =21 c8eyp 0835 £ ABC =0 @an (3¢0. 8.10 SmEod)
(i) cos? O +sin? O, 29
(ii) cos? B —sin’ B Denden BHS &,
PS5 : AACB %08 0

21
AC= JAB* - BC? = (29) - 21)? 60 8.10

= J(29 = 21)(29 + 21) = {/(8)(50) = /400 = 20 c5Den

. AC 20 BC 21
=—=—c080=—-=—
=53, sin0="p=g AB 29
2 2 2 2
20 21 207+ 21 400 + 441
) 1 2 =+ m2B=|—1 +|— = = =1
83pe (1) cos’0 + sin*0 (29) (29) S oal

21
$o8s» (i1) cos? 0 — sin’ 6 = (2—9) - (

20 : _(21+20)(21-20) _ 41
29 292 841
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Example 4 : In aright triangle ABC, right-angled at B, iftan A= 1,
then verify that A

2 sinAcosA=1.

Solution : Tn A ABC, tan A= % —1 (secFig8.11)

. B C
e BC=AB Fig. 8.11
Let AB =BC =k, where £ is a positive number.
Now, AC= JAB*+ BC?
= J()? + (k)? = k-2
. _BC_ 1 L AB_ L
Therefore, SinA = AC 12 and CcosA= AC 12
. 1 1 C g .
So, 2sinAcosA= 2| — || —= | =1, which is the required value.
) !
: Q
Example 5 : In A OPQ, right-angled at P,
OP =7 cm and OQ — PQ = 1 cm (see Fig. 8.12).
Determine the values of sin Q and cos Q.
Solution : In A OPQ, we have
0Q?*= OP?+PQ?
ie., (1 +PQ)>= OP*+PQ* (Why?)
ie., 1 +PQ?+ 2PQ = OP? + PQ?
ie., 1 +2PQ="7? (Why?)
. _ _ _ P O
1e., PQ=24cmand OQ=1+PQ=25cm 7 cm
24 :
So, sin Q= l and cos Q=— Fig. 8.12

25 25
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&8 4 1 wont’e @gheo ABC & B 5% o080 S, tan A =1
0w

2 sin Acos A= 1o §860s0d.
BC
PS5 : AABC &, tanA= B I (%0 8.11 5008 Seod)

odre, BC= AB

AB =BC = k @%:8%8, a8 ka8 8% o8y

SRIPLD, AC= |/AB*+ BC?

= J()* + (k)* = k2

o _BC_ 1 L AB
I, SINA= 1= NG 0w CoOSA= AC
. 1 1
o8, 2SINACOSA=2| — || —= | =1, ©Q ddrdholedod.
=z

aweirEbes S ¢ AOPQ & OP =7 20.8v., $8cs» 0Q —PQ
= 120.2. oty P58 ooatmo Suth. o sin Q &sam
c0s Q DenvHen BB 0&.

FES ¢ AOPQ %08

0Q?= OP? + PQ?
o3P, (1+PQ)*=O0P?+PQ? (Qo&%?)
odre, 1+PQ?*+2PQ = OP?+ PQ?

o3P, 1 +2PQ="7? (Doto%?)

%, PQ = 24 20.5, £8c5» 0Q =1+ PQ =25 20.5.
o= L _ 24

I3, sin Q = Y Sodcsw cos Q 25

Seo 8.11

7 20.5».

Seo 8.12
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EXERCISE 8.1
1. In AABC, right-angled at B, AB =24 ¢cm, BC =7 cm. Determine : P
(1) sinA,cosA
(i1) sin C, cos C

2. InFig. 8.13, find tan P — cot R. e I
3. IfsinA= > calculate cos A and tan A.

4 Q R
4. Given 15 cot A=8, find sin Aand sec A. Fig. 8.13

: 13 : o
5. Givensec 0 = Ik calculate all other trigonometric ratios.

6. If £ Aand £ B are acute angles such that cos A= cos B, then show that Z/ A=/ B.

7. Ifcot 0= _. evaluate : (i) U+sin O =sinb) (i1) cot*6
8 (1 + cos 0)(1 — cos6)
1 - tan’ A .
8. If 3 cot A= 4, check whether [+ A~ cos? A — sin’A or not.
tan“A

9. Intriangle ABC, right-angled at B, if tan A= % find the value of:

(1) sinAcos C+cosAsinC
(i1) cos Acos C—sinAsin C

10. In A PQR, right-angled at Q, PR + QR =25 cm and PQ = 5 cm. Determine the values of
sin P, cos P and tan P.

11. State whether the following are true or false. Justify your answer.
(1) The value of tan A is always less than 1.

(i1) secA= % for some value of angle A.

(iii) cos Ais the abbreviation used for the cosecant of angle A.
(iv) cotAisthe product of cot and A.

(v) sin®= g for some angle 0.

8.3 Trigonometric Ratios of Some Specific Angles

From geometry, you are already familiar with the construction of angles of 30°, 45°, 60° and
90°. In this section, we will find the values of the trigonometric ratios for these angles and, of
course, for 0°.
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ogRgo 8.1

1. AABC &* o080 B G &ob. B AB =24 0.8, BC =7 20.8. @ans:
(i) sinA,cosA P
(ii) sin C, cos C o Devden EHS08&.

2. %80 8.13 &9 tan P — cot R Qensd ééagsgro&.
12 0. 3. 1320.5.

3. SinA= 2 wans cos A0 tan A Desisi SE508.

4. 15 cot A= 8 woni sin A L8k sec A Denon 808508, Q R
3 S0 8.13
5. secO= 1y o o) (B dD Ve Dended EHEH0E.

6. cos A=cos B edgtty £ Addm £ B e» woysiaren wond L A=/ B od drsbod.

(1 + sin 6)(1 — sin 0)

> (i) cot? O Denden EHEH0E.
(1 + cos 0)(1 — cos6)

7. cotf = % wans (i)

1 - tan’ A
1 + tan’A

8. 3 cotA =4 wand = c08? A — SinA @508 S6° K8 Srod?

9. ABC voat’s (@sbe0s® B 8 woasso o, tan A= % ©aNJ:

(1) sinAcos C+cosAsinC
(ii) cos Acos C—sinAsin C dendod 8508508

10. APQR & Q £ woas’mo Soth. PR+ QR =250.8. 5600 PQ =5 20.8. @ans sin P, cos
P 0805w tan P o dendeod 858508,

11. 808 ak0és a°s’>§e>c’3's AN D&g0? AN ed&0? S DXL ézﬁagoiﬁo&.
(i) tan A Dend ded)Er 1 o0& S&).

12

(ii) Seo A Go¥) DI e sec A= 5

(iii) cos A wire Swo A &) cosec 8 Hogsstraso.
(iv) cot Aedre cot5HBasw Ao ego.

V) 9B el S0 0% Sin 0 = — wBEhob.
) 5 :

8.3 %8 Sero (8 ancd AHhen
as08S° 30°, 45°, 60° 00 90° e der AGjomrs® bt BHBS BorDER san. 8 dgrrod’
%0 0°8° 158 (©B o Jepde Denden EdiPotro.
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Trigonometric Ratios of 45° C

In A ABC, right-angled at B, if one angle is 45°, then
the other angle is also 45°, i.e., L A= £ C = 45°
(see Fig. 8.14).

So, BC=AB (Why?)
Now, Suppose BC=AB =a.
2 2 22 21,2
Then by Pythagoras Theorem, AC*=AB*+BC* = a* + a* = 2a°, Fig. 8.14
and, therefore, AC= 42.
Using the definitions of the trigonometric ratios, we have :
gin 45° = side opposite to angle 45° _ BC __a _ 1
hypotenuse AC g2 2
side adjacent toangle 45° AB a 1
4 o - == — = —
cos 45 hypotenuse AC a\/i \/E
tan 45° = s%de opposite to angle 45° _ BC _a_y
side adjacent to angle 45° AB «a
1 1 1
Also,cosec 45° = - =2 , sec 45° = -2 , cot 45° = =1.
sin 45° cos 45° tan 45°
Trigonometric Ratios of 30° and 60° A

Let us now calculate the trigonometric ratios of 30°

and 60°. Consider an equilateral triangle ABC. Since

each angle in an equilateral triangle is 60°, therefore, 30°
ZA=/B=2C=60°.

Draw the perpendicular AD from A to the side BC (see Fig. 8.15). B 60°

Now AABD = AACD (Why?) D .
Therefore, BD=DC Fig. 8.15

and ZBAD= ZCAD (CPCT)

Now observe that:

A ABD is a right triangle, right-angled at D with £ BAD = 30° and £ ABD = 60°
(see Fig. 8.15).
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45° Q%) (8 emdD AGen C

B & o080 8O~ A ABC &° 28 8%0 45°, eond
$08% &%90 Densd Erme 45° ©HHod. s LA=/C=
45° (30 8.14 S0).

a8, BC=AB (Rotos?)
s, BC=AB =g o&0é.

A B
- = o 2 AR2 2 24 22
EHER derodo ood, AC*=AB*+BC*=a*+ a* =2a*, %50 8.14
25360533, AC= a\/E
(B8P 080D DyEe AEWTroD SHRPA, :
i 450 — 45°%s0 Go¥) B gheso FED _B_C _a L
S - 880 TAC a2 2
45°8%0 Go¥) e gheo FEDH  AB a 1
© = = — = = —
cos 45 550 AC b b
45°P 0 o) B oo
tan 45° = 2o T o s BC_a_,
45°s%s0 Go¥) &) gheo FEH  AB  a
1 1 1
oedBore,  cosec 45° = — =2 , sec 45° = -2 , cot 45° = =1
sin 45° cos 45° tan 45°
30° %8k 60°% (85 nscd Jen A

88 o 30° HBA® 60°% (BEDEH JYBok

go8%0mr0. a8 Ve (@gheo ABC 9 Sdsomro.

e (BHeod® (18 Seo 60° NI, 30°
LA=/B=/2C=060°95%068.

BC 292208 A £0& @020 AD  AcHod (5¢0 8.15 508 ). B 60° C
N AABD=AACD  (206%?) D
IR, BD = DC Seo 8.15

LB /BAD= ZCAD  (CPCT)

D 8 ooeagsea@& Y&, LZBAD = 30° shecie £ ABD = 60° wand A ABD 2.8 e0a8%s
(Bgdezo @ KHoLod. (d¢o. 8.15 <mEod).
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As you know, for finding the trigonometric ratios, we need to know the lengths of the sides of
the triangle. So, let us suppose that AB = 2a.

Then, BD = %BC=a
and AD?=AB?-BD?= (2a)* - (a)* = 342,
Therefore, AD= a3
Now, we have :
2o BD_a 1 o_ AD a3 B
sin 30° = AB_2a_2’COS3O RS
BD a1

tan 30° = ADZmZE'

1 1 2
Also, cosec 30° = — =2, sec 30°= —
’ sin 30° cos 30° /3

cot 30° = ! =3.

tan 30°
Similarly,
. AD 3 3 1
sin 60° = —=i=£,cos 60° = —, tan 60° = f3,
AB 2a 2 2

o_ 2. o_ o_ L.
cosec 60° = N sec 60° =2 and cot 60 N

Trigonometric Ratios of 0° and 90°

Let us see what happens to the trigonometric ratios of angle A, if it is &
made smaller and smaller in the right triangle ABC (see Fig. 8.16), till it
becomes zero. As £ A gets smaller and smaller, the length of the side BC
decreases.The point C gets closer to point B, and finally when £ A becomes
very close to 0°, AC becomes almost the same as AB (see Fig. 8.17). A B
Fig. 8.16
C
C
@
C C 3
A B A B A B A B A B A B

Fig. 8.17
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B0 (888 1AD QY& Densden é:éa%‘sgraf’e)oé% (Bgheso Bo¥) ghere FEHen BendoSared B Benkn.
50595, AB =2a ©55%84.

@‘@3&)9 BD = %BC =a oM.

00 AD?=AB’~BD’= (2a)’ - (a)’ = 3a,

50@;69 AD= a\/g

BPLD,

, BD a 1 AD a3 3
O= —=—=— o= _T"" _*7
sin 30 B 24 2’ cos 30 Ry >
an300= 22 -4 L o sw
an = AD a\/g \/5 ) OLD&°0.

56 digore cosec 30° = =2, sec30°= L _2
’ sin 30° cos 30° 3
cot 30° = L V3 9 othero.

tan 30°
8BS,
AD a3 _\3

sin 60° = , Cos 60° = %, tan 60° = 3,

AB 22 2

o — i, o _ o — L
cosec 60° = NE sec 60° = 2 8% cot 60 NE

0° %080 90° o (B eonad Ve C
oo’ (Bgheo ABC &° A Gy 8%ead) Edorr SRR DSBH IR oy

558 S0 (850D Yoo Jor SrtErdr Grero. ver ERr 8
ZA GE) Densd 808 DYre wHEr ot BC gheso rES Sre SHE0B.

oo Dotk C, Dothd B 5% Beocood LA Densd 0° % BHS 0EHob. A B
AC 903 werd AB 8 08mko ©9%08. (960, 8.17 $rEod.) %0 8.16
&
B C
C o 3
A B A B A B A B A B A B

Heo 8.17



24 INTRODUCTION TO TRIGONOMETRY

When Z A is very close to 0°, BC gets very close to 0 and so the value of

. BC . . .
sinA= aC lsvery close to 0. Also, when £ Ais very close to 0°, AC is nearly the same as AB

AB .
and so the value of cos A= AC isvery closeto 1.

This helps us to see how we can define the values of sin A and cos A when
A=0°. We define : sin 0°=0 and cos 0°=1.

Using these, we have :

in 0° 1 C .
tan 0° = — L 0, cot0°= > which is not defined. (Why?)
cos 0° tan 0°
sec 0° = =1 and cosec 0° = ——> which is again not defined.(Why?)
cos 0° sin 0°

Now, let us see what happens to the trigonometric ratios of £ A, when it is made larger and
larger in A ABC till it becomes 90°. As £ A gets larger and larger, £ C gets smaller and smaller.
Therefore, as in the case above, the length of the side AB goes on decreasing. The point A gets
closer to point B. Finally when £ Ais very close to 90°, £ C becomes very close to 0° and the
side AC almost coincides with side BC (see Fig. 8.18).

C C C C c
A B A - A s A & AB
Fig. 8.18

When £ C is very close to 0°, £ A is very close to 90°, side AC is nearly the same as side
BC, and so sin A is very close to 1. Also when £ A is very close to 90°, Z C is very close to 0°,
and the side AB is nearly zero, so cos A is very close to 0.

So, we define : sin 90° =1 and cos 90° = 0.
Now, why don’t you find the other trigonometric ratios of 90°?

We shall now give the values of all the trigonometric ratios of 0°, 30°, 45°, 60° and 90° in
Table 8.1, for ready reference.
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. BC
Z A enss 0° 0B K8 SS90, BC Dendd &rae 0 £ 050 09Ehob. $8dk sin A= AC Dend

o 0 5 950 ©hEod. oo LA Dendd o 6@3, AC Dend o) AB 8 d&b0 8o

AB
Cos A= AC Qe ) 1 & vdrdo.

A =0%» 0oV SY)D sin A 58050 cos A Qensd der BendSEIme8 98 H5BcHHNEH0d.
sin 0° =0 50050 €os 0° =1 & AEDoLHD).
B &HRA0D :

in 0° 1
tan 0° = — =0 =9 cot 0° =
cos 0° tan 0°

» o 306583015630. (QoB?)

=1 =9 cosec 0° = —
cos 0° sin 0°

sec 0° = > & (‘0656075@0. (RoE?)

AABC & £ Acﬁnégy Densd (Brorre Dother D8 e Dend 90° & dhrdo @HEHod, )&
Z A 85 0ndah Q%o end er Sotrd@re Spid ol L A [Ehore rbee 08 £ C Qe
(Boore é@éﬁ &0en0d. Hotud A, Dodd B & Cﬁ?ééé)ééao&, D588 £ Adensd 90° ZpdHEre £ C Qend
0° 0% BHSHH0d B gHao AC, gHeso BC & Dgaié)@o& (330 8.18 FrK0d).

C c c C c
B
A B A B A A B AB
560 8.18

ZC Qe 0° 0% DS 9908 LA Dend 90° 0 B55H&Hob. gHao AC, ghao BCS $smdo
©HH0H. B3 sin A Jend 18 BBBHE0H i £ A dend s 90° o Bhdoinod. L C
e 0° 0% B50nod 8w ghazo AB ES memedne 50 ©H&E0H LB cos A Densd 0
% BB 0oenod.

8 K008 : sin 90° = 1 $8c5» c0s 90° = 0 © ABWoBHD).
%\@éa S 90° SBered sz @’555893]339053 (‘O@é@ne:o DoHE é?é)gsééaﬁiiéa?

B Do, B8 dad Jspdhe 0°, 30°, 45°, 60° 56 90° GnE) @) (BE LD AYHHe
Dendod HE 8.1 & Srotvstrro.
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Table 8.1
< A 0° 30° 45° 60° 90°
- ! iy 5
sin A 0 5 NG bl 1
5 iy 1
cos A 1 =7 NG 5 0
1
tan A 0 NG 1 NE) Not defined
2
cosec A | Not defined 2 J2 el 1
2
sec A 1 Ve 2 2 Not defined
1
cotA Not defined NE) 1 NG 0

Remark : From the table above you can observe that as £ A increases from 0° to 90°, sin A
increases from 0 to 1 and cos A decreases from 1 to 0.

Let us illustrate the use of the values in the table above through some examples.
Example 6 : In A ABC, right-angled at B,

AB =5 cmand £ ACB=30° (see Fig. 8.19). Determine A
the lengths of the sides BC and AC.

Solution : To find the length of the side BC, we will g oy
choose the trigonometric ratio involving BC and the given

side AB. Since BC is the side adjacent to angle C and AB 30°

is the side opposite to angle C, therefore B C
AB _ Fig. 8.19
BC tan C

' — =tan 30° = =

ie., g~ an30°= "%

which gives BC= 53 cm
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288 8.1
@
< A 0° 30° 45° 60° 90°
- ! i 5
sin A 0 5 NG bl 1
3 1 1
cos A 1 =7 NG 5 0
1
tan A 0 e 1 NE) KA et
2
cosec A | d&Doettd 2 J2 NG 1
2
sec A 1 NE J2 2 QB0
1
cotA QB0 NE) 1 e 0

eSS L LA Gog) Dend 0° © 508 90° 0 28Me0pE Sin A Dend 0 o& 1 8 2BAST HBAk

CoS A Densd 1 5o 08 SASEn HSo KDokHiy).

2 HBESED Jene SO Q) Grrsreee To° HBYro.
o e Q

&8s 6 ¢ B 58 eoa8%0 9A5 A ABC &°
AB =5 20.85. %080 £ ACB = 30° eons (0.
8.19 o&) BC 508050 AC ghere PiHen é:é:%'s&o&?

PSS ¢ BC ghmo PEH0 S8 gheren BC
50860 AB o &8 (88%8ch A8 JothHotro.
BC gbeso, a9y &0 C8 ed)heso LBk gheso AB
QOB ghHeo ©HBod 933@,

AB

B—C—tanC
S S tan30°= =
OIP, BC a \/5

8 %084, BC = 53 20.%.

30°
C

Se0o 8.19
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To find the length of the side AC, we consider

AB

. apno_ AB 0
sin 30 Ve (Why?)

- 1_5

ie., Vs

le., AC=10 cm

Note that alternatively we could have used Pythagoras theorem to determine the third side in
the example above,

ie., AC= \[AB>+ BC? =[5+ (53)” cm = 10cm.
, P

Example 7 : In A PQR, right-angled at

Q (see Fig. 8.20), PQ =3 cm and PR = 6 cm.

Determine £ QPR and £ PRQ. 3 em 6 cm

Solution : GivenPQ =3 cmand PR =6 cm.

PQ . Q R
Therefore, PR sin R
Fig. 8.20
31
or sin 62
So, Z PRQ =30°

and therefore, Z QPR = 60°. (Why?)

You may note that if one of the sides and any other part (either an acute angle or any side) of a
right triangle is known, the remaining sides and angles of the triangle can be determined.

Example 8 : If sin (A— B) = % cos (A+B)= % 0°<A+B<90°,A>B, find Aand B.

. . . 1
Solution : Since, sin (A—B) = 3 therefore, A—-B=30° (Why?) (D)

. 1
Also, since cos (A+ B) = 3 therefore, A+ B=60° (Why?) (2)

Solving (1) and (2), we get: A=45° and B=15°.
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AC gheso PEHK Bod DPore é:éa?&:éiﬁa.

AB
. o_ AB 0
sin 30 AC (Rotrs?)
1 5
O, 3= A_C
TP, AC = 10 20.5.

2 amrBed® SurG Herd) SHMPIEERS Paygimebore FErist Mrpose)) ad@rRoSSHR Khdotod,

TP, AC= [AB*+BC? = |5+ (53)’ 708 = 107060

awriFden 7t APQR & Q 58 woatmo St (50. P
8.20 508). PQ =3 20.8. PR =6 20. &. eons
Z QPR 8¢5 £ PRQ Dender 808508,

6 0.8
P55 1 Sevodo PQ =3 0.8 60w PR =6 20,8, 3
PQ .
sm@» ﬁ =sinR Q R
S snR=>=1 5650 8.20
6 2
s, Z PRQ = 30°
0B, Z QPR = 60°. (Doto®?)

2.8 ©o8%s (BHazos® AB 2.8 ghao B BOEE grrfo () &0 Soe AT gHes0) @@?o:ééﬁ.gowé
& (Bghez0 BoE) DADY gheen SOAD &Pegrerdo ngnofﬁzéz‘é)@ 3050 H30DoBHY).

s 8 1 sin (A—B) = % cos (A+B) = % 0°<A+B<90°,A>B, wand A, B Densses
ézéﬁsgro&.

255 ¢ sin (A—B) = %,933@,A—B=30° (0tHS?) (1)

B850, cos (A+ B)= % so8, ATB=60° (Jom%?) @)

(1), (2) & JHose H3%H A=45° Hbcw B =15° o Srotharo.
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EXERCISE 8.2

1. Evaluate the following :

(i) sin 60° cos 30° + sin 30° cos 60°(ii) 2 tan? 45° + cos? 30° — sin? 60°

(iii) cos 45° (iV) sin 30° + tan 45° — cosec 60°
sec 30° + cosec 30° sec 30° + cos 60° + cot 45°

5 cos® 60° + 4 sec® 30° — tan® 45°
(V) -2 o 2 o
sin” 30° + cos~ 30

2. Choose the correct option and justify your choice :

(1)

2 tan 30°
1 + tan? 30°

(A) sin60° (B) cos 60°  (C) tan 60° (D) sin 30°

... 1-tan? 45° B
(11) 1 + tan? 45° -

(A) tan90° (B) 1 (C) sin 45° (D)o
(iii) sin 2A=2sin Aistrue when A=
(A) 0° (B) 30° (C) 45° (D) 60°
2 tan 30°

(1V) 1 — tan? 30° -

(A) cos 60° (B) sin 60° (C) tan 60° (D) sin 30°

3. Iftan (A+B)= 3 andtan (A—B) = %; 0°<A+B<90°A>B, find Aand B.

4. State whether the following are true or false. Justify your answer.
(1) sin (A+B)=sin A+ sin B.
(i1) The value of sin 0 increases as 0 increases.
(iii) The value of cos 0 increases as 0 increases.
(iv) sin O = cos 0O for all values of 0.

(v) cotAisnot defined for A= 0°.
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oFgo 8.2
1. & (8od & Denden é:éags&o& :
(i) sin 60° cos 30° + sin 30° cos 60°(ii) 2 tan? 45° + cos? 30° — sin? 60°

cos 45°
(111) sec 30° + cosec 30°

(iV) sin 30° + tan 45° — cosec 60°
sec 30° + cos 60° + cot 45°

5 cos® 60° + 4 sec® 30° — tan® 45°
(V) -2 o 2 o
sin” 30° + cos~ 30

2. $B ErErarR) DoDHER Qo BErered) $Epgotod

. 2 tan 30°
1 _— =
( ) 1 + tan? 30°

(A) sin60° (B) cos 60°  (C) tan 60° (D) sin 30°

1 — tan? 45° _
1 + tan? 45°

(i1)
(A) tan90° (B) 1 (C)sin45° (D)0
(iii) sin2A=2sin A3, A=
(A) 0° (B) 30° (C) 45° (D) 60°

. 2 tan 30°
(1V) 1 — tan® 30°

(A) cos 60° (B) sin 60° (C) tan 60° (D) sin 30°
3. tan(A+B)= /3 Sbcw tan (A—B) = %; 0°<A+B<90° A>B, @ A $8cn B o
ézéﬁs&o&.

4. & 800 é@'ﬁgé’s, @é@'ﬁg@s BoHos. DL &Eﬁagoiﬁo&.
(1) sin (A+B)=sin A+ sin B.
(ii) 0 Dens 1BAE sin O Densd Eroe DBHIHLOA.
(iii) 0 DensS HBAB cos O Densd Eree DHIHEOB.
(iv) O &g o) Henke sin O = cos O eHEob.

(V) A=0° eonsy) cot A Gws) Dend AEDoHBLw.
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8.4 Trigonometric Identities

You may recall that an equation is called an
identity when it is true for all values of the
variables involved. Similarly, an equation
involving trigonometric ratios of an angle is
called a trigonometric identity, if it is true
for all values of the angle(s) involved.

In this section, we will prove one Fig. 8.21
trigonometric identity, and use it further to
prove other useful trigonometric identities.

In A ABC, right-angled at B (see Fig. 8.21), we have:
AB?+BC?*= AC? (1)
Dividing each term of (1) by AC?, we get
AB’ BC’ _ AC’
+
AC’  AC*  AC?

' 5 - (58
ie., — | +—=| =|—=
AC AC AC
ie., (cos A)? + (sinA)? =1
ie., cos’A +sinA=1 (2)

This is true for all A such that 0° <A <90°. So, this is a trigonometric identity.
Let us now divide (1) by AB2. We get

AB®> BC? AC?
2 + 2 2
AB?> AB AB

2+ (s) - (55)
of, AB) \aB) | aB
ie., 1+tan’A= sec’A 3)

Is this equation true for A= 0°? Yes, it is. What about A=90°? Well, tan A and sec A are not
defined for A=90°. So, (3) is true for all A such that 0° <A <90°.

Let us see what we get on dividing (1) by BC?. We get

AB> BC? AC?

-|- et
BC? BC? BC?
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8.4 (©Feo0Bad By SuBBerren A

BoeHe 6 Dended a8 KHS BBGE0 SERS
[ éﬁbéém@&éé& JEBe0 WotrD. B Jorr
(O8%ca 080D QY& (Hababo Ke o) SRS
50 wond (88°Bch Ve wrrdore DES
TBR8088eTR)) (@8RBI KR ELE0” @OLT.
BEE D30 2.8 (B850 éé{sﬁg)ﬁém@& C B
az000, BAY &ITPRoD Misee (B edad “eo 8.21
Q& ABTBTro.
B 58 ©08%0 80AS5 A ABC &° (500 8.21 &rod):
AB?+BC?= AC? (1)
3880 (1) &2 o) Do AC? 3 grhode

AB®> BC* AC?

B St = 2 K00,
AC AC AC -
5 (EJ(EJ _ (&j
BT ac) \ac) ~ lac
o3P, (cos A + (sinA)Y =1
o3P, cos’A+sin*A=1 (2)

& D880 0° < A < 90° exrdse, A g o) Dended 38 J&0 ©HHD. DS 2d a8
@558@8)3@053 ééogééﬁaééeao. B e 3&8Bes0 (1) D AB? 3 grfode, S05%
AB®* BC> AC?
+ =
AB* AB’  AB’

s R
o, AB AB) | AB
OB, 1+tan’A= sec’A (3)

A =0° 00059 & $EESe0 080 ©HHOT? @Y, ©PHHos. A=90° wandyw tan A, sec A
Qenden ?0658300“333(‘56365). 933@ 0° <A <90° e, Acﬁwégy o) Dended (3) $&50 ©H&H0b. $H&8Bes0
(3) @36 0° < A < 90° @i, Acﬁnégy o) DB HE0 @HHO.

(1) 9 BC? 3 %0 grRodSH o @Heéots K5odTzo.

Sod.

AB® BC?  AC?
st —5 = —= Q Seothzro.
BC? BC BC
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. (ABT (BC)Z (chz
1e., — | fls=| = |55
BC BC BC

ie., cot’ A+ 1= cosec’ A 4)

Note that cosec A and cot A are not defined for A =0°. Therefore (4) is true for all A such
that 0° <A <90°.

Using these identities, we can express each trigonometric ratio in terms of other
trigonometric ratios, i.e., if any one of the ratios is known, we can also determine the values of
other trigonometric ratios.

Let us see how we can do this using these identities. Suppose we know that

1
tanA—\g Then, cotA= /3.

V3

. 2
Since, sec’A=1+tan’ A= 1+l =i secA=—=,and cos A=
3 3 NE) 2

Again, sin A= \/1- cos> A =]l _% - % Therefore, cosec A= 2.

Example 9 : Express the ratios cos A, tan A and sec A in terms of sin A.

Solution : Since cos? A +sin* A= 1, therefore,
cos? A= 1—sin?A, i.e.,cos A=+l —sin’A
This gives CoOSA= /1 -sin*A (Why?)

sin A sin A 1 1

Hence, tan A= = and sec A = =
cos A N _sin?A cos A /1 —sin?A

Example 10 : Prove that sec A (1 —sin A)(sec A+tan A)= 1.

Solution :

1 +sinA
cos A cosA

1 .
LHS =sec A(1 —sinA)(sec A+tanA) = [mj (1-sin A) [
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o (ﬁj N (B_CJ _ (&)
BT, BC BC) |BC

e, cot?’ A+ 1= cosec’ A 4)

A= 0° wandg)H cosec A pdasm CotA?Qéogé)oéaaééé?O $550Qosod. sm@, 0° <A <90° eor5oe,
A D) O Dened (4) 88 V&0 ©HEHob.

& 5 DGR 5TPA0D), 030 B8 (B enEaD I HEE (B 8D VY8 Ers0s’® rdowiD)
I HXH 2.8 S0 G@o¥) B BOT), MADS (E5°NBAH Ao Eree EHEHHD).

& 983 SEBerel SHAFPNOY 5 Deodeid $68TFo.

1
tan A= NS ©ond, COtA= 3 e@H&Hob.

ol

2
9%, sec’ A=1+tan’ A= 112 secA= — , L8c%0 COS A=
373 3

oo, SINA = |/1-cos’ A =, |1 —% :%. 59K cosec A = 2.

&S 9 1 cos A, tan A 85w sec A Qo sin A HSorr $EhSS08.

PSS Since cos’ A+ sin? A= 1, 08,
cos’A=1—-sin? A, e, cos A= +4/1—sin’ A
COSA= |/l —sin’ A © oS (RoH%?)

sin A sin A 1 1

=H3, tan A= = Sodcswsec A = =
cos A \[l-sin’A cos A J1—=sin? A

& 10 2 sec A(1 —sinA)(sec A+tan A) = 1 0 J&r20508.

PSS

1 . 1 in A
LHS =sec A(l —sin A)(sec A+tan A) =[—J (1-sin A) [ e J

cos A cos A cosA
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(1 —sin A)(1+sin A) _1-sin® A
cos® A cos® A

cos’ A
cos’ A

=1 =RHS

cot A—cos A cosec A —1

Example 11 : Prove that =
cot A+cos A cosec A+1

cos A

- —cos A
Solution : LHS = cot A—cos A sin A
‘ B A

cot A+ cos A cos + cos A

sin A

cosS A(

-1 ! -1
sin A sin A _cosec A —1

- +
cos A .1 ‘1 .1 +1 cosec A +1
sin A sin A

sin®—-cosO+1 1

=RHS

Example 12 : Prove that » using the identity

sin®+cos®—1 secO— tan

sec20=1+tan?0.

Solution : Since we will apply the identity involving sec 0 and tan 0, let us first convert the
LHS (of the identity we need to prove) in terms of sec 0 and tan 0 by dividing numerator and
denominator by cos 6.

sin® —cosO+1 tan O —1+secO
sinf+cos@—1 tanO+1—secH

LHS =

_ (tan O +sec 0)—1  {(tan O + sec 0) — 1} (tan O — sec 0)
(tan © —sec B) +1  {(tan O — sec 0) + 1} (tan 6— sec 0)

(tan® @ — sec? ©) — (tan O — sec 0)
{tan O —sec O + 1} (tan O — sec 0)

—1—tan 0 + sec O
(tan © —sec O + 1) (tan 6 — sec 0)
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(1-sin A)(1+sin A) 1-sin® A
cos® A cos® A

cot A—cos A cosec A —1
cot A+cos A cosec A+1

amede 11 ¢ 9 ETD0S04.

cos A
- —cos A
55 s LHS = cCot A—cos A  sin A
’ cot A+ cos A CcosA
+cos A

sin A

! -1 ! -1
sin A sin A _ cosec A —

cosS A(

L _Rrus

- +
cos A .1 ‘1 .1 +1 cosec A +1
sin A sin A

smeirbes 12 @ 08gdnsseso sec’ 0 =1 + tan” 0 5 &353R0, sin® —cos O +1 _ 1

sin9+cose—l_sece—tan6’

Qr20308.
P 1 sec B $Baso tan B $8SdERR) @diowod, LHS (ko d8rome)s $8ksrsso) & sec 0
$0B0%w tan O Heeests Segyo &%%0, o508 S, SE0EED S cos 0 3 grARRo.

sin® —cosO+1 tan O —1+secO
sinf+cos@—1 tanO+1—secH

LHS =

(tan O +sec 0)—1  {(tan O + sec 0) — 1} (tan O — sec 0)
(tan © —sec B) +1  {(tan O — sec 0) + 1} (tan 6— sec 0)

(tan® @ — sec? ©) — (tan O — sec 0)
{tan O —sec O + 1} (tan O — sec 0)

—1—tan 0 + sec O
(tan 6 —sec O + 1) (tan 6 — sec 0)
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-1 1
tane—sece_sece—tane’

which is the RHS of the identity, we are required to prove.
EXERCISE 8.3
1. Express the trigonometric ratios sin A, sec A and tan A in terms of cot A.
2. Write all the other trigonometric ratios of £ A in terms of sec A.

3. Choose the correct option. Justify your choice.
(i) 9sec’A—-9tan’A=

A) 1 (B) 9 (C) §M) 0
(i1) (1 +tan © +sec 0) (1 + cot 6 — cosec 0) =

A) 0 (B) 1(C) 2(D) -l
(iii) (secA+tanA) (1 —sinA)=

(A) secA (B) sinA (C) cosec A (D) cos A
) s -

(A) sec’ A  (B) -1 (C) cot? A (D) tan’A

4. Prove the following identities, where the angles involved are acute angles for which the
expressions are defined.

l-cos@ . cos A 1+ sin A

il + =2sec A
1+cose( )1+sinA cos A

(i) (cosec O — cot 0)* =

tan 6 . cot ©
(111) l-cot® 1-—tan 6O

=1+ sec O cosec 6

[Hint : Write the expression in terms of sin 6 and cos 0]

. lI+sec A sin® A
(W) sec A 1—-cos A

[Hint : Simplify LHS and RHS separately]

(V) cos A —sin A +1

_ = cosec A + cot A, using the identity cosec’ A= 1+ cot® A.
cos A +sin A -1

1+sinA sin®—2sin’0

(Vi) ([Tomp —SccAtnA (vii) an 0

2 cos’0 —cos O

(viii) (sin A+ cosec A)*+ (cos A +sec A)> =7+ tan’ A + cot> A
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-1 1
tane—sece_sece—tane’

50 HH%o Q0SS0 RHS S DEGOLHS0

wFgo 8.3

1. 88%08ah dyden sin A, sec A 5005w tan A e Dened cot A Hdore 88808,
2. sec Adgorr £ A&wE) o) (©8%0ndh JigEheds 80 oBod.
3. B8 $SSrrred) 1h0oS0s. &b $EIEEIeR) Sogood.

(i) 9sec’A—-9tan’A=

(A) 1 B)9 ©) 8 (D)o
(i1) (1 +tan O + sec 0) (1 + cot O — cosec 0) =
(A) 0 B)1 )2 (D) -1

(iii) (secA+tanA) (1 —sinA)=
(A) secA (B) sinA (C) cosec A (D) cos A
. 1+tan? A B
(IV) 1+cot> A
(A) sec’ A  (B) -1 (C) cot? A (D) tan’ A
4. =S QEDOWES & EeTD ’é’ss@o@; @e@’é’sw@a 808 HErEBeeen ééﬁéﬁbéé&@@c‘o QE0S08.
1-cos 6 cosA  1+sin A

(i1) + =2sec A

1) (cosec O — cot 9)? =
(1) ( ) 1 +cos O 1+sin A cos A

 tan0 N cot O
(1) l-cot® 1—-tan 6
[R5 2 08088eseQ) sin 0, cos O Hres®AB Lrd)od. ]

=1+ sec O cosec 0

' 1+secA_ sin? A
(iv) sec A 1—--cos A

[%i5 : LHS 5980 RHS o 30sre dr§)ssosod. |

o« +
v) &8 A-smA+l_ cosec A + cot A, cosec’ A= 1+ cot? A $55508088e5R) e5BrAoBoE.

cos A +sin A —1

1 . A . _ . 3
i) + s'1n ~sec A + tan A (vii) sin 93 2 sin” O _ tan ©
I —sin A 2 cos’0 —cos O

(viii) (sin A+ cosec A)*+ (cos A +sec A)> =7+ tan’ A + cot> A
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1
tan A + cot A

[Hint : Simplify LHS and RHS separately]
1+tan2A_ l—tanAz_ 5
(X) 1+cot’A ) | 1-cot A =tan®A

8.5 Summary

(iX) (cosec A —sin A)(sec A —cos A) =

In this chapter, you have studied the following points :
1. Inaright triangle ABC, right-angled at B,

_ side adjacent to angle A

. i ite t le A
Sin A= side opposite to angle  cos A

hypotenuse hypotenuse

side opposite toangle A

tan A=

side adjacent to angle A

. cosec A =— ;sec A =

sin A cos A cot A cos A

3. Ifone ofthe trigonometric ratios of an acute angle is known, the remaining trigonometric
ratios of the angle can be easily determined.

4. The values of trigonometric ratios for angles 0°, 30°, 45°, 60° and 90°.

5. The value of sin A or cos A never exceeds 1, whereas the value of sec A or cosec A is
always greater than or equal to 1.

6. sin? A+cos’A=1,
sec’A—tan’ A=1 for 0°<A<90°,
cosec?A=1+cot? A for 0° <A <90°.
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1

1 cosec A —sin A)(sec A —cos A) = ———
(1X) ( ) ) tanA + cot A

[$ei5:5: LHS, RHS e S5t drgjgsoisod]

2
1+ tan? A 1—tan A
}( J =tan’A

(x) {1 +cot’A ) \1-cot A
8.5 ~rTrodo
& @m‘gcﬁaoéﬁ, 3050 & 80 RO IO !
1. B&g eoa8%0 EOAS wont’es (Bgheo ABC &

&0 A & 5B gHeo o A & @) aheo
SinA= » oS A =
égo égo
&0 A % %S gheo
tan A= .
&0 A% 08 gheso
sin A
2. cosec A = — ;sec A = ;tan A = > tan A = )
sin A cos A cot A cos A

3. @) %m0 @) (BE% S JHod® a8 QB BOVKLANS, © E'wo EwE) LADY (B dD
Qe Srme BHES9D),

4. 0°,30°,45°, 60° 200800 90° Sferob BB Jsphe Denden

5. sin A S cos A Devden B 1 So8 Spses Sor Simsorr sotran. 20 sec A S
cosec A Denen INBE 1 508 Esdd Bre Sseiorr dotrom.

6. sin? A+cos’A=1,
0° < A<90° wanspd sec* A—tan* A= 1
0° <A < 90° wansdptd cosec? A= 1+ cot* A
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SOME APPLICATIONS OF 9
TRIGONOMETRY

9.1 Heights and Distances

In the previous chapter, you have studied about trigonometric ratios. In this chapter, you will be
studying about some ways in which trigonometry is used in the life around you.
Letus consider Fig. 8.1 of prvious chapter, which is redrawn below in Fig. 9.1.

C &
X X
&é\‘a-‘ &é\‘é‘-“‘
o o
O O
An le of elevation 4 An le of elevation :
A e A, ‘B
Fig. 9.1

In this figure, the line AC drawn from the eye of the student to the top of the minar is called
the /ine of sight. The student is looking at the top of the minar. The angle BAC, so formed by the
line of sight with the horizontal, is called the angle of elevation of the top of the minar from
the eye of the student.

Thus, the line of sight is the line drawn from the eye of an observer to the point in the
object viewed by the observer. The angle of elevation of the point viewed is



(8508 B @dGTeen 43

D=0

[=].

1062CHO9

8550808 Gy
0RO 9

9.1 Q&en B Kroren

(B850 HDH DYH D K08y Hdo 1S @zptgo‘ﬁ)oé‘g 36313&335633. & @@50‘50063'5 o (B88%0a
Sotap &F) QY LS Hottn’ dor ad@EAoTE Bevndoro.
ot @Q‘go‘i)oé‘géo Seo 8.1 J e Heo 9.1re ﬁm@%ﬁw.

C G
Fe Fe
&5 . : & .
Se&8ea0 : &35:8%00
AL e Bl ALK, B
E ________________________________________ :D E ......................................... D
%60 9.1

& H0 QTR W P P TN, Do Bod Do Wb P FereR) SendEr ALY
AC B @éq Do @otPsm. CS@%); B, 88e: JsroSY B&® T% %0 BAC % é)wgg o ool oarb

IR o sals %0 @otrd.
B8, H880% od Hrod 26@2@635 $5880% % S HohHBH ADS T ‘cse)g;; B’ ©90eED.



44 SOME APPLICATIONS OF TRIGONOMETRY

the angle formed by the line of sight with the horizontal when the point being viewed is above
the horizontal level, i.e., the case when we raise our head to look at the object (see Fig. 9.2).

Fig. 9.2

Now, consider the situation given in Fig. 9.3. The girl sitting on the balcony is looking
down at a flower pot placed on a stair of the temple. In this case, the line of sight is below the
horizontal level. The angle so formed by the line of sight with the horizontal is called the angle
of depression.

Thus, the angle of depression of a point on the object being viewed is the angle formed by
the line of sight with the horizontal when the point is below the horizontal level, i.e., the case
when we lower our head to look at the point being viewed (see Fig. 9.3).

Horizontal level

=) Object

Fig. 9.3

Now, you may identify the lines of sight, and the angles so formed in Fig. 9.3. Are they
angles of elevation or angles of depression?

Let us refer to Fig. 9.1 again. If you want to find the height CD of the minar without actually
measuring it, what information do you need? You would need to know the following:

(1) the distance DE at which the student is standing from the foot of the minar



(85%0008 B @dEToen 45

98 HB88% o Hodd 8803 L0888 B NDHSS 608, ©od HJo S 8 ST 6066230653 Cﬁa‘c‘f’&ﬁa),
883 oSS B8 TD Bleadm, H880HE B Do @négy éagg oo ©HHod. (Heo 9.2
o). =89

$e20 9.2

BIPE He20. 9.38° BED e HOKBOBOE. el repdE® ErE &) © DS HE ey B
&) Tro Hok I (o Trrhod. & 6065623068 Cﬁe)éﬁgp SR 8823 Lro8B Bt (Boee &0b. S8 Dore
é@%}ﬁm 8&e: DEroS0E T Seod Q@é’smo Q) 2eDRD.

S0D §8es JdrosB B BHSS &)Y é@?éqéa) &8e3 J3r08 B&® T %0 Q%Y. 0
©99HB08. ©o& HHHo B HOD SvB 60666?)065 Széoclgseao fbtﬁa)é)éao&. (%0 9. 3% Sekod)

Lrssesases 88es5088 B

5%

$ex0 9.3

B Hevo 9. 38t ?.69)%3125&3&» SBAD GBS &egrody Sk BODHED). & &Pegren %agg &hegrer, BE
Qi serer?
$o8e D80 9.1 5 Kogro. 18 2& CD 5 rgskorr Sesthones EiPmreo o O JErTdo
©5380? (Bod DXSren Bendns®SEo % esddo:
(1) o8 o & ol Drrgd Vewds FodH fo trdo DE



46 SOME APPLICATIONS OF TRIGONOMETRY

(i1) the angle of'elevation, £ BAC, of the top of the minar
(ii1) the height AE of the student.

Assuming that the above three conditions are known, how can we determine the height of
the minar?

Inthe figure, CD=CB+BD. Here, BD =AE, which is the height of the student.
To find BC, we will use trigonometric ratios of £ BAC or L A.

In A ABC, the side BC is the opposite side in relation to the known £ A. Now, which of the
trigonometric ratios can we use? Which one of them has the two values that we have and the one
we need to determine? Our search narrows down to using either tan A or cot A, as these ratios

involve AB and BC.

BC AB . . .
Therefore, tanA= B O cotA= vy which on solving would give us BC.

By adding AE to BC, you will get the height of the minar.
Now let us explain the process, we have just discussed, by solving some problems.

Example 1 : Atower stands vertically on the ground. From a point on the ground, which is 15

m away from the foot of the tower, the angle of elevation of the top of the tower is found to be
60°. Find the height of the tower.

Solution : First let us draw a simple diagram to
represent the problem (see Fig. 9.4). Here AB represents
the tower, CB is the distance of the point from the tower
a n d
2 ACB is the angle of elevation. We need to determine
the height of the tower, i.e., AB. Also, ACB is a triangle,
right-angled at B.

To solve the problem, we choose the trigonometric ratio
tan 60° (or cot 60°), as the ratio involves AB and BC.

AB
o_ -
Now, tan 60 BC
1e., V3 = AB
15 ct
ie., AB= 153

Hence, the height of the tower is 153 m.
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Example 2 : An electrician has to repair an A
electric fault on a pole of height 5 m. She needs i o
to reach a point 1.3m below the top of the pole T“

to undertake the repair work (see Fig. 9.5). What B f?"r/
should be the length of the ladder that she should L
use which, when inclined at an angle of 60° to
the horizontal, would enable her to reach the
required position? Also, how far from the foot
of the pole should she place the foot of the

ladder? (You may take /3 =1.73)

|

= 'ﬁi‘%;
| {
|III
|
1
1!

Solution : In Fig. 9.5, the electrician is required
to reach the point B on the pole AD.

So, BD=AD-AB=(5-1.3)m=3.7m.

Here, BC represents the ladder. We need to find its
length, i.e., the hypotenuse of the right triangle
BDC.

Now, can you think which trigonometic ratio should we consider?

It should be sin 60°.

BD . . 37 _\3
So, Bc—sm60 of 5675
Therefore, BC= 3'1/; 2 =4.28 m (approx.)

i.e., the length of the ladder should be 4.28 m.

DC ol L

Now, BD cot 60° = N

i DC= 27 =2.14

1e., =52 m (approx.)

Therefore, she should place the foot of the ladder at a distance of 2.14 m from the pole.
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Example 3 : An observer 1.5 m tall is 28.5 m away Age
from a chimney. The angle of elevation of the top of the

chimney from her eyes is 45°. What is the height of the

chimney?

Solution : Here, AB is the chimney, CD the observer
and £ ADE the angle of elevation (see Fig. 9.6). In this
case, ADE is a triangle, right-angled at E and we are
required to find the height of the chimney.

XL S |

S

5
=~

We have AB=AE+BE=AE+1.5
Fig. 9.6

and DE=CB=28.5m

To determine AE, we choose a trigonometric ratio, which involves both AE and DE. Let us
choose the tangent of the angle of elevation.

o_ AE
Now, tan 45° = DE
- | AE
LC., 285
Therefore, AE= 28.5

So the height of the chimney (AB) =(28.5 + 1.5) m =30 m.

Example 4 : From a point P on the ground the angle of elevation of the top of a 10 m tall
building is 30°. A flag is hoisted at the top of the building and the angle of elevation of the top
of the flagstaff from P is 45°. Find the length of the flagstaff and the distance of the building

from the point P. (You may take /3 =1.732)

Solution : InFig. 9.7, AB denotes the height of the building, BD the flagstaff and P the given
point. Note that there are two right triangles PAB and PAD. We are required to find the length of
the flagstaff, i.e., DB and the distance of the building from the point P, i.e., PA.
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Since, we know the height of the building AB, we
will first consider the right A PAB.
o AB
We have tan 30° = P
. 10
1.€., \/g = AP
Therefore, AP= 1043

i.e., the distance of the building from P is 103 m=17.32 m.

Next, let us suppose DB =x m. Then AD = (10 +x) m.

AD 10 +x
AP 1043

Now, in right APAD, tan 45° =

10
Therefore, 1= X

IRTNG
ie., x=10(V3-1) =732

So, the length of the flagstaffis 7.32 m.

Example 5 : The shadow of a tower standing on a
level ground is found to be 40 m longer when the
Sun’s altitude is 30° than when it is 60°. Find the
height of the tower.

Solution : In Fig. 9.8, AB is the tower and BC is 30°
the length of the shadow when the Sun’s altitude is
60°, i.e., the angle of elevation of the top of the tower
from the tip of the shadow is 60° and DB is the length Fig. 9.8
of the shadow, when the angle of elevation

is 30°.

D
«——40m —>C B

Now, let AB be # m and BC be x m. According to the question, DB is 40 m longer than BC.
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So, DB= (40 + x) m
Now, we have two right triangles ABC and ABD.

o AB
InAABC, tan 60° = BC
h
or, 5= (1)
o AB
InAABD, tan 30° = BD
: 1k
i, 5= @)
From (1), wehave  h= x3
Putting this value in (2), we get (x\/§)\/§ =x+40,1.e,3x=x+40
ie., x=20
So, h= 203 [From (1)]

Therefore, the height of the tower is 20/3 m.

Example 6 : The angles of depression of the top and the bottom of an 8 m tall building from
the top of a multi-storeyed building are 30° and 45°, respectively. Find the height of the multi-
storeyed building and the distance between the two
buildings. P
Q P45

Solution : In Fig. 9.9, PC denotes the multi-storyed ?

building and AB denotes the 8 m tall building. We are

interested to determine the height of the multi-storeyed

building, i.e., PC and the distance between the two B D

buildings, i.e., AC.

Look at the figure carefully. Observe that PB is a
transversal to the parallel lines PQ and BD. Therefore,
ZQPB and ZPBD are alternate angles, and so are equal. Fig. 9.9
So £ PBD =30°. Similarly, £ PAC=45°.

In right A PBD, we have
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PD o 1 _
BD—tan3O NG or BD=PD.3

In right A PAC, we have

PC

A_C = tan 45° =1
ie., PC = AC
Also, PC = PD + DC, therefore, PD + DC =AC.

Since, AC = BD and DC = AB = 8 m, we get PD + 8 = BD = pD/3 (Why?)

8 8(\/§+ 1)

This gives PD = ﬁ_lz(\/g+1)(\/§_1)

=4(ﬁ + 1)m.

So, the height of the multi-storeyed building is {4(\5 + 1) + S}rn = 4(3 + \E)m and the

distance between the two buildings is also 4(3 +\3 )m,

Example 7 : From a point on a bridge across a river, the angles of depression of the
banks on opposite sides of the river are 30° and 45°, respectively. If the bridge is at a
height of 3 m from the banks, find the width of
the river.

Solution : In Fig9.10, Aand B represent points
on the bank on opposite sides of the river, so that
AB is the width of the river. P is a point on the
bridge at a height of 3 m, i.e., DP =3 m. We are
interested to determine the width of the river, which
is the length of the side AB of the D APB.

Now, AB=AD+DB
In right A APD, £ A=30°.

PD
t o —
So, an 30° = D
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1.e.,

1 3
EZE or AD=3/3 m

Also, in right A PBD, £ B=45°. So, BD=PD =3 m.

Now,

AB=BD+AD=3+3/3 =3 (1++3)m.

Therefore, the width of the river is 3 (\/3 + l)m.

EXERCISE 9.1

. A circus artist is climbing a 20 m long rope, which is tightly A
stretched and tied from the top of a vertical pole to the ground. 5 m
Find the height of the pole, if the angle made by the rope with
the ground level is 30° (see Fig. 9.11). .
. A tree breaks due to storm and the broken part bends so that B ¢
the top of the tree touches the ground making an angle 30° Fig. 9.11

with it. The distance between the foot of the tree to the point
where the top touches the ground is 8 m. Find the height of
the tree.

. A contractor plans to install two slides for the children to play in a park. For the children

below the age of 5 years, she prefers to have a slide whose top is at a height of 1.5 m, and
is inclined at an angle of 30° to the ground, whereas for elder children, she wants to have
a steep slide at a height of 3m, and inclined at an angle of 60° to the ground. What should
be the length of the slide in each case?

. The angle of elevation of the top of a tower from a point on the ground, which is 30 m

away from the foot of the tower, is 30°. Find the height of the tower.

. A kite is flying at a height of 60 m above the ground. The string attached to the kite is

temporarily tied to a point on the ground. The inclination of the string with the ground is
60°. Find the length of the string, assuming that there is no slack in the string.

. A 1.5 m tall boy is standing at some distance from a 30 m tall building. The angle of

elevation from his eyes to the top of the building increases from 30° to 60° as he walks
towards the building. Find the distance he walked towards the building.

. From a point on the ground, the angles of elevation of the bottom and the top of a

transmission tower fixed at the top of'a 20 m high building are 45° and 60° respectively.
Find the height of the tower.
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SOME APPLICATIONS OF TRIGONOMETRY

10.

11.

12.

13.

14.

15.

. A statue, 1.6 mtall, stands on the top of a pedestal. From a point on the ground, the angle

of elevation of the top of the statue is 60° and from the same point the angle of elevation
of the top of the pedestal is 45°. Find the height of the pedestal.

The angle of elevation of the top of a building from the foot of the tower is 30° and the
angle of elevation of the top of the tower from the foot of the building is 60°. If the tower
is 50 m high, find the height of the building.

Two poles of equal heights are standing opposite each other on either side of the road,
which is 80 m wide. From a point between them on the road, the angles of elevation of the
top ofthe poles are 60° and 30°, respectively. Find the height of the poles and the distances
of the point from the poles. A

ATV tower stands vertically on a bank of

a canal. From a point on the other bank
directly opposite the tower, the angle of
elevation of the top of the tower is 60°.
From another point 20 m away from this
point on the line joing this point to the foot

of the tower, the angle of elevation of the D
top of the tower is 30° (see Fig. 9.12). Find

the height of the tower and the width of

the canal.

30
< 20m > C B
Fig. 9.12

From the top of a 7 m high building, the angle of elevation of the top of a cable tower is
60° and the angle of depression of its foot is 45°. Determine the height of the tower.

As observed from the top of a 75 m high lighthouse from the sea-level, the angles of
depression of two ships are 30° and 45°. If one ship is exactly behind the other on the
same side of the lighthouse, find the distance between the two ships.

A 1.2 m tall girl spots a balloon moving @ @
with the wind in a horizontal line at a height b

of 88.2 m from the ground. The angle of
elevation of the balloon from the eyes of

the girl at any instant is 60°. After some 600 . 88 o
time, the angle of elevation reduces to 30° \ S0° ; !

(see Fig. 9.13). Find the distance travelled =~ A#t" S i ,A\r@
by the balloon during the interval. Fig. 9.13

A straight highway leads to the foot of a tower. A man standing at the top of the tower
observes a car at an angle of depression of 30°, which is approaching the foot of the
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tower with a uniform speed. Six seconds later, the angle of depression of the car is found
to be 60°. Find the time taken by the car to reach the foot of the tower from this point.

9.2 Summary
In this chapter, you have studied the following points :

1. (i) The line of sight is the line drawn from the eye of an observer to the point in the
object viewed by the observer.

(i1) The angle of elevation of an object viewed, is the angle formed by the line of sight
with the horizontal when it is above the horizontal level, i.e., the case when we raise our
head to look at the object.

(ii1) The angle of depression of an object viewed, is the angle formed by the line of sight
with the horizontal when it is below the horizontal level, i.e., the case when we lower
our head to look at the object.

2. The height or length of an object or the distance between two distant objects can be
determined with the help of trigonometric ratios.
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1062CHIO

CIRCLES 1 O
10.1 Introduction

You have studied in Class IX that a circle is a collection of all points in a plane which are at
a constant distance (radius) from a fixed point (centre). You have also studied various terms
related to a circle like chord, segment, sector, arc etc. Let us now examine the different
situations that can arise when a circle and a line are given in a plane.

So, let us consider a circle and a line PQ. There can be three possibilities given in Fig. 10.1
below:

(1) (i) (iii)

Fig. 10.1

In Fig. 10.1 (i), the line PQ and the circle have no common point. In this case, PQ is called
a non-intersecting line with respect to the circle. In Fig. 10.1 (ii), there are two common
points A and B that the line PQ and the circle have. In this case, we call the line PQ a secant of
the circle. In Fig. 10.1 (iii), there is only one point A which is common to the line PQ and the
circle. In this case, the line is called a tangent to the circle.



Q&oen 65

1062CHIO

s 10
10.1 H58Ec%0

Faet) 5"8))&6525 BERAE 2;69)35;0 R0 8 Soos’ a8 9‘36 DoY) ('sso@:éw) Sood “”%}6 Br80 (a@@éo)@a K
QotrHe ddmwraho @l T&Sg)émgd). S é@@@% L02008005 NG DSBS Eée)é &g, Eée)é PO,
(Bezx0880, w50 KBS I Eree egfadSo D, 2.8 oo’ a8 é&ééﬁw 508050 2.8 B IO
8360)&3 QY éé?é)éﬁ)e)zé) BY)O é@%@trgo.

9&@, Hodo 2.8 é@éo $8c0 PQ B S:ddomro. 8o BdR&S Hevo 10. 18° Lo Geen
Bo):

(1) (i) (iii)

S0 10.1
%e0 10.1 (1) &5, PQ B, é@@@% t%é)&& Do B, & éotﬁé@o@’s PQ %, é@@j@% podS B
wotrsw. Hto. 10.1 (ii) &° PQ T, Hze08 A 80 B o8 ot e Hothden 0. & Sorstos®
PQ B $)z08 pobd By Soe F8 S eoersm. Heoo 10.1 (1ii)s?, PQ S, HzR8 A o3 28 28
t%é)é& Doty G YBob. & éoéé@o@’s PQ 3o Eéa@j@% 269)5,333; ©OETHW.



66 CIRCLES

You might have seen a pulley fitted over a well which is used
in taking out water from the well. Look at Fig. 10.2. Here the rope
on both sides of the pulley, if considered as a ray, is like a tangent
to the circle representing the pulley.

Is there any position of the line with respect to the circle other
than the types given above? You can see that there cannot be any
other type of position of the line with respect to the circle. In this
chapter, we will study about the existence of the tangents to a circle
and also study some of their properties. Fig. 10.2

10.2 Tangent to a Circle

In the previous section, you have seen that a tangent* to a circle is a line that intersects the
circle at only one point.

To understand the existence of the tangent to a circle at a point, let us perform the following
activities:
Activity 1 : Take a circular wire and attach a straight wire AB at a point P of the circular wire
so that it can rotate about the point P in a plane. Put the system on a table and gently rotate the
wire AB about the point P to get different positions of the straight wire [see Fig. 10.3(1)].

In various positions, the wire intersects the circular : A
wire at P and at another point Q, or Q, or Q;, etc. In one %

position, you will see that it will intersect the circle at s

the point P only (see position A'B’ of AB). This shows  » :: 82

that a tangent exists at the point P of the circle. On rotating P :

further, you can observe that in all other positions of N . /o
AB, it will intersect the circle at P and at another point, B : 2
say R, or R, or R, etc. So, you can observe that there is B'N R,

only one tangent at a point of the circle. Fig. 10.3 (i)

While doing activity above, you must have observed that as the position AB moves towards
the position A" B’, the common point, say Q,, of the line AB and the circle gradually comes
nearer and nearer to the common point P. Ultimately, it coincides with the point P in the position
A'B" of A”"B"’. Again note, what happens if ‘AB’ is rotated rightwards about P? The common
point R, gradually comes nearer and nearer to P and ultimately coincides with P. So, what we
see is:

The tangent to a circle is a special case of the secant, when the two end points of its
corresponding chord coincide.

*The word ‘tangent’ comes from the Latin word ‘tangere’, which means to touch and was introduced by
the Danish mathematician Thomas Fineke in 1583.
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Activity 2 : On a paper, draw a circle and a P’

secant PQ of the circle. Draw various lines

parallel to the secant on both sides of it. You P

will find that after some steps, the length of p’

the chord cut by the lines will gradually

decrease, i.e., the two points of intersection

of the line and the circle are coming closer

and closer [see Fig. 10.3(ii)]. In one case, it

becomes zero on one side of the secant and in .
another case, it becomes zero on the other side Q
of the secant. See the positions P'Q’ and P""Q" Q

of the secant in Fig. 10.3 (ii). These are the

tangents to the circle parallel to the given Q'

secant PQ. This also helps you to see that there

cannot be more than two tangents parallel to a Fig. 10.3 (ii)

given secant.

This activity also establishes, what you must have observed, while doing Activity 1,
namely, a tangent is the secant when both of the end points of the corresponding chord
coincide.

The common point of the tangent and the circle is called the point of contact [the
point A in Fig. 10.1 (iii)]and the tangent is said to touch the circle at the common point.

Now look around you. Have you seen a bicycle or
a cart moving? Look at its wheels. All the spokes of a
wheel are along its radii. Now note the position of the
wheel with respect to its movement on the ground. Do
you see any tangent anywhere? (See Fig. 10.4). In fact,
the wheel moves along a line which is a tangent to the
circle representing the wheel. Also, notice that in all
positions, the radius through the point of contact with
the ground appears to be at right angles to the tangent
(see Fig. 10.4). We shall now prove this property of Fig. 10.4
the tangent.

Theorem 10.1 : The tangent at any point of a circle is perpendicular to the radius through
the point of contact.

Proof : We are given a circle with centre O and a tangent XY to the circle at a point P. We
need to prove that OP is perpendicular to XY.
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Take a point Q on XY other than P and join OQ (see Fig. 10.5).

The point Q must lie outside the circle.
(Why? Note that if Q lies inside the circle, XY will
become a secant and not a tangent to the circle).
Therefore, OQ is longer than the radius OP of the 0
circle. That is,
0Q>OP.

Since this happens for every point on the line
XY except the point P, OP is the Y X
shortest of all the distances of the point O to the P Q
points of XY. So OP is perpendicular to XY.
(as shown in Theorem A1.7.) Fig. 10.5
Remarks

1. Bytheorem above, we can also conclude that at any point on a circle there can be one and
only one tangent.

2. The line containing the radius through the point of contact is also sometimes called the
‘normal’ to the circle at the point.

EXERCISE 10.1

1. How many tangents can a circle have?
2. Fillin the blanks :
(1) A tangent to acircle intersectsitin_____ point (s).
(i1) A line intersecting a circle in two points is called a
(iii) Acirclecanhave ____ parallel tangents at the most.
(iv) The common point of a tangent to a circle and the circle is called

3. Atangent PQ at a point P of a circle of radius 5 cm meets a line through the centre O at a
point Q so that OQ = 12 cm. Length PQ is :

(A) 12cm (B) 13 cm (C) 8.5cm (D) Ji19 cm.
4. Draw acircle and two lines parallel to a given line such that one is a tangent and the other,
a secant to the circle.

10.3 Number of Tangents from a Point on a Circle

To get an idea of the number of tangents from a point on a circle, let us perform the following
activity:
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Activity 3 : Draw a circle on a paper. Take a point
P inside it. Can you draw a tangent to the circle
through this point? You will find that all the lines
through this point intersect the circle in two points.
So, itis not possible to draw any tangent to a circle
through a point inside it [see Fig. 10.6 (1)].

Next take a point P on the circle and draw tangents
through this point. You have already observed that
there is only one tangent to the circle at such a point
[see Fig. 10.6 (i1)].

Finally, take a point P outside the circle and try to
draw tangents to the circle from this point. What
do you observe? You will find that you can draw
exactly two tangents to the circle through this point
[see Fig. 10.6 (iii)].

We can summarise these facts as follows:

Case 1 : There is no tangent to a circle passing
through a point lying inside the circle.

Case 2 : There is one and only one tangent to a
circle passing through a point lying on the circle.

Case 3 : There are exactly two tangents to a circle
through a point lying outside the circle.

In Fig. 10.6 (ii1), T ,and T, are the points of contact
of the tangents PT and PT, respectively.

The length of the segment of the tangent from the
external point P and the point of contact with the
circle is called the length of the tangent from the
point P to the circle.

P
(@)
P
(i)
T,
P
T,
(ii1)
Fig. 10.6

Note thatin Fig. 10.6 (iii), PT, and PT, are the lengths of the tangents from P to the circle.
The lengths PT, and PT, have a common property. Can you find this? Measure PT and PT,. Are
these equal? In fact, this is always so. Let us give a proof of this fact in the following theorem.
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Theorem 10.2 : The lengths of tangents drawn from Q
an external point to a circle are equal.

Proof : We are given a circle with centre O, a point P

lying outside the circle and two tangents PQ, PR on the Pe o
circle from P (see Fig. 10.7). We are required to prove

that PQ = PR.

For this, we join OP, OQ and OR. Then R

2 OQP and £ ORP are right angles, because these are Fig. 10.7

angles between the radii and tangents, and according to
Theorem 10.1 they are right angles. Now in right triangles

OQPand ORP,
0Q= OR (Radii of the same circle)
OP= OP (Common)
Therefore, AOQP = AORP (RHS)
This gives PQ=PR (CPCT)
Remarks

1. The theorem can also be proved by using the Pythagoras Theorem as follows:
PQ?=0P?—-0Q?=0OP?-OR?*=PR? (As OQ = OR)

which gives PQ =PR.

2. Note also that Z OPQ = £ OPR. Therefore, OP is the angle bisector of £ QPR, i.e., the

centre lies on the bisector of the angle between the two tangents.

Let us take some examples.

Example 1 : Prove that in two concentric circles,
the chord of the larger circle, which touches the C,
smaller circle, is bisected at the point of contact. 0 C,

Solution : We are given two concentric circles C,
and C, with centre O and a chord AB of the larger circle
C, which touches the smaller circle C, at the point P
(see Fig. 10.8). We need to prove that AP = BP. B

Letus join OP. Then, AB is a tangent to C, at P and OP Fig. 10.8
is its radius. Therefore, by Theorem 10.1,

OP L AB
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Now AB is a chord of the circle C, and OP L AB. Therefore, OP is the bisector of the chord AB,
as the perpendicular from the centre bisects the chord,

ie., AP= BP

Example 2 : Two tangents TP and TQ are drawn

to a circle with centre O from an external point T.
Prove that Z PTQ =2 £ OPQ.

Solution : We are givena circle with centre O, an +# O
external point T and two tangents TP and TQ to the

circle, where P, Q are the points of contact (see

Fig. 10.9). We need to prove that Q

Z£PTQ=2 £ OPQ Fig. 10.9

Let ZPTQ=10
Now, by Theorem 10.2, TP =TQ. So, TPQ is an isosceles triangle.

Therefore, ZLTPQ=2TQP= % (180° — 0) = 90° — %e
Also, by Theorem 10.1, £ OPT = 90°
So, ZOPQ=/OPT-/TPQ= 90° —[900 —%ej

1 1
= —-0==-ZPT
2 2 Q

This gives ZPTQ=2Z£0PQ

Example 3 : PQ is a chord of length 8 cm of a P

circle of radius 5 cm. The tangents at P and Q

intersect at a point T (see Fig. 10.10). Find the length 5cm
TP. 8 cm

Solution : Join OT. Let it intersect PQ at the point - R o

R. Then A TPQ is isosceles and TO is the angle
bisector of Z PTQ. So, OT L PQ and therefore, OT

bisects PQ which gives PR =RQ =4 cm. 0

Also, OR= \/OPZ —PR? = \/52 —4* cm =3cm.
Fig. 10.10
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Now, ZTPR+ ~ZRPO=90°=~ZTPR+ ZPTR (Why?)
So, ZRPO=ZPTR
Therefore, right triangle TRP is similar to the right triangle PRO by AA similarity.

T _RP TP 4o 20
PO RO,I.C., 5 3O 3 cm.

Note : TP can also be found by using the Pythagoras Theorem, as follows:

This gives

Let TP= x and TR=y. Then
xX*=)’+16 (Taking right A PRT) (1)
X2+ 52= (y+3)? (Taking right A OPT) (2)
Subtracting (1) from (2), we get
32 16
25=6y—7 or y= "3
16’ 16 16 x 25
Therefore, X2 = (?6) +16 = 3(16 +9)= ; [From (1)]
_ 20
or X=3

EXERCISE 10.2

In Q.1 to 3, choose the correct option and give justification.

1. From a point Q, the length of the tangent to a circle is 24 cm and the distance of Q from
the centre is 25 cm. The radius of the circle is T

(A) 7 cm (B) 12 cm
(C) 15 cm (D) 24.5 cm

2. InFig. 10.11,if TP and TQ are the two tangents 110
to a circle with centre O so that £ POQ = 110°, o Q
then £ PTQ is equal to

(A) 60° (B) 70°
(C) 80° (D) 90° Fig. 10.11

3. Iftangents PA and PB from a point P to a circle with centre O are inclined to each other at
angle of 80°, then £ POA is equal to

(A) 50° (B) 60°
(C) 70° (D) 80°




Q&oen 79

adpd, L TPR+ZRPO=90°=~ZTPR+ ZPTR (DotHgo?)
=98,  ZRPO=ZPTR
003, &.8° $ErH Qohso [Herdo woat’es (Bgbazo TRP, eons’s (@2b20 PRO & $&rdHo erh.
E _ RP TP 4
PO RO° 5 3
B8 1 (Bob Deforre 2Pt Arpodind eB3TrNod Eree TP S5rPihd).
TP = x H8cmw TR =y e0p&osm.

B Lo

OHPD x*=)’+16 (wox8%0 (Bgheso PRT & &:08%8) (1)
X2+ 52= (y+3)? (woar8%s ®ghezo OPT & &:08%8) (2)
(2) 08 (1) &Fcdre,
32 16
25 = 6y—7 S y= ?—?
— = (?) +16=%6(16+9)= 16;25 [(1)08]
20
Sore x= =
oo 10.2

%) 1 2008 3 B85 ¥BD esaranidy oD WwER), esaeenid Qpgotod.
1. Q &3 HothH Lo o s Achads Yty LY 24 0.8, Hdcn HK SoEso Hod Q

DotHHB Ko &rdo 25 0.8, wans HF gRPEKm T
(A) 7 20.8. (B) 12 0.5
(C) 15 20.5. (D) 24.530.8.
2. $&0. 10.116° O Sosmre Ko @208 TP 80 10°
TQ e Both K)EBmes H8aw £ POQ =110° wans S Q
ZPTQ=
(A) 60° (B) 70°
(C)80° (D) 90° S0 10.11

3. O Sossmre e é@@@% Do P 508 PA £8c5m PB o3 3ot éo)é?ﬁspen ﬁcﬁaaacsgon. éo)é?ﬁspe)
Eéacﬁgé'ssaeéaa 80° wons £ POA =

(A) 50° (B) 60°
(C) 70° (D) 80°



80

CIRCLES

. Prove that the tangents drawn at the ends of a diameter of a circle are parallel.

5. Prove that the perpendicular at the point of contact to the tangent to a circle passes through

10.

11.

12.

13.

the centre.

. The length of a tangent from a point A at distance 5 cm from the centre of the circle is 4

cm. Find the radius of the circle.

. Two concentric circles are of radii 5 cm and 3 cm. Find the length of the chord of the

larger circle which touches the smaller circle.

. A quadrilateral ABCD is drawn to circumscribe a circle (see Fig. 10.12). Prove that

AB+CD=AD+BC

B C
D X P Y
A
Q
S o c

X Y’

. B Q B

Fig. 10.12 Fig. 10.13

. In Fig. 10.13, XY and X'Y"' are two parallel tangents to a circle with centre O and

another tangent AB with point of contact C intersecting XY at Aand X'Y' at B. Prove
that £ AOB =90°.

Prove that the angle between the two tangents drawn from an external point to a circle is
supplementary to the angle subtended by the line-segment joining the points of contact at
the centre.

Prove that the parallelogram circumscribing a circle is a A
rhombus.

Atriangle ABC is drawn to circumscribe a circle of radius
4 cm such that the segments BD and DC into which BC is

divided by the point of contact D are of lengths 8 cmand 6 o

cm respectively (see Fig. 10.14). Find the sides AB and

AC.

Prove that opposite sides of a quadrilateral circumscribing € <6 em——D 8 cm 3
a circle subtend supplementary angles at the centre of the Fig. 10.14

circle.



Q&oen 81

10.

11.

12.

13.

2.8 HB o500 DBE Hothhe S8 AcHadS @E,Sgégpen 05508850 $5eHob.
Eﬁaé éo)tigégpé), @632‘30&632@ zszg AcH2&S ©0235m éagé; Bo(Bsm o SBHoE JET0H08.

] BolE5sm K008 5 0.8, Brssme® Ko Hoth A $od AchadS éo)éﬁsp LS 420.8n. wond
B THrgEnd ShfrSol.

5 20.&. 805w 3 0.8 ag@gaﬁweéa Both 8 Sols Fyzren Acharron. A HE) $9)9)0D 18
B0 B ey FEDHD BSOS’

ABCD iﬁéaéoa)&o@s B 29080800850 (5600 10.12 o) wand AB+CD=AD +BC »d
Q&0L0d.

" C
D X P Y
A
Q

S o A
X’ Y

Sl | B Q B

Hero 10.12 Heso 10.13

0 10.13° O SoBsore Ko é@)@j@% XY 80 X'Y' 93 Both $5088 @é}égpen ﬁdéaaac:;ow.
S8 @@ésp AB, Q)B)&otdy C o 88 XY DA g LBk XY % B 8 POBoDIB. ®and
Z AOB = 90° &9 d8r0508.

ers5gothHy Lol Eée)gé;eﬁn 28 AcH2&S Both @tﬂ?}égpe) S &Peasin K080 Both )3 DothHe
BoB5w&® SenHsir Aok Sgrgpomeen 563)65)26 885008 HoFPBEELD BeR0H08.

28 Jdrods zﬁééaéoe)&éwé‘s YIS0 ©@oBHoSEI, ©b &

DB BBY o0 DB ool

(®gpeso ABC &° 4200.50. TFREED o B wosgfolniod.

QY3 HotH D, BC 29eQ) Sotd Bgrgoreene BD = 8 20.8.,

DC = 6 20.80.m D2520008. (50 10.14 $5rEod). ewond AB O
0805w AC gherre SrEHen EPKos.

a8 iﬁéﬁ%)aaéwéﬁ B0 T TenlD hered THEP wo&totd
éﬁé&ﬁs e iﬁé)éaebaeéw Q& gHezeen Eéeﬁ So(sm Eétg Boso SPegeen
KoFessren @ Q870 L08.

6205, D 8%0.5, . B
Heo 10.14



82 CIRCLES

104 Summary

In this chapter, you have studied the following points :

1. The meaning of a tangent to a circle.

2. The tangent to a circle is perpendicular to the radius through the point of contact.

3. The lengths of the two tangents from an external point to a circle are equal.
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AREAS RELATED TO CIRCLES

1062CHIZ

AREAS RELATED TO CIRCLES 1 1

11.1 Areas of Sector and Segment of a Circle

You have already come across the terms sector and
segment of a circle in your earlier classes. Recall that
the portion (or part) of the circular region enclosed
by two radii and the corresponding arc is called a sector
of the circle and the portion (or part) of the circular
region enclosed between a chord and the
corresponding arc is called a segment of the circle.
Thus, in Fig. 11.1, shaded region OAPB is a sector of
the circle with centre O. £ AOB is called the

Major
Sector

Fig. 11.1

angle of the sector. Note that in this figure, unshaded region OAQB is also a sector of the
circle. For obvious reasons, OAPB is called the minor sector and OAQB is called the major
sector. You can also see that angle of the major sector is 360° — £ AOB.

Now, look at Fig. 11.2 in which AB is a chord of the

circle with centre O. So, shaded region APB is a segment
of the circle. You can also note that unshaded region AQB
is another segment of the circle formed by the chord AB.
For obvious reasons, APB is called the minor segment
and AQB is called the major segment.

Remark : When we write ‘segment’ and ‘sector’ we
will mean the ‘minor segment’ and the ‘minor sector’
respectively, unless stated otherwise.

Major
Segment
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Now with this knowledge, let us try to find some relations Q
(or formulae) to calculate their areas.

Let OAPB be a sector of a circle with centre O and radius »
(see Fig. 11.3). Let the degree measure of £ AOB be 6.

You know that area of a circle (in fact of a circular region or 4
disc) is w2

In a way, we can consider this circular region to be a sector

forming an angle of 360° (i.e., of degree measure 360) at the A B
centre O. Now by applying the Unitary Method, we can arrive at _ P
the area of the sector OAPB as follows: Fig. 11.3

When degree measure of the angle at the centre is 360,
area of the sector = mr?
So, when the degree measure of the angle at the centre is 1, area of the

2

e
sector = —-
360

Therefore, when the degree measure of the angle at the centre is 0, area of the

2

r 0 5
= - 6 = —— X TT .
sector = 260 %Y T 360 <™

Thus, we obtain the following relation (or formula) for area of a sector of a circle:

Area of the sector of angle 0 = E xTe?,
360 Q
where 7 is the radius of the circle and 0 the angle of the sector in
degrees.

Now, a natural question arises : Can we find the length of the arc
APB corresponding to this sector? Yes. Again, by applying the
U n i t a r y
Method and taking the whole length of the circle
(of angle 360°) as 27, we can obtain the required length of the A_ —B

0
arc APB as 360 < 2nr, Fig. 11.4

0
So, length of an arc of a sector of angle 6 = 360 X 2mr
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Now let us take the case of the area of the segment APB of a
circle with centre O and radius » (see Fig. 11.4). You can see that :

Area of the segment APB = Area of the sector OAPB — Area of A OAB

= i x 1> — area of AOAB
360

Note : From Fig. 11.3 and Fig. 11.4 respectively, you can observe that:
Area of the major sector OAQB = /2 — Area of the minor sector OAPB
and Area of major segment AQB = 7/ — Area of the minor segment APB

Let us now take some examples to understand these concepts (or results).

Example 1 : Find the area of the sector of a circle with
radius 4 cm and of angle 30°. Also, find the area of the
corresponding major sector (Use T = 3.14).

Solution : Given sector is OAPB (see Fig. 11.5).

0
Area of the sector = —— x -’

360
- %x3.14x4x4cm2 Ap B
Fig. 11.5

12.56

= 3 cm’ = 4.19cm’ (approx.)
Area of the corresponding major sector

= mr? — area of sector OAPB
(3.14 x 16 — 4.19) cm?
= 46.05 cm? = 46.1 cm? (approx.)

(360-0)

Alternatively,area of the major sector = 360

— [360 _ 30} x 3.14 x 16 cm?

= @ x 3.14 x 16cm? = 46.05 cm?
360

= 46.1 cm? (approx.)
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s O Sol@sw 7 a°e@°gzﬁwﬁ° Ko H)&sn o) HE potio APB
o) Bioresn. (5o 11.4) 500508 :

APB )8 po& Faeegsin = OAPB (85088 Seeego — A OAB (@2be: Serex0

v
= — XTE* —
360 JE® — A OAB ®20e Seg0

BQE: Heaso 11.3 080 11.4 o H08D0DIEa0S:
OAQB 88 (@er5088 Szregin = 7° — OAPB we) Bargo88 Izeeso
0Bk AQB 068 )8 pot Jzregsn = 17 — APB o) $)8 poi Saeeso
YD & gFHI00 (HOTD) JMERS VS Do YY) errsrdnpen & H88dwo.

aesdes 12 4 20.5. atg@f’go, Leosm 30°re Ko B Bez50808
DTG DKL, BABOT KH020E%S ebS (Be5088 e
Eree EP08 (1= 3.14 e 808°808).

PED L ey (Bergossin OAPB (0w 11.5 <riod).

0
(Bezg088 Jgoego = T X r?

360

= 30 %14 X Xt 202 Ap B
360
1256 Seoo 11.5

== 207 TR.19208” (RoXotHrr)

Q02068 WHE (Beg0SY JB°es0
= " — OAPB (@erg088 Szeex0
(3.14 X 16 —4.19) 2052
= 46.05 c? = 46.1 =0 2, 2 (&)

(360-0)

SexEtmchonr, ©f8 (Bergodt JTrego = 360

(360 _30)><3.14 X6 72057
360

= % 23.14 K 62057 =36.05 20.5.

= 46.1 2o, (Fosmdrr)
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Example 2 : Find the area of the segment AYB shown
in Fig. 11.6, if radius of the circle is 21 cm and £ AOB

22
=120°. (Use t = 7)

Solution : Area of the segment AYB Fig. 11.6
= Area of sector OAYB — Area of A OAB(1)

Now,area of the sector OAYB = % X 2—72 x 21 x 21 cm? = 462 cm? (2)

For finding the area of A OAB, draw OM L AB as shown in Fig. 11.7.
Note that OA= OB. Therefore, by RHS congruence, AAMO = A BMO.

So, M is the mid-point of AB and Z AOM = Z BOM = % x120° = 60°.

Let OM=xcm A
OM .
So, from A OMA, oA cos 60
1 1
or, % =3 [cos 60° = Ej
2
or, X=-
21
So, OM = - om
AM .3
Also, oa _Sin 60° = 5
So, AM = # cm
Therefore, AB=2AM= 2x 21\/5 cm = 21+/3cm
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&R 2 argrgo 21 Ro. & #oate £ AOB=120° Y
@od, Heosw 11.6 & SrHadS HE oo AYB Fweso A/'\‘\B

22
oo, (m= - 8%s%od)

PES 1 B woso AYB Fzeexo %20 11.6
= OAYB (@e5088 Jzrexo — A OAB Zzeexo (D)

s,  OAYB @er5088 Saveso = % x == x 21 x 2120.80? = 462 20.80? (2)

A OAB gaee0 85000, Hesnl1.7. & 5025 DSore OM L AB AcHod.
OA = OB 9 550003508&. S°aa<§ ©0.8.80 Qoo (K80, A AMO = A BMO.

1
808, AB g5 Doty M Hdae £ AOM = £ BOM = 5% 120° = 60°

OM = x 20.8p. ©908%5m

A
oM
=95, AOMA Lo, —— =cos 60°
OA
X 1 1
X o= 60° = —
éwb’ o 5 [cos 2j
Seo = 21 Seo 11.7
’ 2
21
o8, OM = Y 20.5.
AM .3
B8, OA =sin 60° = 5
o208, AM = M 20.%.
© 2
08, AB=2AM=> Xilﬁ 205221338
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1 1 21
So, areaofAOAB=EABXOM=Ex21\/§x?cm2

- 2 Benr (3)

441
Therefore, area of the segment AYB = [462 - T\B j cm’ [From (1), (2) and (3)]

21
=5 (88 — 214/3)em?

EXERCISE 11.1

. 22
Unless stated otherwise, use = -

1. Find the area of a sector of a circle with radius 6 cm if angle of the sector is 60°.
2. Find the area of a quadrant of a circle whose circumference is 22 cm.

3. The length of the minute hand of a clock is 14 cm. Find the area swept by the minute hand
in 5 minutes.

4. A chord ofa circle of radius 10 cm subtends a right angle at the centre. Find the area of the
corresponding : (i) minor segment (ii) major sector. (Use © = 3.14)
5. Inacircle of radius 21 cm, an arc subtends an angle of 60° at the centre. Find:

(1) the length of the arc  (ii) area of the sector formed by the arc
(iii) area of the segment formed by the corresponding chord

6. A chord of a circle of radius 15 cm subtends an angle of 60°
at the centre. Find the areas of the corresponding minor and
major segments of the circle.

(Use t=3.14 and .3 = 1.73)

7. A chord of a circle of radius 12 cm subtends an angle of 120°
at the centre. Find the area of the corresponding segment of
the circle.

(Use t=3.14and .3 = 1.73)

8. Ahorse is tied to a peg at one corner of a square shaped grass
field of side 15 m by means of a 5 m long rope (see Fig.
11.8). Find
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1 1 21
sof,  AOABZwegn= - ABXOM = - X3 X s

- 2 Benr (3)

441
a8, I potio AYB gerexo = Q@ _T\/g}wghz [(1), (2) %0800 (3) © Kood ]

21
= (88— 21/3) 2082

oo 11.1
8sgore SRR 85, ©F SotTee® 1=+ SHS k.

1. ag@go 6 0. ., B &%s0 60° e Ko (Bez5088 STrexo EHPS0s.
2. 508 22 Ro. . TR HE SHY e Prego EHTIO’.

3. a8 K&oebost Qore Swep SPEDH 14 0.8 ®and 5 darest Avare Swep 5003 (HoSrB0o)
(BT Brego EDFS0E.

4. 10 20.%. agébgono Ko H)BS50 BoF) a8 e Zolto Bl ooa8nain BaHB. wond HowosS
(i) o) HE potsn (i) 068 HX potio Jeeorges EHFI0E. (1= 3.14 e &Ko)

5. 21 20.%. wg@bgom (3} Eée)éoés 2.8 THsm BolBo £ 60° Seakn BAMDYB. @S
(1) = FED (i) = EE (Bego88 Sa@exo
(iii) Sowodhs @y T DGE HFwor Deregin EHFS.

6. 1520.5 a‘g@gom Ko B0 FBog) a8 ey BoBo £ 60° §eaion BAWDIHD. @S Vo20HS
0HT ) oo DO ©e) HE PoLn JTared B0l

(m=3.14 5800 3 = 1.73me &0&%08)

7. 12 20.80. wg@t’gom Ko HFo g &8 ey Sol%o £ 120°
Peosm 305)31‘5326&&. @00 $o0HS ‘2% 5@63 Eﬁaé POL BT
EoRP05m.

(m=3.14 580 3 = 1.73me &0&%08)

8. 15 . ghesiorr Ko SHERSY KE Dreko a8 Hrod® 5 2.
FPESS (Bto8® 2.8 HIB5w 2.8 Do Qad &b, ©ons (e
11.8 Srok)
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10.

11.

12.

13.

14.

(1) the area of that part of the field in which the
horse can graze.

(i1) the increase in the grazing area if the rope were
10 m long instead of 5 m. (Use n = 3.14)

. A brooch is made with silver wire in the form

of a circle with diameter 35 mm. The wire is also
used in making 5 diameters which divide the
circle into 10 equal sectors as shown in
Fig. 11.9. Find :

(1) the total length of the silver wire required.
(i1) the area of each sector of the brooch.

An umbrella has 8 ribs which are equally spaced
(see Fig. 11.10). Assuming umbrella to be a flat
circle of radius 45 cm, find the area between the
two consecutive ribs of the umbrella.

A car has two wipers which do not overlap. Each
wiper has a blade of length 25 cm sweeping through
an angle of 115°. Find the total area cleaned at each
sweep of the blades.

To warn ships for underwater rocks, a lighthouse
spreads a red coloured light over a sector of
angle 80° to a distance of 16.5 km. Find the area of
the sea over which the ships are warned.
(Use = 3.14)

A round table cover has six equal designs as shown
in Fig. 11.11. If the radius of the cover is 28 cm,
find the cost of making the designs at the rate of ¥

0.35 per cm?. (Use 3 = 1.7)
Tick the correct answer in the following :
Area of a sector of angle p (in degrees) of a circle

with radius R is

(A) ﬁxan (B) %anz (C) 3—16’0x2nR

¢
A
5l
S
<
K
\

Fig. 11.9

Fig. 11.10

Fig. 11.11

)4 2
—~— x2nR
(D) 755727
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10.

11.

12.

13.

14.

(i) DB KEboreDH wlsedo Ko (Frod FTeo
EPSo.

(ii) 5. 2tbeo 108, PEIS DS rHoeR) EEID
©d KEbodke (@Pod Feregod® $i) BIHEL
P08 (1= 3.14me &:08%8)

. 350.5. a‘g@go Ko 885w (brooch) 308 &r&° sot

Boha&od. Hdao & D& 10 D& (Besgodooenre
DPR0R b ) Afed Ere od Sl s (Heo
11.9 $o%08) ©ond :

(i) =508 308 &K Iwdo PEH.
(i) DHSELD ToE) (H8 (Ber5088 JegEnD EHCH0k.

28 FPrd B0t 8 &ifen $50o8 ot B8 G
(50 11. 105°E08). FP&iHdo 45 0. . @2@‘%30 1)
a8 Jddo H¥orr PR FPErd @) Botk HES &k
305y S50 DoB?

28 528 ©K0R a8 a8 wegseo 52 (overlap)
Botd B &HY. 25 20.80. FED Ko (HS FHSH 115°
808" S, Both I dF0 HY TG, ©
BB [HBE Perego EXMT0Rw.

Qa30(eS @oécgﬁéwés Ko TFD D00 B o0
20 Bakwertd, 80° (Bergo88 S0’ 16.5 8.8, LS
QR Bord 5708 Hoerd) a8 B Kogsw (light house )
Se0NBN06. &8 P08 D &NOB00P V0B JT°ex0
e (@Pose) sEoRd Trfibodried. (1= 3.14 re
&%)

2.8 1908 e B 20 11.11 & 5328 Defore e
a8 BFGD EORGYB. Beod 836 5o 28 20,2,
@i, $5.20.80.% T 0.35 $0HS e EED Soed Dodwerd
Qo8 P&fy) rdd (m=3.14 e &8%08)

Bod oS OIS Vel B8 Dobhod:
P &fes%0 Ra‘gﬁgo BONS B (Bez5088 (D) Fevexs0

(A) ﬁxan (B) %anz (C) %xan

Seoo 11.9

Seo 11.10

¢
A
S
<
K
\

)4 2
< x2nR
(D) 755727
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11.2 Summary
In this chapter, you have studied the following points :

1. Length of an arc of a sector of a circle with radius » and angle with degree measure 0 is

——x27r.

360

2. Area of a sector of a circle with radius 7 and angle with degree measure 0 is 3—20 x .

3. Area of segment of a circle
= Area of the corresponding sector — Area of the corresponding triangle.
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11.2 Srorodo

&3 @%0‘53068, o s (Bod DHATeen 56313&5&6) :

1. r atgﬁgaﬁw, 0 &(fen Eeaorr EOAS HE (Bergoss PHo BwE) TED % x2mr.

2. ragtEn, 0 Blhe Swore SDRS )8 (Barsodto @nE) Brep 3_20 x .

3. I poid Jeregso

=008 Eég)é (Bezg08B0 JTeeg0 —KSo0hS (Bghe: FT°e50.



98 SURFACE AREAS AND VOLUMES

1062CHI3

SURFACE A‘ltf:)i?ﬂ;ﬁ;j]; 1 2

12.1 Introduction

From Class IX, you are familiar with some of the solids like cuboid, cone, cylinder, and sphere
(see Fig. 12.1). You have also learnt how to find their surface areas and volumes.

4
. >

(1) (i) (iii) (iv)

Fig. 12.1

In our day-to-day life, we come across a number of solids made up of combinations of two
or more of the basic solids as shown above.

You must have seen a truck with a container .

fitted on its back (see Fig. 12.2), carrying oil or Zm
water from one place to another. Is it in the shape
of any of'the four basic solids mentioned above?

You may guess that it is made of a cylinder with '
two hemispheres as its ends.

Fig. 12.2
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1062CHI3

SOOSL FTORD 1 2
OOCI FoRBHOWTETOLD

121 H8Sc%o

IX% 85888 égq“nzézéw,%oé)@, KD;E{)O, 780 Sod S Knmée)éao 00D BenBHTd (He0o 12.1
SrEoR). T &HBS SR BN FIDBSTETOH Jer EoRoeS® G 3&0&)5&&.

4
. >

(1) (i) (iii) (iv)

Seoo 12.1

BPear 508 EQB0S, Lo ok Soe BOBET) JEND 2 L0050 ED (EPHDE ?{Dmég)éa@ Boonss®
&8) SR Srdmotrdn Soel

308 Kol BoBE omwa, ($60 12.2 n
Srtod) e (FB%0 o8 HTE ($BTI8 S Soe o
58 é@é@é@ ((RISVINY DB D Goerd. BB DS
5038226& TP (PHE ?{Dmée)ézoéa Do @SB [

&oTP? 80 Totd @gﬁ%@voéo DIBeore BOA &) O G‘

K)J;@bs%oés B30 BoHaa&oBd Sy 588055 D). Heoo 12.2




100 SURFACE AREAS AND VOLUMES

Again, you may have seen an object like the one in Fig.
12.3. Can you name it? A test tube, right! You would have &
used one in your science laboratory. This tube is also a =

combination of a cylinder and a hemisphere. Similarly, while
travelling, you may have seen some big and beautiful
buildings or monuments made up of a combination of solids
mentioned above.

If for some reason you wanted to find the surface areas,
or volumes, or capacities of such objects, how would you
do it? We cannot classify these under any of the solids you \—/
have already studied. Flg. 12.3

In this chapter, you will see how to find surface areas and volumes of such objects.

12.2 Surface Area of a Combination of Solids

Let us consider the container seen in Fig. 12.2. How do we find the surface area of such a solid?
Now, whenever we come across a new problem, we first try to see, if we can break it down into
smaller problems, we have earlier solved. We can see that this solid is made up of a cylinder
with two hemispheres stuck at either end. It would look like what we have in Fig. 12.4, after we
put the pieces all together.

_ . (f S

Fig. 12.4

If we consider the surface of the newly formed object, we would be able to see only the
curved surfaces of the two hemispheres and the curved surface of the cylinder.

So, the fotal surface area of the new solid is the sum of the curved surface areas of each of
the individual parts. This gives,

TSA of new solid = CSA of one hemisphere + CSA of cylinder
+ CSA of other hemisphere
where TSA, CSA stand for ‘Total Surface Area’ and ‘Curved Surface Area’ respectively.

Let us now consider another situation. Suppose we are making a toy by putting together a
hemisphere and a cone. Let us see the steps that we would be going through.
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First, we would take a cone and a hemisphere and bring their flat faces together. Here, of
course, we would take the base radius of the cone equal to the radius of the hemisphere, for the
toy is to have a smooth surface. So, the steps would be as shown in Fig. 12.5.

Fig. 12.5

At the end of our trial, we have got ourselves a nice round-bottomed toy. Now if we want to
find how much paint we would require to colour the surface of this toy, what would we need to
know? We would need to know the surface area of the toy, which consists of the CSA of the
hemisphere and the CSA of the cone.

So, we can say:

Total surface area of the toy = CSA of hemisphere + CSA of cone

Now, let us consider some examples. A
Example 1 : Rasheed got a playing top (lattu) as his @
birthday present, which surprisingly had no colour on it. 5 — 2)
He wanted to colour it with his crayons. The top is shaped ¢m
like a cone surmounted by a hemisphere (see Fig 12.6).

The entire top is 5 cm in height and the diameter of the
top is 3.5 cm. Find the area he has to colour. \

22 C
(Take 7= 7) Fig. 12.6

Solution : This top is exactly like the object we have discussed in Fig. 12.5. So, we can
conveniently use the result we have arrived at there. That is :

TSA of the toy = CSA of hemisphere + CSA of cone

. 1
Now, the curved surface area of the hemisphere = 5(4W2) =27

= 2x—2x£x£ cm?
7 2 2
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Also, the height of the cone = height of the top — height (radius) of the hemispherical part

3.5
= [5 _TJ cm =325 cm

2
So, the slant height of the cone (1) = /r* + 4* = \/ (%J +(3.25)* cm =3.7 cm (approx.)

22 35
Therefore, CSA of cone =l = [7 X By x3 7)

This gives the surface area of the top as
=|2x 2 2><2 cm? + 2><£><37
7 2 2 7 2

22 35 11

=7x7(35 3.7) cm =?x(35+37)cm =39.6 cm® (approx.)

You may note that ‘total surface area of the top’ is not the sum of the total surface areas of
the cone and hemisphere. p-BE o
Example 2 : The decorative block shown in Fig. 12.7 is /
made of two solids — a cube and a hemisphere. The base of S cm

the block is a cube with edge 5 cm, and the hemisphere
fixed on the top has a diameter of 4.2 cm. Find the total

surface area of the block. (Take = %) Scm

Fig. 12.7

Solution : The total surface area of the cube = 6 x (edge)> =6 x 5 x 5 cm? = 150 e,

Note that the part of the cube where the hemisphere is attached is not included in the surface
area.

So, the surface area of the block = TSA of cube —base area of hemisphere
+ CSA of hemisphere

150 — w2 + 2 = (150 + 7r?) cm?

150 cm® + 2 ﬂxﬂ cm?
7 2 2

(150 + 13.86) cm? = 163.86 cm?
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22 35
o, $oHH o) $.8.3 == (7 ><7 X 3. 7) 20.5.°

&PorBo Qg 65080 JTes0
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Example 3 : Awooden toy rocket is in the shape
of'a cone mounted on a cylinder, as shown in Fig.
12.8. The height of the entire rocket is 26 cm, while [ .
the height of the conical part is 6 cm. The base of 26 em| |
the conical portion has a diameter of 5 cm, while
the base diameter of the cylindrical portion is 3 cm.
If the conical portion is to be painted orange and
the cylindrical portion yellow, find the area of the
rocket painted with each of these colours.

(Take m=3.14)

6 cm

. ) ) base of cylinder
Solution : Denote radius of cone by r, slant height

of cone by /, height of cone by 4, radius of cylinder
by 7’ and height of cylinder by /#’. Then »=2.5 cm, v OO
h=6cm, ¥ =15cm, " =26—-6=20cmand

base of cone

Fig. 12.8

[= \/r2 +h = \/2.52 +6% c¢cm =6.5cm

Here, the conical portion has its circular base resting on the base of the cylinder, but the base of
the cone is larger than the base of the cylinder. So, a part of the base of the cone (aring) is to be
painted.

So, the area to be painted orange = CSA of the cone + base area of the cone

— base area of the cylinder

wrl + w? — n(r')?

n[(2.5 X 6.5) +(2.5)* —(1.5)*] cm?
n[20.25] cm? = 3.14 x 20.25 cm?
= 63.585 cm?

Now,the area to be painted yellow =CSA of'the cylinder
+ area of one base of the cylinder

= 2mr'h' + n(r')?

= ' QK + 1)

(3.14 x 1.5) (2 x 20 + 1.5) cm?
471 x 41.5 cm?

195.465 cm?
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Example 4 : Mayank made a bird-bath for his garden in the shape
of a cylinder with a hemispherical depression at one end (see Fig.
12.9). The height of the cylinder is 1.45 m and its radius is 30 cm.

Find the total surface area of the bird-bath. (Take & =% )

Solution : Let & be height of the cylinder, and r the common
radius of the cylinder and hemisphere. Then,

the total surface area of the bird-bath =CSA of cylinder + CSA of hemisphere

= 2mrh + 21w = 2nr(h +r)
= 2x 2_72 x 30(145 +30) cm?

= 33000 cm? = 3.3 m?
EXERCISE 12.1

. 22
Unless stated otherwise, take © = ER

1.

2 cubes each of volume 64 cm? are joined end to end. Find the surface area of the resulting
cuboid.

Avessel is in the form of a hollow hemisphere mounted by a hollow cylinder. The diameter
of the hemisphere is 14 cm and the total height of the vessel is 13 cm. Find the inner
surface area of the vessel.

. Atoy is in the form of a cone of radius 3.5 cm mounted on a hemisphere of same radius.

The total height of the toy is 15.5 cm. Find the total surface area of the toy.

. A cubical block of side 7 cm is surmounted by a hemisphere. What is the greatest diameter

the hemisphere can have? Find the surface area of the solid.

. A hemispherical depression is cut out from one face of a cubical wooden block such that

the diameter / of the hemisphere is equal to the edge of the cube. Determine the surface
area of the remaining solid.

. A medicine capsule is in the shape of a cylinder with ( )l‘; o
two hemispheres stuck to each of its ends (see Fig. i
12.10). The length of the entire capsule is 14 mm and . Ta i *
the diameter of the capsule is 5 mm. Find its surface Fig. 12.10

arca.
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7. Atentis in the shape of a cylinder surmounted by a conical top. If the height and diameter
of the cylindrical part are 2.1 m and 4 m respectively, and the slant height of the top is 2.8
m, find the area of the canvas used for making the tent. Also, find the cost of the canvas of
the tent at the rate of I500 per m?. (Note that the base of the tent will not be covered with
canvas.)

8. From asolid cylinder whose height is 2.4 cm and diameter 1.4 cm, a conical cavity of the
same height and same diameter is hollowed out. Find the total surface area of the remaining
solid to the nearest cm?.

9. A wooden article was made by scooping out
a hemisphere from each end of a solid
cylinder, as shown in Fig. 12.11. If the

/———"——\
height of the cylinder is 10 cm, and its base ; ;

is of radius 3.5 cm, find the total surface
arca of the article.

12.3 Volume of a Combination of Solids Fig. 12.11

In the previous section, we have discussed how to find the surface area of solids made up of a
combination of two basic solids. Here, we shall see how to calculate their volumes. It may be
noted that in calculating the surface area, we have not added the surface areas of the two
constituents, because some part of the surface area disappeared in the process of joining them.
However, this will not be the case when we calculate the volume. The volume of the solid
formed by joining two basic solids will actually be the sum of the volumes of the constituents,
as we see in the examples below.

Example 5 : Shanta runs an industry in a shed
which is in the shape of a cuboid surmounted
by a half cylinder (see Fig. 12.12). If the base
of'the shed is of dimension 7 m x 15 m, and the
height of the cuboidal portion is 8 m, find the
volume of air that the shed can hold. Further, 8 m
suppose the machinery in the shed occupies a
total space of 300 m?, and there are 20 workers,
each of whom occupy about 0.08 m* space on
an average. Then, how much air is in the shed?

Fig. 12.12
22
(Take m= 7)
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Solution : The volume of air inside the shed (when there are no people or machinery) is given
by the volume of air inside the cuboid and inside the half cylinder, taken together.

Now, the length, breadth and height of the cuboid are 15 m, 7 m and 8 m, respectively.
Also, the diameter of the half cylinder is 7 m and its height is 15 m.

. . 1 .
So,the required volume =volume of the cuboid + > volume of the cylinder

- {15x7x8+lx2xzxzx15:|m3 = 1128.75 m?
2 7 2 2

Next, the total space occupied by the machinery = 300 m?
And the total space occupied by the workers =20 x 0.08 m* = 1.6 m?
Therefore, the volume of the air, when there are machinery and workers

— 1128.75 — (300.00 + 1.60) = 827.15 m?

Example 6 : Ajuice seller was serving his customers using

glasses as shown in Fig. 12.13. The inner diameter of the
cylindrical glass was 5 cm, but the bottom of the glass had a

hemispherical raised portion which reduced the capacity of /\
the glass. If the height of a glass was 10 cm, find the apparent AR
capacity of the glass and its actual capacity. (Use 1 =3.14.) Fig. 12.1

Solution : Since the inner diameter of the glass = 5 cm and height = 10 cm,
the apparent capacity of the glass = A
= 3.14 x2.5x2.5% 10 cm® = 196.25 cm®
But the actual capacity of the glass is less by the volume of the hemisphere at the base of
the glass.
. . 2 2 s
ie., it is less by 3 e = 3 3.14x25x25x25cm” =32.71 cm?

So,the actual capacity of the glass =apparent capacity of glass — volume of the
hemisphere
= (196.25 — 32.71) cm®

= 163.54 cm®
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Example 7 : A solid toy is in the form of a hemisphere E & F

surmounted by a right circular cone. The height of the

cone is 2 cm and the diameter of the base is 4 cm. B © C

Determine the volume of the toy. If a right circular :

cylinder circumscribes the toy, find the difference of the -

volumes of the cylinder and the toy. (Take = 3.14) M. . et
Fig. 12.14

Solution : Let BPC be the hemisphere and ABC be the cone standing on the base of the
hemisphere (see Fig. 12.14). The radius BO of the hemisphere (as well as of the

1
cone)=5 X4 cm=2cm.

2 1
So,volume of the toy = Enﬁ + Enrzh

— {§x3.14x(2)3+%x3,14x(2)2 xz} em’ =25.12 cm?

Now, let the right circular cylinder EFGH circumscribe the given solid. The radius of the base
of the right circular cylinder = HP = BO =2 c¢m, and its height is
EH=AO0+0OP=2+2)cm=4cm
So, the volume required = volume of the right circular cylinder — volume of the toy
= (3.14x22x4-2512) cm®
= 25.12 cm?

Hence, the required difference of the two volumes = 25.12 cm®.

EXERCISE 12.2

. 22
Unless stated otherwise, take © = -

1. Asolid is in the shape of a cone standing on a hemisphere with both their radii being equal
to 1 cm and the height of the cone is equal to its radius. Find the volume of the solid in
terms of m.

2. Rachel, an engineering student, was asked to make a model shaped like a cylinder with
two cones attached at its two ends by using a thin aluminium sheet. The diameter of the
model is 3 cm and its length is 12 cm. If each cone has a height of 2 cm, find the volume
of air contained in the model that Rachel made. (Assume the outer and inner dimensions
of the model to be nearly the same.)
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3. A gulab jamun, contains sugar syrup up to about 30% of its
volume. Find approximately how much syrup would be found ——
in 45 gulab jamuns, each shaped like a cylinder with two
hemispherical ends with length 5 cm and diameter 2.8 cm
(see Fig. 12.15).

4. A pen stand made of wood is in the shape of a cuboid with
four conical depressions to hold pens. The dimensions of
the cuboid are 15 cm by 10 cm by 3.5 cm. The radius of each
of the depressions is 0.5 cm and the depth is 1.4 cm. Find
the volume of wood in the entire stand (see Fig. 12.16).

5. Avesselis in the form of an inverted cone. Its height is 8 cm
and the radius of its top, which is open, is 5 cm. It is filled NENEAEN
with water up to the brim. When lead shots, each of which is l vYyy
a sphere of radius 0.5 cm are dropped into the vessel, one- [ ]

fourth of the water flows out. Find the number of lead shots
dropped in the vessel.

Fig. 12.16

6. A solid iron pole consists of a cylinder of height 220 cm and base diameter 24 cm, which
is surmounted by another cylinder of height 60 cm and radius 8 cm. Find the mass of the
pole, given that 1 cm® of iron has approximately 8g mass. (Use = 3.14)

7. A solid consisting of a right circular cone of height 120 cm and radius 60 cm standing on
a hemisphere of radius 60 cm is placed upright in a right circular cylinder full of water
such that it touches the bottom. Find the volume of water left in the cylinder, if the radius
of the cylinder is 60 cm and its height is 180 cm.

8. A spherical glass vessel has a cylindrical neck 8 cm long, 2 cm in diameter; the diameter
of the spherical part is 8.5 cm. By measuring the amount of water it holds, a child finds its
volume to be 345 cm’. Check whether she is correct, taking the above as the inside
measurements, and = 3.14.

12.4 Summary

In this chapter, you have studied the following points:

1. To determine the surface area of an object formed by combining any two of the basic
solids, namely, cuboid, cone, cylinder, sphere and hemisphere.

2. To find the volume of objects formed by combining any two of a cuboid, cone, cylinder,
sphere and hemisphere.
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1062CH14

STATISTICS 13
13.1 Introduction

In Class X, you have studied the classification of given data into ungrouped as well as grouped
frequency distributions. You have also learnt to represent the data pictorially in the form of
various graphs such as bar graphs, histograms (including those of varying widths) and frequency
polygons. In fact, you went a step further by studying certain numerical representatives of the
ungrouped data, also called measures of central tendency, namely, mean, median and mode. In
this chapter, we shall extend the study of these three measures, i.e., mean, median and mode
from ungrouped data to that of grouped data. We shall also discuss the concept of cumulative
frequency, the cumulative frequency distribution and how to draw cumulative frequency curves,
called ogives.

13.2 Mean of Grouped Data
The mean (or average) of observations, as we know, is the sum of the values of all the observations
divided by the total number of observations. From Class IX, recall that if x, x,,. . ., x_are
observations with respective frequencies f, £, . . ., f,, then this means observation x, occurs f|
times, x, occurs f, times, and so on.

Now, the sum of the values of all the observations=fx +fx +...+fx , and the number
of observations =f +f +...+f.
So, the mean x of the data is given by
flxl + fzxz toet fnxn
ﬁ + f2 4+ oeee + f;l
Recall that we can write this in short form by using the Greek letter £ (capital sigma)
which means summation. That is,

X =
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Xy Xy o, X TP G&) ;IR SEOIe [, £, . ., [, o X, 9 o8 f, 8, X, 9 o8 f, 8,
FBOIDI BPA 10EBENE &,

B Tede Jwdo =fx, T x, T T fx , HbA orde Dogg =f T, .. TS

g s Serodo @) Brien X

flxl +fzxz +"'+fnxn

ﬁ + f2 4+ oeee + f;l
B 550 BogHorr (i ©gBo T (3r) e IwFosh GO0 TorRi @ HtH BipEiod.

X =

8,
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PIA
f — i=1
>,
i=1
. . ) . _ Zfx ... . .
which, more briefly, is written as ¥ = >r if it is understood that i varies from 1 to n.

Let us apply this formula to find the mean inithe following example.

Example 1 : The marks obtained by 30 students of Class X of a certain school in a Mathematics
paper consisting of 100 marks are presented in table below. Find the mean of the marks obtained
by the students.

Marks obtained | 10| 20( 36|40 50 |56(60| 70 (7280|8892 |95
(x)

Numberof [ 1| 1| 3 (4|3 (2|44 |1 |1([2]3]1
students (f)

Solution: Recall that to find the mean marks, we require the product of each x, with the
corresponding frequency f. So, let us put them in a column as shown in Table 13.1.

Table 13.1
Marks obtained (x,) Number of students ( f;) fx;
10 1 10
20 1 20
36 3 108
40 4 160
50 3 150
56 2 112
60 4 240
70 4 280
72 1 72
80 1 80
88 2 176
92 3 276
95 1 95
Total 2f =30 Xfx = 1779
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2 fx,
gos® dodhore X = EL;I@S TPeHHE). BotHE® [ @58 1 Kol 1 HBE HrthEod @ ©go.

S S50 (80 STRErBES® Bt EHIPSEO8 SH@ErhoHTro.

e 11 e IBwod™ 105 861588 Bobs 30 Hod dogten 100 Srdye Ko KB8 HO5S°
odI oot é@ééﬁ BT 3)(?563&:0 PodI Lot Bisen ERPSol.

PR Sdnes 10(20] 36140 (50 |56(60| 70|72 |80 (88192 (95
(x)

e 11 3lal3|2lalal1]|1]2]3]1

Sogg (f)

PES: ke LD EDFTIEE8 (58 X, Bk a8 K008 FPHY0 fl © ©go 585 ﬁ@@%ﬁ)})’é’so&.
wothises TED HBS 13.1 & ey Jensd $656° Tz,

585 13.1

ot Ertnes (X,) ese Sogg (f) X
10 1 10
20 1 20
36 3 108
40 4 160
50 3 150
56 2 112
60 4 240
70 4 280
72 1 72
80 1 80
88 2 176
92 3 276
95 1 95

S f =30 Sfx = 1779
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Sfx 1779

>/ 30 593

Now, X=

Therefore, the mean marks obtained is 59.3.

In most of our real life situations, data is usually so large that to make a meaningful study
it needs to be condensed as grouped data. So, we need to convert given ungrouped data into
grouped data and devise some method to find its mean.

Let us convert the ungrouped data of Example 1 into grouped data by forming class-intervals
of width, say 15. Remember that, while allocating frequencies to each class-interval, students
falling in any upper class-limit would be considered in the next class, e.g., 4 students who have
obtained 40 marks would be considered in the class-interval 40-55 and not in 25-40. With this
convention in our mind, let us form a grouped frequency distribution table (see Table 13.2).

Table 13.2

Class interval 10 - 25125 -40(40 - 55(55-70( 70 - 85(85 - 100

Number of students 2 3 7 6 6 6

Now, for each class-interval, we require a point which would serve as the representative of
the whole class. It is assumed that the frequency of each class-interval is centred around its
mid-point. So the mid-point (or class mark) of each class can be chosen to represent the
observations falling in the class. Recall that we find the mid-point of a class (or its class mark)
by finding the average of its upper and lower limits. That is,

Upper class limit + Lower class limit
2

Class mark =

+25
2

Similarly, we can find the class marks of the remaining class intervals. We put them in Table
13.3. These class marks serve as our x;’s. Now, in general, for the ith class interval, we have the
frequency f, corresponding to the class mark x.. We can now proceed to compute the mean in
the same manner as in Example 1.

With reference to Table 13.2, for the class 10-25, the class mark is 10 , 1.e., 17.5.
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Degess HEE Bt Bngromro. (DS 13.2 HrKod).

HEE 13.2
€

E818 wodbo 10 - 25(25 - 40|40 - 55|55-70| 70 - 85|85 - 100

3):5‘3630 Qo 2 3 7 6 6 6
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B5K8 Gog) o) Dendeod @@Stﬁgorv P, BEKS g g Densd (Class mark) OO & SBKS
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10+25
2

QADS SBKEHO RnE) SEHS Kty Deodeid EDIPSHLY). 8 SEKS Bty Deoeid X, eorr ek HESSE®
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EOA oLraH) Beod. B Vit EPHLEH P euiden - 1 Srodm Wro.

58S 13.28° esdyeure, 10 - 25 oF SEKS Gw) S8KS gy Dend , 08 17.5. &8 dorr



124 STATISTICS

Table 13.3
Class interval | Number of students (f)) | Class mark (x,) fx
10 - 25 2 17.5 35.0
25-40 3 32.5 97.5
40 - 55 7 47.5 332.5
55-70 6 62.5 375.0
70 - 85 6 77.5 465.0
85 -100 6 92.5 555.0
Total 2 f=30 Z fix, = 1860.0

The sum of the values in the last column gives us Z fx . So, the mean x of the given datais
given by
Sfx,  1860.0

X = = 62
£ 30

This new method of finding the mean is known as the Direct Method.

We observe that Tables 13.1 and 13.3 are using the same data and employing the same
formula for the calculation of the mean but the results obtained are different. Can you think
why this is so, and which one is more accurate? The difference in the two values is because of
the mid-point assumption in Table 13.3, 59.3 being the exact mean, while 62 an approximate
mean.

Sometimes when the numerical values of x, and f; are large, finding the product of x, and f,
becomes tedious and time consuming. So, for such situations, let us think of a method of reducing
these calculations.

We can do nothing with the /7’s, but we can change each x, to a smaller number so that our
calculations become easy. How do we do this? What about subtracting a fixed number from
each of these x’s? Let us try this method.

The first step is to choose one among the x’s as the assumed mean, and denote it by ‘a’.
Also, to further reduce our calculation work, we may take ‘a’ to be that x, which lies in the

centre of x , x,, . . ., x . S0, we can choose a =47.5 or a = 62.5. Let us choose a =47.5.

The next step is to find the difference d between a and each of the x’s, that is, the deviation
of ‘a’ from each of the x ’s.

ie., d=x—-a=x-475

1
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BB88 wosbo Qoo Sogg (f,) Sy DenS (x,) fx
10 - 25 2 17.5 35.0
25-40 3 32.5 97.5
40 - 55 7 47.5 332.5
55-70 6 62.5 375.0
70 - 85 6 77.5 465.0
85 - 100 6 92.5 555.0
oo 2 f=30 Z fix, = 1860.0
) éegé@'s D0 Aend $Bes® Ko ende Bwdo T fx,5 rdkob. 8 8 Szodo BwE)
Jied X Dendd,
T = %}?: 185(()).0 — 62
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59.3 5orr, 62 &30 K$oerd Hisem.

QPG X, B fl © K038 Denen rer DL o x, B fl © Go¥) ©eRRY Kedoiido 8o
HoB3S» @é)&é 10000 H&008. ©otHRded werodd 60656%)&) 6%, Keady oegiBto B HB°E K)Cé@
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Kead oD S0t wegddo RoHel8 Xy Xgy ooy X . od® Eﬁ)égés €06 QeSO ‘A’ P DoHEOLTSD.
a=47.58w a=62.5. 23 350 8% a =47.5 e dxyHowro.
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08, d=x—-a=x-475
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The third step is to find the product of d, with the corresponding f,, and take the sum of all the /,

d’s. The calculations are shown in Table 13.4.

Table 13.4
Class interval | Number of | Class mark | d,=x,—47.5 fA,
students (f)) (x)
10 - 25 2 17.5 -30 -60
25-40 3 32.5 -15 —45
40 - 55 7 47.5 0 0
55-70 6 62.5 15 90
70 - 85 6 77.5 30 180
85 - 100 6 92.5 45 270
Total 2f, =30 2fd =435
So, from Table 13.4, the mean of the deviations, d = %}1’ .

Now, let us find the relation between 4 and x.

Since in obtaining d,, we subtracted ‘a’ from each x, so, in order to get the mean x, we

need to add ‘a’ to 4 . This can be explained mathematically as:

Mean of deviations,

So,

So,

1e.,

d

d =

=|

=|

5/d,
Y/,

X (x; —a)

i

_ XX, Zfa

Y, Y
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Substituting the values of a, fd. and %f from Table 13.4, we get

X = 47.5+%=47.5+14.5=62.

Therefore, the mean of the marks obtained by the students is 62.
The method discussed above is called the Assumed Mean Method.

Activity 1 : From the Table 13.3 find the mean by taking each of x, (i.e., 17.5, 32.5, and so on)
as ‘a’. What do you observe? You will find that the mean determined in each case is the same,
i.e., 62.(Why ?)

So, we can say that the value of the mean obtained does not depend on the choice of ‘a’.

Observe that in Table 13.4, the values in Column 4 are all multiples of 15. So, if we divide
the values in the entire Column 4 by 15, we would get smaller numbers to multiply with f,.
(Here, 15 is the class size of each class interval.)

So, letu, = xi—f , where a 1s the assumed mean and / is the class size.

Now, we calculate u. in this way and continue as before (i.e., find f,u and then Zfu ).

Taking 4 = 15, let us form Table 13.5.

Table 13.5
. X —a
Class interval fl X, di =x,—a u,= - p fiui
10 - 25 2 17.5 -30 - —4
25-40 3 32.5 —15 -1 -3
40 - 55 7 47.5 0 0 0
55-170 6 62.5 15 1 6
70 - 85 6 77.5 30 2 12
85 -100 6 92.5 45 3 18
Total Zfi =30 Zfiui =29
Let u = —Eg}tli

Here, again let us find the relation between # and x.



©°oag§§ Q0 129

588 13.46% a, Lfd, 50050 If o Devdeod @H8gvosm

X = 47.5+%=47.5+14.5=62.

& Qgore, 3)@5663@ FPHODS Sty e 62.

% SB)0adS HEI wsdroDS Sifen SES wotrt.
%é%é:a 12088 18.3 D008, (8 x, (o5 17.5,32.5, ... )& ‘@’ e BT Wikt 8H8H08. b
A KHoQoTe? (H& ég@es%w DRED 2,88 ST 62. (DotHdH?)

SR OB HoPdd Devd ‘@’ BwE) oS i GEREHEBHER o BeHD).

HEE 13.4:0 KHAVKFB 45 Jend SHHEA Dendo 15 @o¥) HBerd. wotbdy wsay Hido 45
Dend SHIEE Dendod 153 gPA0ST 5 & Jenden 8)26&60&35068 SPow. QP & Senzéeazéafiﬁs
oo Sego. (s5)5 15 OO SBKS ©oBB0)

OSER U, =~ T BHE0LD, SEI @ SITRODR Bk 005> h &30 8518 wosdo.

B, B DPOTP U, Dendedd ST ELFTd. & §%0 5 HEBY 0o, (008 fu, 8D
oS X f 1, Dend EPTd) h =15 m 28 H8 13.55 dgmro.

JEE 13.5
(]

8558 woddo f, X, d=x-a u,= ai I: ? fu
10 - 25 2 17.5 -30 =2 —4
25 -40 3 32.5 -15 —1 -3
40 - 55 7 47.5 0 0 0
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We have, u = al ; a
(x, —a) .
Xf, —
Therefore, 0= o _ 1| Ex - azf,}
5, A
IR
| 3, S,
= -
So, hu = x—a
Le., Xx=a+ hu
So, X =a+ h[%;’}
Now, substituting the values of a, 4, Zfu, and Xf, from Table 14.5, we get
¥ = 475+15 xigj
30
=475+145=62

So, the mean marks obtained by a student is 62.
The method discussed above is called the Step-deviation method.
We note that :

e the step-deviation method will be convenient to apply if all the d.’s have a common
factor.

e The mean obtained by all the three methods is the same.

e The assumed mean method and step-deviation method are just simplified forms of the
direct method.

e The formula x =a+ hu still holds if @ and /4 are not as given above, but are any non-

X, —a

1

zero numbers such that u =

Let us apply these methods in another example.
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Example 2 : The table below gives the percentage distribution of female teachers in the primary
schools of rural areas of various states and union territories (U.T.) of India. Find the mean

percentage of female teachers by all the three methods discussed in this section.

Percentage o.f [15-25
female teachers

25-35|35-45[45-55

55-65

65-75

75 -85

Number of 6
States/U.T.

11 7

Source : Seventh All India School Education Survey conducted by NCERT

Solution : Let us find the class marks, x, of each class, and put them in a column

(see Table 13.6):

Table 13.6

Percentage of female Number of X,

teachers States /U.T. (f))
15-25 6 20
25-35 11 30
35-45 7 40
45 - 55 4 50
55-65 4 60
65-75 2 70
75 -85 1 80

Here we take a = 50, 4 = 10, thend, = x, — 50 and v, =

We now find d, and u, and put them in Table 13.7.

x,—50
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ééé 13.6
S8PEe SR Topes T SolBrDd X,
8o (Frozre Sogg (f))
15-25 6 20
25-35 11 30
35-45 7 40
45 -55 4 50
55-65 4 60
65 - 75 2 70
75 -85 1 80
x,—50

10
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Table 13.7
Percentage of |Number of| x, |d.=x,—50 u=Xi—>0 fx, /4, Ju,
’ 10
female states/U.T.
teachers f)
15-25 6 20 =30 -3 120 —-180 | 18
25-35 11 30 =20 -2 330 -220 | 22
35-45 7 40 -10 -1 280 =70 -7
45 - 55 4 50 0 0 200 0 0
55-65 4 60 10 1 240 40 4
65 - 75 2 70 20 2 140 40 4
75 - 85 1 80 30 3 80 30 3
Total 35 1390 | -360 | -36

From the table above, we obtain Zf =35, Xfx = 1390,
3fid =—-360, XZfu =-36.

Using the direct method, x = % 1390 _ 39.71
S35
Using the assumed mean method,
- Xfd; (=360)
X =a+-—— =50+ =39.71
Xf; 35

Using the step-deviation method,

o as| HM | nos04 [ 230 1023971
3f, 35

i

Therefore, the mean percentage of female teachers in the primary schools of rural areas is

39.71.

Remark : The result obtained by all the three methods is the same. So the choice of method to
be used depends on the numerical values of x, and /. If x, and f, are sufficiently small, then the
direct method is an appropriate choice. If x, and f, are numerically large numbers, then we can go
for the assumed mean method or step-deviation method. If the class sizes are unequal, and x, are
large numerically, we can still apply the step-deviation method by taking 4 to be a suitable divisor

of all the dl.’s.
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585 13.7
Soree oipenfoll | x, [d,=x,-50 u,.=x"1_050 fx fd, fu,
e |08 ozo
8o Rozg (f)
15-25 6 20 -30 -3 120 |-180 -18
25-35 11 30 20 -2 330 |-220 22
35-45 7 40 -10 -1 280 =70 -7
45 - 55 4 50 0 0 200 0 0
55-65 4 60 10 1 240 40 4
65-75 2 70 20 2 140 40 4
75 - 85 1 80 30 3 80 30 3
oo 35 1390 |-360 -36

D &8 Do& Tf =35, Zfx, = 1390 re &rothaesio.
2fd =—360, Zfu =-36.

_  Xfix, 1390
K)égé HEH oxoe X = 2= =3971
¢ @ Xf; 35

€320 Divew KJQ@ %o,

a+ %/id;
Xf;

ABS DBd D88 oo,

o as| HM ) 2504239 w10 =39.71
3f, 35

i

=50+ =39.71

X =

(~360)
35

Sl [(e&oes (Fr0d (PHE ;ST Ko Hirer eargeeie Sty sedo 39.71.
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Example 3 : The distribution below shows the number of wickets taken by bowlers in one-
day cricket matches. Find the mean number of wickets by choosing a suitable method. What

does the mean signify?

Number of | 20 - 60|60 - 100{100 - 150 |150 - 250 (250 - 350 350 - 450

wickets
Number of 7 5 16 12 2 3
bowlers

Solution : Here, the class size varies, and the x s are large. Let us still apply the step-deviation
method with @ =200 and 4 = 20. Then, we obtain the data as in Table 13.8.

Table 13.8
Number of | Number of | x, d.=x,—200 u; =% uf,
wickets bowlers

taken f)

20 - 60 7 40 -160 -8 -56
60 - 100 5 80 -120 -6 -30
100 - 150 16 125 =75 -3.75 -60
150 - 250 12 200 0 0 0
250 - 350 2 300 100 5 10
350 - 450 3 400 200 10 30

Total 45 -106
So, w =%§6- Therefore, ¥ =200 + 20[%} =200-47.11 =152.89.

This tells us that, on an average, the number of wickets taken by these 45 bowlers in one-
day cricket is 152.89.

Now, let us see how well you can apply the concepts discussed in this section!
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Activity 2 :

Divide the students of your class into three groups and ask each group to do one of the following
activities.

1. Collect the marks obtained by all the students of your class in Mathematics in the latest
examination conducted by your school. Form a grouped frequency distribution of the data
obtained.

2. Collect the daily maximum temperatures recorded for a period of 30 days in your city.
Present this data as a grouped frequency table.

3. Measure the heights of all the students of your class (in cm) and form a grouped frequency
distribution table of this data.

After all the groups have collected the data and formed grouped frequency distribution
tables, the groups should find the mean in each case by the method which they find appropriate.

EXERCISE 13.1

1. A survey was conducted by a group of students as a part of their environment awareness
programme, in which they collected the following data regarding the number of plants in
20 houses in a locality. Find the mean number of plants per house.

Number of plants [0-2 | 2-4| 4-6 | 6-8 | 8-10(10-12(12-14

Number of houses | 1 2 1 5 6 2 3

Which method did you use for finding the mean, and why?
2. Consider the following distribution of daily wages of 50 workers of a factory.

Daily wages (in J) |500 - 520 | 520 -540 [ 540 - 560 | 560 - 580 | 580 -600

Number of workers 12 14 8 6 10

Find the mean daily wages of the workers of the factory by using an appropriate method.

3. The following distribution shows the daily pocket allowance of children of a locality. The
mean pocket allowance is Rs 18. Find the missing frequency f.

Daily pocket I1-13|13-15|15-17|17-19 {19 -21| 21 - 23|23 -25
allowance (in )

Number of children| 7 6 9 13 f 5 4
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4. Thirty women were examined in a hospital by a doctor and the number of heartbeats per
minute were recorded and summarised as follows. Find the mean heartbeats per minute
for these women, choosing a suitable method.

No. of heartbeats 65-68 |68-71 | 71-74 |74-77 |77-80 | 80-83 | 83-86
per minute

Number of women 2 4 3 8 7 4 2

5. Inaretail market, fruit vendors were selling mangoes kept in packing boxes. These boxes
contained varying number of mangoes. The following was the distribution of mangoes
according to the number of boxes.

Number of mangoes | 50 - 52 | 53 -55 56 - 58 59 - 61 62 -64

Number of boxes 15 110 135 115 25

Find the mean number of mangoes kept in a packing box. Which method of finding
the mean did you choose?

6. The table below shows the daily expenditure on food of 25 households in a locality.

Daily expenditure | 100 - 150|150 - 200|200 - 250 | 250 - 300 {300 - 350
(in %)

Number of 4 5 12 2 2
households

Find the mean daily expenditure on food by a suitable method.

7. To find out the concentration of SO, in the air (in parts per million, i.e., ppm), the data was
collected for 30 localities in a certain city and is presented below:

Concentration of SO, (in ppm) Frequency
0.00 - 0.04 4
0.04 - 0.08 9
0.08 - 0.12 9
0.12 - 0.16 2
0.16 - 0.20 4
0.20 - 0.24 2

Find the mean concentration of 802 in the air.
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8. A class teacher has the following absentee record of 40 students of a class for the whole
term. Find the mean number of days a student was absent.

Numberof |0 -6 [ 6 - 10|10 - 14 |14 - 20 [ 20 -28 |28 - 38 | 38 - 40
days

Number of 11 10 7 4 4 3 1
students

9. The following table gives the literacy rate (in percentage) of 35 cities. Find the mean
literacy rate.

Literacy rate (in %) | 45 - 55| 55-65 |65 - 75[75 - 85|85 - 95

Number of cities 3 10 11 8 3

13.3 Mode of Grouped Data

Recall from Class X, a mode is that value among the observations which occurs most often,
that is, the value of the observation having the maximum frequency. Further, we discussed finding
the mode of ungrouped data. Here, we shall discuss ways of obtaining a mode of grouped data.
It is possible that more than one value may have the same maximum frequency. In such situations,
the data is said to be multimodal. Though grouped data can also be multimodal, we shall restrict
ourselves to problems having a single mode only.

Letus first recall how we found the mode for ungrouped data through the following example.

Example 4 : The wickets taken by a bowler in 10 cricket matches are as follows:
2 6 4 5 0 2 1 3 2 3
Find the mode of the data.

Solution : Let us form the frequency distribution table of the given data as follows:

Number of 0 1 2 3 4 5 6
wickets
Number of 1 1 3 2 1 1 1

matches
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Clearly, 2 is the number of wickets taken by the bowler in the maximum number (i.e., 3) of
matches. So, the mode of this data is 2.

In a grouped frequency distribution, it is not possible to determine the mode by looking at
the frequencies. Here, we can only locate a class with the maximum frequency, called the modal
class. The mode is a value inside the modal class, and is given by the formula:

Mode = HKMJM
2h=to— N
where / = lower limit of the modal class,
h = size of the class interval (assuming all class sizes to be equal),
f, = frequency of the modal class,
/f, = frequency of the class preceding the modal class,
/f, = frequency of the class succeeding the modal class.
Let us consider the following examples to illustrate the use of this formula.

Example 5 : Asurvey conducted on 20 households in a locality by a group of students resulted
in the following frequency table for the number of family members in a household:

Family size | 1-3 3-5 5-7 7-9 [ 9-11

Number of 7 8 2 2 1
families

Find the mode of this data.

Solution : Here the maximum class frequency is 8, and the class corresponding to this frequency
i1s 3 — 5. So, the modal class is 3 — 5.

Now
modal class =3 — 5, lower limit (/) of modal class = 3, class size (k) =2
frequency ( f,) of the modal class =8,
frequency ( f, ) of class preceding the modal class = 7,
frequency ( f,) of class succeeding the modal class = 2.

Now, let us substitute these values in the formula :
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fi—fo
Mode = 7 +| —L—22— Ixp
ode = 1-+[ b

=3+ L x2=3+g=3.286
2x8-7-2 7

Therefore, the mode of the data above is 3.286.

Example 6 : The marks distribution of 30 students in a mathematics examination are given in
Table 13.3 of Example 1. Find the mode of this data. Also compare and interpret the mode and
the mean.

Solution : Refer to Table 13.3 of Example 1. Since the maximum number of students (i.¢., 7)
have got marks in the interval 40 - 55, the modal class is 40 - 55. Therefore,

the lower limit (/) of the modal class = 40,

the class size (h) =15,

the frequency ( f,) of modal class =7,

the frequency ( f;) of the class preceding the modal class = 3,
the frequency ( f,) of the class succeeding the modal class = 6.

Now, using the formula:
_ i~ Jo J
Mode = 1 +| —L=Jo_|xp,
[2f1 —fo =12

7-3

= 40+ | —
we get Mode [14—6—3

jxlS =52

So, the mode marks is 52.
Now, from Example 1, you know that the mean marks is 62.

So, the maximum number of students obtained 52 marks, while on an average a student
obtained 62 marks.

Remarks:

1. In Example 6, the mode is less than the mean. But for some other problems it may be
equal or more than the mean also.

2. It depends upon the demand of the situation whether we are interested in finding the
average marks obtained by the students or the average of the marks obtained by most
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of the students. In the first situation, the mean is required and in the second situation, the

mode is required.

Activity 3 : Continuing with the same groups as formed in Activity 2 and the situations assigned
to the groups. Ask each group to find the mode of the data. They should also compare this with

the mean, and interpret the meaning of both.

Remark : The mode can also be calculated for grouped data with unequal class sizes. However,

we shall not be discussing it.

1. The following table shows the ages of the patients admitted in a hospital during a year:

EXERCISE 13.2

Age (inyears) [5-15

15 - 25|25 -35

35-45

45 - 55|55-65

NO. of patients 6

11 21

23

14

5

Find the mode and the mean of'the data given above. Compare and interpret the two measures

of central tendency.

2. The following data gives the information on the observed lifetimes (in hours) of 225

electrical components :

Lifetimes (in hours)| 0

-20( 20-40

40 - 60

60 - 80

80 - 100

100 - 120

Frequency

10 35

52

61

38

29

Determine the modal lifetimes of the components.

3. The following data gives the distribution of total monthly household expenditure of 200
families of a village. Find the modal monthly expenditure of the families. Also, find the

mean monthly expenditure :

Number of families

Expenditure (in J)
1000 - 1500
1500 - 2000
2000 - 2500
2500 - 3000
3000 - 3500
3500 - 4000
4000 - 4500
4500 - 5000

24
40
33
28
30
22
16

7
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4. The following distribution gives the state-wise teacher-student ratio in higher
secondary schools of India. Find the mode and mean of this data. Interpret the two

measures.
Number of students per teacher | Number of states / U.T.

15 -20 3

20 - 25 8

25-30 9

30-35 10

35-40 3

40 - 45 0

45 - 50 0

50-55 2

5. The given distribution shows the number of runs scored by some top batsmen of the world
in one-day international cricket matches.

Runs scored Number of batsmen
3000 - 4000 4
4000 - 5000 18
5000 - 6000 9
6000 - 7000 7
7000 - 8000 6
8000 - 9000 3
9000 - 10000 1
10000 - 11000 1
Find the mode of the data.

6. A student noted the number of cars passing through a spot on a road for 100 periods
each of 3 minutes and summarised it in the table given below. Find the mode of the
data :

No.of cars | 0-10( 10-20]|20-30|30-40|40-50( 50 - 60|60 - 70|70 - 80

Frequency 7 14 13 12 20 11 15 8
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13.4 Median of Grouped Data

As you have studied in Class IX, the median is a measure of central tendency which gives the
value of the middle-most observation in the data. Recall that for finding the median of ungrouped
data, we first arrange the data values of the observations in ascending order. Then, if z is odd,

. n+1 . en . . .
the median is the [Tj th observation. And, if n is even, then the median will be the average of

the gth and the [g + ljth observations.

Suppose, we have to find the median of the following data, which gives the marks, out of
50, obtained by 100 students in a test :

Marks obtained 20 | 29| 28| 33| 42| 38| 43| 25

Number of students| 6 28 | 24| 15 2 4 1 |20

First, we arrange the marks in ascending order and prepare a frequency table as follows :

Table 13.9
Marks obtained Number of students
(Frequency)
20 6
25 20
28 24
29 28
33 15
38 4
42 2
43 1
Total 100
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Here n =100, which is even. The median will be the average of the gth and the [% + ljth

observations, i.e., the 50th and 51st observations. To find these observations, we proceed as
follows:

Table 13.10
Marks obtained Number of students
20 6
upto 25 6 +20=26
upto 28 26 +24 =50
upto 29 50+ 28 =78
upto 33 78 + 15 =93
upto 38 93 +4=97
upto 42 97+2=99
upto 43 99 +1=100

Now we add another column depicting this information to the frequency table above and
name it as cumulative frequency column.

Table 13.11
Marks obtained Number of students | Cumulative frequency

20 6 6

25 20 26
28 24 50
29 28 78
33 15 93
38 4 97
42 2 99
43 1 100
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From the table above, we see that:
50th observaton is 28 (Why?)

51st observation is 29

28+ 29 _985

So, Median =

Remark : The part of Table 13.11 consisting Column 1 and Column 3 is known as Cumulative
Frequency Table. The median marks 28.5 conveys the information that about 50% students
obtained marks less than 28.5 and another 50% students obtained marks more than 28.5.

Now, let us see how to obtain the median of grouped data, through the following situation.

Consider a grouped frequency distribution of marks obtained, out of 100, by 53 students,
in a certain examination, as follows:

Table 13.12

Marks Number of students

0-10
10 - 20
20- 30
30 - 40
40 - 50
50-60
60 - 70
70 - 80
80 -90
90 - 100

0 3 O N Bk W W R W W

From the table above, try to answer the following questions:

How many students have scored marks less than 10? The answer is clearly 5.
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How many students have scored less than 20 marks? Observe that the number of students
who have scored less than 20 include the number of students who have scored marks from
0 - 10 as well as the number of students who have scored marks from 10 - 20. So, the total
number of students with marks less than 20 is 5 + 3, i.e., 8. We say that the cumulative frequency
of the class 10-20 is 8.

Similarly, we can compute the cumulative frequencies of the other classes, i.e., the number
of students with marks less than 30, less than 40, . . ., less than 100. We give them in Table

13.13 given below:

Table 13.13
Marks obtained Number of students
(Cumulative frequency)

Less than 10 5

Less than 20 5+3=8

Less than 30 8+4=12
Less than 40 12+3=15
Less than 50 15+3=18
Less than 60 18 +4 =22
Less than 70 22+7=29
Less than 80 29 +9=38
Less than 90 38+7=45
Less than 100 45+8 =153

The distribution given above is called the cumulative frequency distribution of the less
than type. Here 10, 20, 30, . . . 100, are the upper limits of the respective class intervals.

We can similarly make the table for the number of students with scores, more than or
equal to 0, more than or equal to 10, more than or equal to 20, and so on. From Table 13.12, we
observe that all 53 students have scored marks more than or equal to 0. Since there are 5 students
scoring marks in the interval 0 - 10, this means that there are 53 — 5 =48 students getting more

than or equal to 10 marks. Continuing in the same manner, we get the number of students scoring
20 or above as 48 — 3 =45, 30 or above as 45 —4 =41, and so on, as shown in Table 13.14.
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Table 13.14
Marks obtained Number of students
(Cumulative frequency)

More than or equal to 0 53

More than or equal to 10 53 -5=48
More than or equal to 20 48 —3 =45
More than or equal to 30 45 -4 =41
More than or equal to 40 41 -3 =38
More than or equal to 50 38-3=35
More than or equal to 60 35-4 =31
More than or equal to 70 31-7=24
More than or equal to 80 24-9=15
More than or equal to 90 15-7=8

The table above is called a cumulative frequency distribution of the more than type. Here
0, 10, 20, . . ., 90 give the lower limits of the respective class intervals.

Now, to find the median of grouped data, we can make use of any of these cumulative
frequency distributions.

Let us combine Tables 13.12 and 13.13 to get Table 13.15 given below:

Table 13.15

Marks Number of students (f) | Cumulative frequency (cf)

0-10 5 5
10 - 20 3 8
20 - 30 4 12
30-40 3 15
40 - 50 3 18
50 - 60 4 22
60 - 70 7 29
70 - 80 9 38
80 -90 7 45
90 - 100 8 53

Now in a grouped data, we may not be able to find the middle observation by
looking at the cumulative frequencies as the middle observation will be some value in
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a class interval. It is, therefore, necessary to find the value inside a class that divides the whole
distribution into two halves. But which class should this be?

To find this class, we find the cumulative frequencies of all the classes and g We now

locate the class whose cumulative frequency is greater than (and nearest to) % This is called

the median class. In the distribution above, n = 53. So, % =26.5. Now 60 — 70 is the class
whose cumulative frequency 29 is greater than (and nearest to) % ,1.e.,26.5.
Therefore, 60 — 70 is the median class.

After finding the median class, we use the following formula for calculating the median.

ﬁ—cf

Median= ; + 2f x h,

where [ = lower limit of median class,
n = number of observations,
cf = cumulative frequency of class preceding the median class,
f= frequency of median class,

h = class size (assuming class size to be equal).

Substituting the values g =265, 1=60, cf=22,f=7,h=10

in the formula above, we get

. S5-22
Median= 60 + [%j x 10

45
= 60+7

= 66.4

So, about half the students have scored marks less than 66.4, and the other half have scored
marks more than 66.4.
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Example 7 : A survey regarding the heights (in cm) of 51 girls of Class X of a school was
conducted and the following data was obtained:

Height (in cm) Number of girls
Less than 140 4
Less than 145 11
Less than 150 29
Less than 155 40
Less than 160 46
Less than 165 51
Find the median height.

Solution : To calculate the median height, we need to find the class intervals and their
corresponding frequencies.

The given distribution being of the less than type, 140, 145, 150, . . ., 165 give the upper
limits of the corresponding class intervals. So, the classes should be below 140, 140 - 145,
145 - 150, .. ., 160 - 165. Observe that from the given distribution, we find that there are 4 girls
with height less than 140, i.e., the frequency of class interval below 140 is 4. Now, there are 11
girls with heights less than 145 and 4 girls with height less than 140. Therefore, the number of
girls with height in the interval 140 - 145 is 11 —4 = 7. Similarly, the frequency of 145 - 150 is
29 —-11=18, for 150 - 155, it is 40 — 29 =11, and so on. So, our frequency distribution table
with the given cumulative frequencies becomes:

Table 13.16
Class intervals Frequency Cumulative frequency
Below 140 4 4
140 - 145 7 11
145 - 150 18 29
150 - 155 11 40
155 - 160 6 46
160 - 165 5 51
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Now n=51. So, g =% =25.5. This observation lies in the class 145 - 150. Then,

[ (the lower limit) = 145,
cf (the cumulative frequency of the class preceding 145 - 150) =11,
f (the frequency of the median class 145 - 150) = 18,

h (the class size) = 5.

E—cf
2

Using the formula, Median = [+ x h ,we have

Median = 145+ [25'518_”j x5

— 145 + %5 — 149.03.

So, the median height of the girls is 149.03 cm.

This means that the height of about 50% of the girls is less than this height, and 50% are
taller than this height.

Example 8 : The median of the following data is 525. Find the values of x and y, if the total
frequency is 100.

Class intervals Frequency

0 -100 2
100 - 200 5
200 - 300 X
300 - 400 12
400 - 500 17
500 - 600 20
600 - 700 y
700 - 800 9
800 - 900 7
900 - 1000 4
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Solution :

Class intervals Frequency Cumulative frequency

0-100 2 2

100 - 200 5 7

200 - 300 X 7+ x

300 - 400 12 19 +x

400 - 500 17 36 +x

500 - 600 20 56 +x

600 - 700 y 56 +x+y

700 - 800 9 65+x+y

800 - 900 7 T2+x+y

900 - 1000 4 76 +x+y

It is given that n =100

So, 76+x+y=100, ie., x+y=24

The median is 525, which lies in the class 500 — 600
So, [=500, f=20, cf=36+x, h=100

Using the formula : Median = 1 + | 2 7 h, we get

525 = 500 + [50_2—306_xj % 100

ie., 525-500=(14—x) x5
ie., 25=170 - 5x

ie., 5x=70-25=45
So, x=9

Therefore, from (1), we get 9+y= 24
ie., y=15

(1)
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Now, that you have studied about all the three measures of central tendency, let us discuss
which measure would be best suited for a particular requirement.

The mean is the most frequently used measure of central tendency because it takes into
account all the observations, and lies between the extremes, i.e., the largest and the smallest
observations of the entire data. It also enables us to compare two or more distributions. For
example, by comparing the average (mean) results of students of different schools of a particular
examination, we can conclude which school has a better performance.

However, extreme values in the data affect the mean. For example, the mean of classes
having frequencies more or less the same is a good representative of the data. But, if one class
has frequency, say 2, and the five others have frequency 20, 25, 20, 21, 18, then the mean will
certainly not reflect the way the data behaves. So, in such cases, the mean is not a good
representative of the data.

In problems where individual observations are not important, and we wish to find out a
‘typical’ observation, the median is more appropriate, e.g., finding the typical productivity rate
of workers, average wage in a country, etc. These are situations where extreme values may be
there. So, rather than the mean, we take the median as a better measure of central tendency.

In situations which require establishing the most frequent value or most popular item, the
mode is the best choice, e.g., to find the most popular T.V. programme being watched, the
consumer item in greatest demand, the colour of the vehicle used by most of the people, etc.

Remarks :
1.  There is a empirical relationship between the three measures of central tendency :
3 Median = Mode + 2 Mean

2. The median of grouped data with unequal class sizes can also be calculated. However,
we shall not discuss it here.
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EXERCISE 13.3

1. The following frequency distribution gives the monthly consumption of electricity of 68
consumers of a locality. Find the median, mean and mode of the data and compare them.

Monthly consumption (in units) Number of consumers

65 - 85 4

85 -105 5

105 - 125 13
125 - 145 20
145 - 165 14
165 - 185 8
185 - 205 4

2. Ifthe median of the distribution given below is 28.5, find the values of x and y.

Class interval Frequency
0-10 5
10 - 20 X
20 - 30 20
30 - 40 15
40 - 50 y
50 - 60 5
Total 60

3. A life insurance agent found the following data for distribution of ages of 100 policy
holders. Calculate the median age, if policies are given only to persons having age 18
years onwards but less than 60 year.
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Age (in years) Number of policy holders

Below 20 2

Below 25 6

Below 30 24

Below 35 45

Below 40 78

Below 45 89

Below 50 92

Below 55 98

Below 60 100

4. The lengths of 40 leaves of a plant are measured correct to the nearest millimetre, and the
data obtained is represented in the following table :

Number of leaves

Length (in mm)
118 - 126
127 - 135
136 - 144
145 - 153
154 - 162
163 - 171
172 - 180

3
5
9
12

Find the median length of the leaves.

(Hint : The data needs to be converted to continuous classes for finding the median,
since the formula assumes continuous classes. The classes then change to
117.5-126.5,126.5-135.5,...,171.5 - 180.5.)
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5. The following table gives the distribution of the life time of 400 neon lamps :

Life time (in hours) Number of lamps
1500 - 2000 14
2000 - 2500 56
2500 - 3000 60
3000 - 3500 86
3500 - 4000 74
4000 - 4500 62
4500 - 5000 48

Find the median life time of a lamp.

6. 100 surnames were randomly picked up from a local telephone directory and the frequency
distribution of the number of letters in the English alphabets in the surnames was obtained
as follows:

Number of letters 1-4114-7] 7-10[10-13|13-16[16-19

Number of surnames 6 30 40 16 4 4

Determine the median number of letters in the surnames. Find the mean number of letters
in the surnames? Also, find the modal size of the surnames.

7. The distribution below gives the weights of 30 students of a class. Find the median weight
of the students.

Weight (in kg) |40 - 45| 45 -50( 50 - 55|55 - 6060 - 65|65 -70|70 - 75

No. of students 2 3 8 6 6 3 2

13.5 Summary
In this chapter, you have studied the following points:
1. The mean for grouped data can be found by :

(i) the direct method : ¥ = /%

f;
. 3fd.
(i1) the assumed mean method : x = a + gT
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(iii) the step deviation method : x =a + (ZgT”J xh,

with the assumption that the frequency of a class is centred at its mid-point, called its
class mark.
2. The mode for grouped data can be found by using the formula:

Mode=z+(&}h
2Hh=J - fa

where symbols have their usual meanings.

3. The cumulative frequency of a class is the frequency obtained by adding the frequencies
of all the classes preceding the given class.

4. The median for grouped data is formed by using the formula:

where symbols have their usual meanings.

A NOTE TO THE READER

For calculating mode and median for grouped data, it should
be ensured that the class intervals are continuous before
applying the formulae. Same condition also apply for
construction of an ogive. Further, in case of ogives, the scale
may not be the same on both the axes.
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1062CHIS

PROBABILITY 1 4

The theory of probabilities and the theory of errors now constitute a formidable
body of great mathematical interest and of great practical importance.

—R.S. Woodward

14.1 Probability — A Theoretical Approach

Let us consider the following situation :

Suppose a coin is tossed at random.

When we speak of a coin, we assume it to be ‘fair’, that s, it is symmetrical so that there is
no reason for it to come down more often on one side than the other. We call this property
of the coin as being ‘unbiased’. By the phrase ‘random toss’, we mean that the coin is allowed
to fall freely without any bias or interference.

We know, in advance, that the coin can only land in one of two possible ways — either head
up or tail up (we dismiss the possibility of its ‘landing’ on its edge, which may be possible, for
example, if it falls on sand). We can reasonably assume that each outcome, head or tail, is as
likely to occur as the other. We refer to this by saying that the outcomes head and tail, are
equally likely.

For another example of equally likely outcomes, suppose we throw a die once. For us,
a die will always mean a fair die. What are the possible outcomes? They are 1, 2, 3,4, 5, 6.
Each number has the same possibility of showing up. So the equally likely outcomes of
throwing a die are 1, 2, 3,4, 5 and 6.
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Are the outcomes of every experiment equally likely? Let us see.

Suppose that a bag contains 4 red balls and 1 blue ball, and you draw a ball without looking
into the bag. What are the outcomes? Are the outcomes — a red ball and a blue ball equally
likely? Since there are 4 red balls and only one blue ball, you would agree that you are more
likely to get a red ball than a blue ball. So, the outcomes (a red ball or a blue ball) are not equally
likely. However, the outcome of drawing a ball of any colour from the bag is equally likely. So,
all experiments do not necessarily have equally likely outcomes.

However, in this chapter, from now on, we will assume that all the experiments have
equally likely outcomes.

In Class IX, we defined the experimental or empirical probability P(E) of an event E as

Number of trials in which the event happened

P(E) =

Total number of trials

The empirical interpretation of probability can be applied to every event associated with an
experiment which can be repeated a large number of times. The requirement of repeating an
experiment has some limitations, as it may be very expensive or unfeasible in many situations.
Of course, it worked well in coin tossing or die throwing experiments. But how about repeating
the experiment of launching a satellite in order to compute the empirical probability of its

failure during launching, or the repetition of the phenomenon of an earthquake to compute the
empirical probability of a multi-storeyed building getting destroyed in an earthquake?

In experiments where we are prepared to make certain assumptions, the repetition of an
experiment can be avoided, as the assumptions help in directly calculating the exact (theoretical)
probability. The assumption of equally likely outcomes (which is valid in many experiments, as
in the two examples above, of a coin and of a die) is one such assumption that leads us to the
following definition of probability of an event.

The theoretical probability (also called classical probability) of an event E, written as
P(E), is defined as

Number of outcomes favourable to E

P(E) =

Number of all possible outcomes of the experiment ’
where we assume that the outcomes of the experiment are equally likely.

We will briefly refer to theoretical probability as probability.

This definition of probability was given by Pierre Simon Laplace in 1795.
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Probability theory had its origin in the 16th century when an
Italian physician and mathematician J.Cardan wrote the first
book on the subject, The Book on Games of Chance. Since
its inception, the study of probability has attracted the
attention of great mathematicians. James Bernoulli
(1654 — 1705), A. de Moivre (1667 — 1754), and
Pierre Simon Laplace are among those who made significant
contributions to this field. Laplace’s Theorie Analytique des
Probabilités, 1812, is considered to be the greatest
contribution by a single person to the theory of probability. Pierre Simon Laplace
In recent years, probability has been used extensively in many (1749 - 1827)
areas such as biology, economics, genetics, physics,

sociology etc.

Let us find the probability for some of the events associated with experiments where the
equally likely assumption holds.

Example 1 : Find the probability of getting a head when a coin is tossed once. Also find the
probability of getting a tail.

Solution : In the experiment of tossing a coin once, the number of possible outcomes is two
— Head (H) and Tail (T). Let E be the event ‘getting a head’. The number of outcomes favourable
to E, (i.e., of getting a head) is 1. Therefore,

P(E) =P (head) = Number of outcomes favourable to E _ 1

Number of all possible outcomes 2

Similarly, if F is the event ‘getting a tail’, then
. 1
P(F) = P(tail) = > (Why ?)

Example 2 : Abag contains a red ball, a blue ball and a yellow ball, all the balls being of the
same size. Kritika takes out a ball from the bag without looking into it. What is the probability
that she takes out the

(i) yellowball? (i) redball?  (iii) blue ball?

Solution : Kritika takes out a ball from the bag without looking into it. So, it is equally likely
that she takes out any one of them.
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Let Y be the event ‘the ball taken out is yellow’, B be the event ‘the ball taken out is blue’,
and R be the event ‘the ball taken out is red’.

Now, the number of possible outcomes = 3.

(1) The number of outcomes favourable to the event Y = 1.

So, P(Y) = %

Similarly,(ii) P(R) =% and (ii) P(B)= %

Remarks:

1. An event having only one outcome of the experiment is called an elementary event. In
Example 1, both the events E and F are elementary events. Similarly, in Example 2, all the three
events, Y, B and R are elementary events.

2. In Example 1, we note that : P(E) + P(F) =1
In Example 2, we note that : P(Y) + P(R) + P(B) =1
Observe that the sum of the probabilities of all the elementary events of an experiment

is 1. This is true in general also.

Example 3 : Suppose we throw a die once. (i) What is the probability of getting a number
greater than 4 ? (i1)) What is the probability of getting a number less than or equal to 4 ?

Solution : (i) Here, let E be the event ‘getting a number greater than 4°. The number of possible
outcomesissix: 1,2, 3,4, 5 and 6, and the outcomes favourable to E are 5 and 6. Therefore, the
number of outcomes favourable to E is 2. So,

2 1
P(E) = P(number greater than 4) = « =3

(i1)  Let F be the event ‘getting a number less than or equal to 4°.
Number of possible outcomes = 6
Outcomes favourable to the event F are 1, 2, 3, 4.

So, the number of outcomes favourable to F is 4.

4 2
Therefore, P(F) = =3
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Are the events E and F in the example above elementary events? No, they are not because
the event E has 2 outcomes and the event F has 4 outcomes.

Remarks : From Example 1, we note that

P(E)+P(F)=%+%=1 (D)

where E is the event ‘getting a head” and F is the event ‘getting a tail’.

From (i) and (ii) of Example 3, we also get
1 2
P(E) + P(F)= 3+ =1 (2)

where E is the event ‘getting a number >4’ and F is the event ‘getting a number <4’.

Note that getting a number not greater than 4 is same as getting a number less than or equal
to 4, and vice versa.

In (1) and (2) above, is F not the same as ‘not E’? Yes, it is. We denote the event ‘not E’ by

E.
So, P(E) +P(notE) =1
ie., P(E)+P(E)=1, whichgivesus P(E)=1-P(E).
In general, it is true that for an event E,
P(E)=1-P(E)

The event E, representing ‘not E’, is called the complement of the event E. We also say
that E and E are complementary events.

Before proceeding further, let us try to find the answers to the following questions:
(1) What is the probability of getting a number 8 in a single throw of a die?
(i1) What is the probability of getting a number less than 7 in a single throw of a die?
Let us answer (i) :

We know that there are only six possible outcomes in a single throw of a die. These outcomes
are 1,2, 3,4, 5and 6. Since no face of the die is marked 8, so there is no outcome favourable to
8, i.e., the number of such outcomes is zero. In other words, getting 8 in a single throw of a die,
is impossible.

0

So, P(getting 8) = rin 0
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That is, the probability of an event which is impossible to occur is 0. Such an event is
called an impossible event.

Let us answer (ii) :

Since every face of a die is marked with a number less than 7, it is sure that we will always
get anumber less than 7 when it is thrown once. So, the number of favourable outcomes is the
same as the number of all possible outcomes, which is 6.

Therefore, P(E) = P(getting a number less than 7) = g =1

So, the probability of an event which is sure (or certain) to occur is 1. Such an event is called
a sure event or a certain event.

Note : From the definition of the probability P(E), we see that the numerator (number of
outcomes favourable to the event E) is always less than or equal to the denominator (the number
of all possible outcomes). Therefore,

0<PE)<1

Now, let us take an example related to playing cards. Have you seen a deck of playing
cards? It consists of 52 cards which are divided into 4 suits of 13 cards each— spades (#),
hearts (¥), diamonds (4 ) and clubs (#). Clubs and spades are of black colour, while hearts and
diamonds are of red colour. The cards in each suit are ace, king, queen, jack, 10,9, 8,7, 6, 5, 4,
3 and 2. Kings, queens and jacks are called face cards.

Example 4 : One card is drawn from a well-shuffled deck of 52 cards. Calculate the probability
that the card will

(1) bean ace,

(i1) not be an ace.
Solution : Well-shuffling ensures equally likely outcomes.

(1) There are 4 aces in a deck. Let E be the event ‘the card is an ace’.

The number of outcomes favourable to E =4

The number of possible outcomes =52 (Why ?)

4 1
Therefore, P(E)= P

(i1) Let F be the event ‘card drawn is not an ace’.

The number of outcomes favourable to the event F =52 — 4 =48 (Why?)
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The number of possible outcomes = 52

48 12
Therefore, P(F)= 213

Remark : Note that F is nothing but E . Therefore, we can also calculate P(F) as follows: P(F)
1 12

=P(E)=1-P(E)=1-1=17

Example 5 : Two players, Sangeeta and Reshma, play a tennis match. It is known that the
probability of Sangeeta winning the match is 0.62. What is the probability of Reshma winning
the match?

Solution : Let S and R denote the events that Sangeeta wins the match and Reshma wins the
match, respectively.

The probability of Sangeeta’s winning = P(S)=0.62 (given)
The probability of Reshma’s winning = P(R)=1-P(S)
[As the events R and S are complementary]
=1-0.62=0.38

Example 6 : Savita and Hamida are friends. What is the probability that both will have
(1) different birthdays? (ii) the same birthday? (ignoring a leap year).

Solution : Out of the two friends, one girl, say, Savita’s birthday can be any day of the year.
Now, Hamida’s birthday can also be any day of 365 days in the year.
We assume that these 365 outcomes are equally likely.

(1) If Hamida’s birthday is different from Savita’s, the number of favourable outcomes for her
birthday is 365 — 1 =364

364

So, P (Hamida’s birthday is different from Savita’s birthday) = 365

(i1) P(Savita and Hamida have the same birthday)
1 — P (both have different birthdays)

364
365

[Using P(E) =1—-P(E)]

365
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Example 7 : There are 40 students in Class X of a school of whom 25 are girls and 15 are
boys. The class teacher has to select one student as a class representative. She writes the name
of each student on a separate card, the cards being identical. Then she puts cards in a bag and
stirs them thoroughly. She then draws one card from the bag. What is the probability that the
name written on the card is the name of (i) a girl? (ii) a boy?

Solution : There are 40 students, and only one name card has to be chosen.
(1) The number of all possible outcomes is 40

The number of outcomes favourable for a card with the name of a girl =25 (Why?)

. . 2
Therefore, P (card with name of a girl) = P(Girl) = 4—(5) =§
(i) The number of outcomes favourable for a card with the name of a boy = 15 (Why?)
. 15 3
Therefore, P(card with name of a boy) = P(Boy) = 20" 3

Note : We can also determine P(Boy), by taking

P(Boy) = 1 — P(not Boy) = 1 — P(Girl) = 1 - g _ %

Example 8 : Abox contains 3 blue, 2 white, and 4 red marbles. If a marble is drawn at random
from the box, what is the probability that it will be

(i) white? (i) blue? (iii) red?

Solution : Saying that a marble is drawn at random is a short way of saying that all the marbles
are equally likely to be drawn. Therefore, the

number of possible outcomes =3 +2+4 =9 (Why?)

Let W denote the event ‘the marble is white’, B denote the event ‘the marble is blue’ and R
denote the event ‘marble is red’.

(1) The number of outcomes favourable to the event W =2
So, P(W) =

1 _ 4
=3 and (iii)) P(R)= 5

Olw ol

Similarly, (i) P(B) =

Note that P(W) + P(B) + P(R) = 1.
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Example 9 : Harpreet tosses two different coins simultaneously (say, one is of %1 and other
of ¥ 2). What is the probability that she gets at least one head?

Solution : We write H for ‘head’ and T for ‘tail’. When two coins are tossed simultaneously,
the possible outcomes are (H, H), (H, T), (T, H), (T, T), which are all equally likely. Here (H, H)
means head up on the first coin (say on X 1) and head up on the second coin (% 2). Similarly (H,
T) means head up on the first coin and tail up on the second coin and so on.

The outcomes favourable to the event E, “at least one head’ are (H, H), (H, T) and (T, H).
(Why?)

So, the number of outcomes favourable to E is 3.

Therefore, P(E) = %

. . .3
i.e., the probability that Harpreet gets at least one head is -

4
Note : You can also find P(E) as follows:
P(E)=1-PE)=1- 1.3 [Since P(E) = P(no head) = %j
4 4
Did you observe that in all the examples discussed so far, the number of possible outcomes
in each experiment was finite? If not, check it now.

There are many experiments in which the outcome is any number between two given
numbers, or in which the outcome is every point within a circle or rectangle, etc. Can you now
count the number of all possible outcomes? As you know, this is not possible since there are
infinitely many numbers between two given numbers, or there are infinitely many points within
a circle. So, the definition of (theoretical) probability which you have learnt so far cannot be
applied in the present form. What is the way out? To answer this, let us consider the following
example :

Example 10% : In a musical chair game, the person playing the music has been advised to
stop playing the music at any time within 2 minutes after she starts playing. What is the
probability that the music will stop within the first half-minute after starting?

Solution : Here the possible outcomes are all the numbers between 0 and 2. This is the portion
of the number line from 0 to 2 (see Fig. 14.1).

>

* Not from the examination point of view.
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Let E be the event that ‘the music is stopped within the first half-minute’.

The outcomes favourable to E are points on the number line from 0 to % .

. . . . 1. 1
The distance from 0 to 2 is 2, while the distance from 0 to S s,

Since all the outcomes are equally likely, we can argue that, of the total distance of 2, the

. |
distance favourable to the event E is 3

1

So, P(E) _ Distance favourable to the event E _

Total distance in which outcomes can lie

4

0 0o | —

Can we now extend the idea of Example 10 for finding the probability as the ratio of the favourable
area to the total area?

Example 11* : A missing helicopter is reported to have crashed somewhere in the rectangular
region shown in Fig. 14.2. What is the probability that it crashed inside the lake shown in the
figure?

+«— 2 km—»

-y

4 9 km B

Fig. 14.2

Solution : The helicopter is equally likely to crash anywhere in the region.

Area of the entire region where the helicopter can crash
= (4.5 x9) km? = 40.5 km?

* Not from the examination point of view.
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Area of the lake = (2.5 x 3) km? = 7.5 km?

. . 7.5 75 5
Therefore, P (helicopter crashed in the lake) = 05 205727

Example 12 : A carton consists of 100 shirts of which 88 are good, 8 have minor defects and 4
have major defects. Jimmy, a trader, will only accept the shirts which are good, but Sujatha,
another trader, will only reject the shirts which have major defects. One shirt is drawn at random
from the carton. What is the probability that

(1) it is acceptable to Jimmy?
(i1) itis acceptable to Sujatha?

Solution : One shirt is drawn at random from the carton of 100 shirts. Therefore, there are 100
equally likely outcomes.

(1) The number of outcomes favourable (i.e., acceptable) to Jimmy = 88 (Why?)

e . 88
Therefore, P (shirt is acceptable to Jimmy) = 00 = 0.88

(i1) The number of outcomes favourable to Sujatha=88+8=96 (Why?)

. . 96
So, P (shirt is acceptable to Sujatha) = 00"~ 0.96

Example 13 : Two dice, one blue and one grey, are thrown at the same time. Write down all the
possible outcomes. What is the probability that the sum of the two numbers appearing on the
top of the dice is

(1) 8? (i1) 13? (iii) less than or equal to 12?

Solution : When the blue die shows 1°, the grey die could show any one of the numbers 1, 2,
3,4, 5, 6. The same is true when the blue die shows ‘2°, ‘3°, ‘4’ “5” or ‘6’. The possible outcomes
of the experiment are listed in the table below; the first number in each ordered pair is the
number appearing on the blue die and the second number is that on the grey die.
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Fig. 14.3

Note that the pair (1, 4) is different from (4, 1). (Why?)
So, the number of possible outcomes = 6 x 6 = 36.

(1) The outcomes favourable to the event ‘the sum of the two numbers is 8” denoted by E, are:
(2,6),(3,5),(4,4),(5,3),(6,2) (seeFig. 14.3)

i.e., the number of outcomes favourable to E=5.
H P(E) = —
ence, Y

(i1) As you can see from Fig. 14.3, there is no outcome favourable to the event F, ‘the sum of
two numbersis 13°.

0
= — = 0
So, P(F) Y
(ii1) Asyou can see from Fig. 14.3, all the outcomes are favourable to the event G, ‘sum of two

numbers < 12°,

So, P(G) = % -1



éoaﬁeﬁéé 203

Seoo 14.3

Bmry @8 (1, 4); (4, 1) &0 I0W © KoA0Bod. (DohE?)
o, of) ST Kogy =6 % 6 = 36.

(1) E oxoe Srdodas Botd Sdogge o & O3 5 wHEre DI ¢ (2, 6), (8, 5),
(4, 4), (5, 3), (6, 2) (He0 14.3 SK0d)

008, E & edére K)&Sgé@b@@ Qdogyg = 5

608, P(E) = %

(if) $¢00 14.3 H00&. F & drDosadd ok Sogge Imdo 13’ 03 ek ebsre HEEso 8.

508, P(F) = 3—06 _0

(iii) D0 14.3 Ho& G&° Ko Bok Sogge Bwgo < 127 & o) HEHIren @dEreind.

08, P(G) = % -1



204 PrOBABILITY

EXERCISE 14.1

1. Complete the following statements:
(i) Probability of an event E + Probability of the event ‘notE’=__ .
(i1) The probability of an event that cannot happen is . Such an event is called

(ii1) The probability of an event that is certain to happen is . Such an event is called

(iv) The sum of the probabilities of all the elementary events of an experiment is

(v) The probability of an event is greater than or equal to and less than or
equal to

2. Which of'the following experiments have equally likely outcomes? Explain.
(1) Adriver attempts to start a car. The car starts or does not start.
(i1) A player attempts to shoot a basketball. She/he shoots or misses the shot.
(iii) A trial is made to answer a true-false question. The answer is right or wrong.
(iv) Ababy is born. Itis a boy or a girl.

3. Why is tossing a coin considered to be a fair way of deciding which team should get the
ball at the beginning of a football game?

4. Which of the following cannot be the probability of an event?

@A) 3 (B) -1.5 (€) 15% (D) 0.7
5. If P(E)=0.05, what is the probability of ‘not E’?

6. Abag contains lemon flavoured candies only. Malini takes out one candy without looking
into the bag. What is the probability that she takes out

(i) an orange flavoured candy?
(i1) alemon flavoured candy?

7. Itis given that in a group of 3 students, the probability of 2 students not having the same
birthday is 0.992. What is the probability that the 2 students have the same birthday?

8. Abag contains 3 red balls and 5 black balls. A ball is drawn at random from the bag. What
is the probability that the ball drawn is (i) red ? (ii) notred?

9. A box contains 5 red marbles, 8 white marbles and 4 green marbles. One marble is taken
out of the box at random. What is the probability that the marble taken out will be
(i)red ? (ii) white ? (iii) not green?
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1

<

11

12

. A piggy bank contains hundred 50p coins, fifty X 1 coins, twenty ¥ 2 coins and ten I 5
coins. If it is equally likely that one of the coins will fall out when the bank is turned
upside down, what is the probability that the coin (i) will be a 50 p coin ? (ii) will not be
a< 5 coin?

. Gopi buys a fish from a shop for his aquarium. The
shopkeeper takes out one fish at random from a tank
containing 5 male fish and 8 female fish (see Fig.
14.4). What is the probability that the fish taken out
is a male fish?

. A game of chance consists of spinning an arrow which
comes to rest pointing at one of the numbers 1, 2, 3,
4,5,6,7, 8 (see Fig. 14.5 ), and these are equally

likely outcomes. What is the probability that it will 8| 1
point at 7 2
(1) 8?
(ii) an odd number? AN
(iii) anumber greater than 2? 2
(iv) anumber less than 9? Fig. 14.5
13. A die is thrown once. Find the probability of getting
(i) aprime number; (i1) anumber lying between 2 and 6; (iii) an odd number.
14. One card is drawn from a well-shuftled deck of 52 cards. Find the probability of getting

15.

16.

17.

18.

(1) aking of red colour (ii) afacecard  (iii)ared face card

(iv) the jack ofhearts  (v) aspade (vi) the queen of diamonds

Five cards—the ten, jack, queen, king and ace of diamonds, are well-shuffled with their

face downwards. One card is then picked up at random.

(1) What is the probability that the card is the queen?

(i1) Ifthe queen is drawn and put aside, what is the probability that the second card picked

up is (a) an ace? (b) a queen?

12 defective pens are accidentally mixed with 132 good ones. It is not possible to just

look at a pen and tell whether or not it is defective. One pen is taken out at random from

this lot. Determine the probability that the pen taken out is a good one.

(1) Alotof 20 bulbs contain 4 defective ones. One bulb is drawn at random from the lot.
What is the probability that this bulb is defective?

(i1) Suppose the bulb drawn in (i) is not defective and is not replaced. Now one bulb
is drawn at random from the rest. What is the probability that this bulb is not
defective ?

A box contains 90 discs which are numbered from 1 to 90. If one disc is drawn at random

from the box, find the probability that it bears (i) a two-digit number (ii) a perfect square

number (iii) a number divisible by 5.
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19.

20%,

21.

22.

23.

24.

A child has a die whose six faces show the letters as given below:

A B C D E A

The die is thrown once. What is the probability of getting (i) A? (ii) D?

Suppose you drop a die at random on the rectangular region shown in Fig. 14.6. What is
the probability that it will land inside the circle with diameter 1m?

3m

2m

Fig. 14.6

A lot consists of 144 ball pens of which 20 are defective and the others are good. Nuri will
buy a pen if it is good, but will not buy if it is defective. The shopkeeper draws one pen at
random and gives it to her. What is the probability that

(1) She will buy it ?
(i1) She will not buy it ?
Refer to Example 13. (i) Complete the following table:

Event :
‘Sumon2dice’ | 2 | 3| 4] 5| 6|7 [&8 |9 (10 |11 | 12

- 5
Probability = = =

(i1) Astudent argues that ‘there are 11 possible outcomes 2, 3,4,5,6,7, 8,9, 10, 11 and

12. Therefore, each of them has a probability 1—11 . Do you agree with this argument?
Justify your answer.
A game consists of tossing a one rupee coin 3 times and noting its outcome each time.
Hanif wins if all the tosses give the same result i.e., three heads or three tails, and loses
otherwise. Calculate the probability that Hanif will lose the game.

A die is thrown twice. What is the probability that

(1) 5 will not come up either time? (i1) 5 will come up at least once?

[Hint : Throwing a die twice and throwing two dice simultaneously are treated as the same
experiment]

* Not from the examination point of view.
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25. Which of the following arguments are correct and which are not correct? Give reasons
for your answer.

(1) Iftwo coins are tossed simultaneously there are three possible outcomes— two heads,
two tails or one of each. Therefore, for each of these outcomes, the probability is %
(i1) Ifadie is thrown, there are two possible outcomes—an odd number or an even number.
Therefore, the probability of getting an odd number is %
14.2 Summary
In this chapter, you have studied the following points :

1. The theoretical (classical) probability of an event E, written as P(E), is defined as

P (E) _ Number of outcomes favourable to E
Number of all possible outcomes of the experiment

where we assume that the outcomes of the experiment are equally likely.
2. The probability of a sure event (or certain event) is 1.
3. The probability of an impossible event is 0.
4. The probability of an event E is a number P(E) such that
0<P(E)<L1

5. An event having only one outcome is called an elementary event. The sum of the probabilities
of all the elementary events of an experiment is 1.

6. For any event E, P (E) + P (E) = 1, where E stands for ‘not E’. E and E are called
complementary events.

A NOTE TO THE READER

The experimental or empirical probability of an event is
based on what has actually happened while the theoretical
probability of the event attempts to predict what will happen
on the basis of certain assumptions. As the number of trials
in an experiment, go on increasing we may expect the
experimental and theoretical probabilities to be nearly the
same.
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MATHEMATICAL MODELLING A2

A2.1 Introduction

® An adult human body contains approximately 1,50,000 km of arteries and veins that carry
blood.

® The human heart pumps 5 to 6 litres of blood in the body every 60 seconds.
® The temperature at the surface of the Sun is about 6,000° C.

Have you ever wondered how our scientists and mathematicians could possibly have
estimated these results? Did they pull out the veins and arteries from some adult dead bodies
and measure them? Did they drain out the blood to arrive at these results? Did they travel to the
Sun with a thermometer to get the temperature of the Sun? Surely not. Then how did they get
these figures?

Well, the answer lies in mathematical modelling, which we introduced to you in Class
IX. Recall that a mathematical model is a mathematical description of some real-life situation.
Also, recall that mathematical modelling is the process of creating a mathematical model of a
problem, and using it to analyse and solve the problem.

So, in mathematical modelling, we take a real-world problem and convert it to an equivalent
mathematical problem. We then solve the mathematical problem, and interpret its solution in
the situation of the real-world problem. And then, it is important to see that the solution, we
have obtained, ‘makes sense’, which is the stage of validating the model. Some examples, where
mathematical modelling is of great importance, are:

(1) Finding the width and depth of a river at an unreachable place.
(i1) Estimating the mass of the Earth and other planets.
(ii1) Estimating the distance between Earth and any other planet.

(iv) Predicting the arrrival of the monsoon in a country.
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(v) Predicting the trend of the stock market.
(vi) Estimating the volume of blood inside the body of a person.
(vii) Predicting the population of a city after 10 years.
(viil) Estimating the number of leaves in a tree.
(ix) Estimating the ppm of different pollutants in the atmosphere of a city.
(x) Estimating the effect of pollutants on the environment.
(xi) Estimating the temperature on the Sun’s surface.

In this chapter we shall revisit the process of mathematical modelling, and take examples
from the world around us to illustrate this. In Section A2.2 we take you through all the stages of
building a model. In Section A2.3, we discuss a variety of examples. In Section A2.4, we look at
reasons for the importance of mathematical modelling.

A point to remember is that here we aim to make you aware of an important way in which
mathematics helps to solve real-world problems. However, you need to know some more
mathematics to really appreciate the power of mathematical modelling. In higher classes some
examples giving this flavour will be found.

A2.2 Stages in Mathematical Modelling

In Class IX, we considered some examples of the use of modelling. Did they give you an insight
into the process and the steps involved in it? Let us quickly revisit the main steps in mathematical
modelling.

Step 1 (Understanding the problem) : Define the real problem, and if working in a team,
discuss the issues that you wish to understand. Simplify by making assumptions and ignoring
certain factors so that the problem is manageable.

For example, suppose our problem is to estimate the number of fishes in a lake. It is not possible
to capture each of these fishes and count them. We could possibly capture a sample and from it
try and estimate the total number of fishes in the lake.

Step 2 (Mathematical description and formulation) : Describe, in mathematical terms,
the different aspects of the problem. Some ways to describe the features mathematically, include:
® define variables
® write equations or inequalities
® gather data and organise into tables
® make graphs
® calculate probabilities
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For example, having taken a sample, as stated in Step 1, how do we estimate the entire
population? We would have to then mark the sampled fishes, allow them to mix with the remaining
ones in the lake, again draw a sample from the lake, and see how many of the previously marked
ones are present in the new sample. Then, using ratio and proportion, we can come up with an
estimate of the total population. For instance, let us take a sample of 20 fishes from the lake
and mark them, and then release them in the same lake, so as to mix with the remaining fishes.
We then take another sample (say 50), from the mixed population and see how many are marked.
So, we gather our data and analyse it.

One major assumption we are making is that the marked fishes mix uniformly with the
remaining fishes, and the sample we take is a good representative of the entire population.

Step 3 (Solving the mathematical problem) : The simplified mathematical problem
developed in Step 2 is then solved using various mathematical techniques.

For instance, suppose in the second sample in the example in Step 2, 5 fishes are marked.

5 . 1 .. . . .
So, 0 0 of the population is marked. If this is typical of the whole population, then

1
Eth of the population = 20.

So, the whole population =20 x 10 = 200.

Step 4 (Interpreting the solution) : The solution obtained in the previous step is now
looked at, in the context of the real-life situation that we had started with in Step 1.

For instance, our solution in the problem in Step 3 gives us the population of fishes as
200.

Step 5 (Validating the model) : We go back to the original situation and see if the results of
the mathematical work make sense. If so, we use the model until new information becomes
available or assumptions change.

Sometimes, because of the simplification assumptions we make, we may lose essential
aspects of the real problem while giving its mathematical description. In such cases, the solution
could very often be off the mark, and not make sense in the real situation. If this happens, we
reconsider the assumptions made in Step 1 and revise them to be more realistic, possibly by
including some factors which were not considered earlier.
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For instance, in Step 3 we had obtained an estimate of the entire population of fishes. It
may not be the actual number of fishes in the pond. We next see whether this is a good estimate
of the population by repeating Steps 2 and 3 a few times, and taking the mean of the results

obtained. This would give a closer estimate of the population.

Another way of visualising the process of mathematical modelling is shown in Fig.

A2.1.

Real-life problem

Simplify

A4

Change
assumptions

No
<

h 4

Describe the problem
in mathematical terms

A4

Solve the
problem

A4

Interpret the
solution in the
real-life situation

A4

Modellers look for a balance between simplification (for ease of solution) and accuracy.
They hope to approximate reality closely enough to make some progress. The best outcome is
to be able to predict what will happen, or estimate an outcome, with reasonable accuracy.
Remember that different assumptions we use for simplifying the problem can lead to different

Does the solution

) Yes Model is
capture the real-life > .
. suitable
situation?
Fig. A2.1

models. So, there are no perfect models. There are good ones and yet better ones.
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EXERCISE A2.1

1. Consider the following situation.

A problem dating back to the early 13th century, posed by Leonardo Fibonacci asks
how many rabbits you would have if you started with just two and let them reproduce.
Assume that a pair of rabbits produces a pair of offspring each month and that each
pair of rabbits produces their first offspring at the age of 2 months. Month by month
the number of pairs of rabbits is given by the sum of the rabbits in the two preceding
months, except for the Oth and the 1st months.

Month Pairs of Rabbits
0 1
1 1
2 2
3 3
4 5
5 8
6 13
7 21
8 34
9 55
10 89
11 144
12 233
13 377
14 610
15 987
16 1597

After just 16 months, you have nearly 1600 pairs of rabbits!

Clearly state the problem and the different stages of mathematical modelling in this
situation.
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A2.3 Some Illustrations

Let us now consider some examples of mathematical modelling.

Example 1 (Rolling of a pair of dice) : Suppose your teacher challenges you to the following
guessing game: She would throw a pair of dice. Before that you need to guess the sum of the
numbers that show up on the dice. For every correct answer, you get two points and for every
wrong guess you lose two points. What numbers would be the best guess?

Solution :

Step 1 (Understanding the problem) : You need to know a few numbers which have higher
chances of showing up.

Step 2 (Mathematical description) : In mathematical terms, the problem translates to finding
out the probabilities of the various possible sums of numbers that the dice could show.

We can model the situation very simply by representing a roll of the dice as a random choice of
one of the following thirty six pairs of numbers.

1,1 (@€,2 (@13 1,49 (1,5 (1,6
2,10 22 23 249 2,5 (2,6
G, ) G,2) 3,3 G4 3,5 3,6
41 &2 &3 @49 &35 496
G, D 5,2 5,3 5,4 (5,5 (5,6
6,1) (6,2) (6,3) (6,4 (6,5 (6,6)

The first number in each pair represents the number showing on the first die, and the second
number is the number showing on the second die.

Step 3 (Solving the mathematical problem) : Summing the numbers in each pair above, we
find that possible sums are 2, 3,4, 5, 6,7, 8,9, 10, 11 and 12. We have to find the probability for
each of them, assuming all 36 pairs are equally likely.

We do this in the following table.

Sum 2 3 4 5 6 7 8 9 |10 |11 [ 12
il 23 lals]els|als]|2]
Probability| 20 201 3¢ 1 36 [36 |36 |36 | 36 | 36 | 36 | 36

Observe that the chance of getting a sum of'a seven is 1/6, which is larger than the chances of
getting other numbers as sums.
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Step 4 (Interpreting the solution) : Since the probability of getting the sum 7 is the highest,
you should repeatedly guess the number seven.

Step 5 (Validating the model) : Toss a pair of dice a large number of times and prepare a
relative frequency table. Compare the relative frequencies with the corresponding probabilities.
If these are not close, then possibly the dice are biased. Then, we could obtain data to evaluate
the number towards which the bias is.

Before going to the next example, you may need some background.

Not having the money you want when you need it, is a common experience for many people.
Whether it is having enough money for buying essentials for daily living, or for buying comforts,
we always require money. To enable the customers with limited funds to purchase goods like
scooters, refrigerators, televisions, cars, etc., a scheme known as an instalment scheme (or
plan) is introduced by traders.

Sometimes a trader introduces an instalment scheme as a marketing strategy to allure
customers to purchase these articles. Under the instalment scheme, the customer is not required
to make full payment of the article at the time of buying it. She/he is allowed to pay a part of it
at the time of purchase, and the rest can be paid in instalments, which could be monthly, quarterly,
half-yearly, or even yearly. Of course, the buyer will have to pay more in the instalment plan,
because the seller is going to charge some interest on account of the payment made at a later
date (called deferred payment).

Before we take a few examples to understand the instalment scheme, let us understand the
most frequently used terms related to this concept.

The cash price of an article is the amount which a customer has to pay as full payment of
the article at the time it is purchased. Cash down payment is the amount which a customer has
to pay as part payment of the price of an article at the time of purchase.

Remark : If the instalment scheme is such that the remaining payment is completely made
within one year of the purchase of the article, then simple interest is charged on the deferred

payment.

In the past, charging interest on borrowed money was often considered evil, and, in particular,
was long prohibited. One way people got around the law against paying interest was to borrow
in one currency and repay in another, the interest being disguised in the exchange rate.

Let us now come to a related mathematical modelling problem.
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Example 2 : Juhi wants to buy a bicycle. She goes to the market and finds that the bicycle she
likes is available for ¥ 1800. Juhi has ¥ 600 with her. So, she tells the shopkeeper that she would
not be able to buy it. The shopkeeper, after a bit of calculation, makes the following offer. He
tells Juhi that she could take the bicycle by making a payment of ¥ 600 cash down and the
remaining money could be made in two monthly instalments of ¥ 610 each. Juhi has two options
one is to go for instalment scheme or to make cash payment by taking loan from a bank which

is available at the rate of 10% per annum simple interest. Which option is more economical to
her?

Solution :

Step 1 (Understanding the problem) : What Juhi needs to determine is whether she should
take the offer made by the shopkeeper or not. For this, she should know the two rates of interest—
one charged in the instalment scheme and the other charged by the bank (i.e., 10%).

Step 2 (Mathematical description) : In order to accept or reject the scheme, she needs to
determine the interest that the shopkeeper is charging in comparison to the bank. Observe that
since the entire money shall be paid in less than a year, simple interest shall be charged.

We know that the cash price of the bicycle =3 1800.
Also, the cashdown payment under the instalment scheme = 600.
So, the balance price that needs to be paid in the instalment scheme =< (1800 — 600) =% 1200.
Let r % per annum be the rate of interest charged by the shopkeeper.
Amount of each instalment =% 610
Amount paid in instalments =% 610 +3 610 =% 1220
Interest paid in instalment scheme =<3 1220 — ¥ 1200 =% 20 (1)
Since, Juhi kept a sum of ¥ 1200 for one month, therefore,
Principal for the first month =¥ 1200
Principal for the second month =% (1200 — 610) =% 590

Balance of the second principal ¥ 590 + interest charged (X 20) = monthly instalment (X 610)
= 2nd instalment

So, the total principal for one month =% 1200 +3 590 =% 1790

1790 x r x 1
1 = —_— 2
Now, interest =% 100 x 12 2)
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Step 3 (Solving the problem) : From (1) and (2)

1790 x r x 1

=2
100 x 12 0

20 x 1200
or "= 70 13.14 (approx.)

Step 4 (Interpreting the solution) : The rate of interest charged in the instalment
scheme = 13.14 %.

The rate of interest charged by the bank = 10%

So, she should prefer to borrow the money from the bank to buy the bicycle which is more
economical.

Step 5 (Validating the model) : This stage in this case is not of much importance here as the
numbers are fixed. However, if the formalities for taking loan from the bank such as cost of
stamp paper, etc., which make the effective interest rate more than what it is the instalment
scheme, then she may change her opinion.

Remark : Interest rate modelling is still at its early stages and validation is still a problem of
financial markets. In case, different interest rates are incorporated in fixing instalments,
validation becomes an important problem.

EXERCISE A2.2

In each of the problems below, show the different stages of mathematical modelling for solving
the problems.

1. An ornithologist wants to estimate the number of parrots in a large field. She uses anet to
catch some, and catches 32 parrots, which she rings and sets free. The following week she
manages to net 40 parrots, of which 8 are ringed.

(1) What fraction of her second catch is
ringed?

(i1) Find an estimate of the total number of
parrots in the field.

2. Suppose the adjoining figure represents an
aerial photograph of a forest with each dot
representing a tree. Your purpose is to find
the number of trees there are on this tract
of land as part of an environmental census.
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3. AT.V. can be purchased for ¥ 24000 cash or for ¥ 8000 cashdown payment and six
monthly instalments of ¥ 2800 each. Ali goes to market to buy a T.V., and he has
% 8000 with him. He has now two options. One is to buy TV under instalment scheme
or to make cash payment by taking loan from some financial society. The society

charges simple interest at the rate of 18% per annum simple interest. Which option is
better for Ali?

A2.4 Why is Mathematical Modelling Important?

As we have seen in the examples, mathematical modelling is an interdisciplinary subject.
Mathematicians and specialists in other fields share their knowledge and expertise to improve
existing products, develop better ones, or predict the behaviour of certain products.

There are, of course, many specific reasons for the importance of modelling, but most are
related in some ways to the following :

® 70 gain understanding. If we have a mathematical model which reflects the essential
behaviour of a real-world system of interest, we can understand that system better through
an analysis of the model. Furthermore, in the process of building the model we find out
which factors are most important in the system, and how the different aspects of the system
are related.

® 7o predict, or forecast, or simulate. Very often, we wish to know what a real-world system
will do in the future, but it is expensive, impractical or impossible to experiment directly
with the system. For example, in weather prediction, to study drug efficacy in humans,
finding an optimum design of a nuclear reactor, and so on.

Forecasting is very important in many types of organisations, since predictions of
future events have to be incorporated into the decision-making process. For example:

In marketing departments, reliable forecasts of demand help in planning of the sale
strategies.

A school board needs to able to forecast the increase in the number of school going
children in various districts so as to decide where and when to start new schools.

Most often, forecasters use the past data to predict the future. They first analyse the data in
order to identify a pattern that can describe it. Then this data and pattern is extended into
the future in order to prepare a forecast. This basic strategy is employed in most forecasting
techniques, and is based on the assumption that the pattern that has been identified will
continue in the future also.
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® 70 estimate. Often, we need to estimate large values. You’ve seen examples of the trees in
a forest, fish in a lake, etc. For another example, before elections, the contesting parties
want to predict the probability of their party winning the elections. In particular, they want
to estimate how many people in their constituency would vote for their party. Based on
their predictions, they may want to decide on the campaign strategy. Exit polls have been
used widely to predict the number of seats, a party is expected to get in elections.

EXERCISE A2.3

1. Based upon the data of the past five years, try and forecast the average percentage of
marks in Mathematics that your school would obtain in the Class X board examination at
the end of the year.

A2.5 Summary
In this Appendix, you have studied the following points :

1. A mathematical model is a mathematical description of a real-life situation. Mathematical
modelling is the process of creating a mathematical model, solving it and using it to
understand the real-life problem.

2. The various steps involved in modelling are : understanding the problem, formulating the
mathematical model, solving it, interpreting it in the real-life situation, and, most
importantly, validating the model.

3. Developed some mathematical models.

4. The importance of mathematical modelling.
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ANSWERS/HINTS

EXERCISE 8.1

1. (i) sinA:lacosA=ﬁ (i1) sinC:ﬁa cosC=l
25 25 25 25
7 3
2. O 3. COSA=£:taIlA=— 4. SillA zl_s,secA:1_7
4 V7 17 8

. 1
5. sin6 = i, cos0 = 2» tan 0 = i, cotO = 2» cosecH = —3
13 13 12 5 5

7. 0) & (i) & 8. Yes
. y 12512
9. (1) 1 (11) 0 10. smP—13 cosP 3 tan P 5

11. (i) False (i1) True (ii1) False (iv) False (v) False
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JDireearen [ Sooddden
B _ —
ogRgdo 8.1
1. (1) sinA=-—scosA = (11) sinC = —> cosC = 2—75
2. O 3. COS[A:ﬁ!tanlA:i 4. smA:l_s,secAzll
4 7 17 8
5. sin0= ia cosO = 2» tan@ = ia cotO = 2» cosecH = 13
13 13 12 5 5
. 49 ..y 49
7. (1) o (11) o 8. ¥H®
- ; =12, cop = 5 anp = 12
9. (1) 1 (11) 0 10. sinP = 3 cosP 3 tan P 5
11. (i) &) (i) ey (iif) %) (iv) &) (v) &
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EXERCISE 8.2

1. (i) 1 (i) 2 (iiiy 2236 (iv) B2 v 2

8 11 12

2. (i) A (i) D (i) A (iv) C3. ZA=45°, LB=15°

4. (i) False (i1) True (iii) False (iv) False (v) True
EXERCISE 8.3

1. sinA:;atanA: ! asecA:—‘l—ircOtA

N+ cot’ A cotA cotA
2. sinA :—‘SGCA_lacosA: ! atanA:\/seczA—l
secA secA
1 sec A
tA=— A=—n
© \/sec2 A-1 O «/secz A-1

3. 1) B @) C (i1) D @iv) D
EXERCISE 9.1

1. 10m 2. 8/3m 3. 3m,243m 4. 103m

5. 403m 6. 193 m 7. 20(¥3-1)m 8. 0.8(\3 +1)m

9, 16§m 10. 20y3m, 20m, 60m 11, 10y3m, 10m 12. 7(\3 + 1)m

13. 75(/3-1)m 14. 58\3m 15. 3 seconds
EXERCISE 10.1

1. Infinitely many

2. (i) One  (ii) Secant (iii) Two (iv) Point of contact 3. D
EXERCISE 10.2

1. A 2.B 3. A 6. 3 cm

7. 8cm 12. AB=15cm,AC=13cm
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P50 8.2

1. () 1 (ii) 2 (iii) 3f 2o (iv) £ 24@ ) o
2. () A (i) D (iii) A (iv) C3. 4A=45°, ZB=15°
4. () 8y (i) ey (i) &2 (iv) 8 (V) ey
ogRgdo 8.3
1. sinA:;atanA: ! aS€CA2—‘1+COt2A
N+ cot’ A cotA cotA
2. sinA=Y“"T"T"— “sec COsA = AatanA:\IseczA—l
sec
1 secA
tA= —— A=— o
© \/seczA—l e «/seczA—l
3. i) B (i) C (iii) D (iv) D
ogRgdo 9.1
1. 10% 2. 835, 3. 3m, 235 4. 10435
5. 4035 6. 1935 7. 20(v3 - 1) 8. 08(v3 + 1)
9. 16%:&» 10. 2035, 205, 605 11. 10432, 105 12. 7(\/§+1)§b
13. 75(/3-1) 14. 5835 15. 3285
ogRgdo 10.1
1. @00
2. (i) a8® (i) 38538 (i) Boto  (iv) )8 Doty 3. D

1. A
7.

ogRgdo 10.2

2.B 3. A 6. 320.%.
8 0. . 12. AB=15%0.8.,AC=1320.&.
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EXERCISE 11.1
1. gcm2 2. %cm2 3. %sz
4. (i) 28.5 cm? (i) 235.5 cm?
5. (i) 22 em (i) 231 cm? (iii) (231—442\/§Jcm2
6. 20.4375 cm? ; 686.0625 cm®> 7. 88.44 cm?
8. (i) 19.625 m? (i) 58.875 cm? 9. (1) 285 mm (ii) %Smm2
10. 2282 o 11, 138125 12. 189.97 km?
28 126
13. ¥ 162.68 14. D
EXERCISE 12.1
1. 160 cm? 2. 572 cm? 3.214.5 cm?
4. Greatest diameter = 7 cm,surface area = 332.5 cm?
5. L (r+24) 6.220 mm? 7. 44 m?, 22000
8. 18 cm? 9. 374 cm?
EXERCISE 12.2
1. mcm?
2. 66 cm®. Volume of the air inside the model = Volume of air inside (cone + cylinder + cone)

X

= Gnrzh1 + rthy + % nrzhl} where r is the radius of the cone and the cylinder, 4, is the

height (Iength) of the cone and £, is the height (length) of the cylinder.

Required Volume = %Wz (B +3hy + Iy).

338 em’ 4. 523.53 e’ 5. 100 6. 892.26 kg

1.131 m? (approx.)8. Not correct. Correct answer is 346.51 cm’.
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ogRgdo 11.1

112 . 2. Tow 3. Py
7 8 3
4. (i) 28.520.5.2 (ii) 235.5 20.&.2
5. (1) 22%o0.%%. (ii) 231 %0.80.2 (iif) (231 - 441f ng
6. 20.437520.8.2; 686.0625 20.8.2 7. 88.44 0.8.2
8. (i) 19.625&2  (ii) 58.875 %0.52 9. (i) 285 .8 (i) % ot?
10. 22 s 1. 5 e 12. 189.97 &.552
28 126
13. T 162.68 14. D
ogRgdo 12.1
1. 160 20.8? 2.57220.82 3. 214.520.5?
4. 1By 500 =7 0.8, 6568w Seso =332.5 20.802
5. L (r+24) 6. 220 0.8 7. 44 &2, T 22000
8. 1820.5? 9. 374 250.8?
ogRgdo 12.2
1. T10.5°
2. 66%0.2°. 5w SHOTH 1O 000 = SHOMPD o500 (08 +ipho +5otD)

>

_ szhl o+ % nrzhlj, B 1 ST FodoH B Ksthon Yo, h BT oD A&

(PED), h, odre Sro a& (ErEd); e 505080 = %ﬂrz(hl +3h, + hy),

338 200.8° 4. 523.53 20.8* 5. 100 6. 892.26 &.(w.
1.131 &° (meoesd) 8. K888 =06, $88 eaven 346.51 20.80°.
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EXERCISE 13.1

1. 8.1 plants. We have used direct method because numerical values of x, and £, are small.
2. % 545.20 3./=20 4.75.9

5. 57.19 6.3 211 7. 0.099 ppm

8. 12.48 days 9. 69.43 %

EXERCISE 13.2

1. Mode = 36.8 years, Mean = 35.37 years. Maximum number of patients admitted in the
hospital are of the age 36.8 years (approx.), while on an average the age of a patient admitted
to the hospital is 35.37 years.

2. 65.625 hours
3. Modal monthly expenditure =3 1847.83, Mean monthly expenditure =% 2662.5.

4. Mode:30.6, Mean=29.2. Most states/U.T. have a student teacher ratio of 30.6 and on
an average, this ratio is 29.2.

5. Mode =4608.7 runs 6. Mode =44.7 cars
EXERCISE 13.3

1. Median= 137 units, Mean = 137.05 units, Mode = 135.76 units.

The three measures are approximately the same in this case.

2. x=8,y=17 3. Median age = 35.76 years
4. Median length=146.75mm 5. Median life = 3406.98 hours
6. Median=28.05, Mean=28.32, Modal size =7.88
7. Median weight=56.67 kg
EXERCISE 14.1
1. (i) 1 (i1) 0, impossible event (iii) 1, sure or certain event
(iv) 1 (v) 0,1

2. The experiments (iii) and (iv) have equally likely outcomes.

3. When we toss a coin, the outcomes head and tail are equally likely. So, the result of an
individual coin toss is completely unpredictable.

4. B 5.0.95 6. () 0 (i) 1

7. 0.008 8.() ; (i)

oo | L

9. () 5 (i) 55 (i) 5 0. @O (i)
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ogRgdo 13.1
1. 8.1 3ty s X, 0K f; DF) Jevden S°HS [HEsE HEBE® Tased.
2. ¥ 545.20 3. /=20 4. 75.9
5. 57.19 6.3 211 7. 0.099 ppm
8. 12.48 a0 9. 69.43 %
ogRgdo 13.2

1. ersogEo = 36.8%0.e0, do°d0 = 35.37 KSo.e0. HFwS S 38% gfeXe! e Horkd lovoe)
36.8 8feren (roeyme), =28 SRS % 365 &%A $oode HHy 35.37 Ko.ew

2. 65.625 Ko.e»
3. Jek0pty) arssogo SrHos® =T 1847.83, 3000 &) ®o¥ Hoggoo =3 2662.5.

4. eps5oEgo : 30.6, Srien = 29.2. DEHsS Tolafen [Bols FOS (Froweed DY, earTsed B
30.6 50050 FoUBER & QB 29.2r° Gob.

5. epSos8o =4608.7 HBrHen 6. ero¥go =44.7 =2
ogRgdo 13.3

1. Sogggo = 137 chrdey, ©o8iisoo = 137.05 chrdey, erdogdo = 135.76 chrdey,
&3 éocﬁéa)oés St Boden oo™ a8 o €200

x=8,y=7T 3. Scohdye Sggso = 35.76 Ko.en

rEHe Hggiso = 146.75 0.8 5. EQdsee Sogisriso = 3406.98 o.en

oo = 8.05, Drien =8.32,  arogEo = 7.88

2P HsiEo = 56.67 8. (rv.

NS RD

ogRgdo 14.1
1. (i) 1 (i1) 0, s e (iii) 1, 908 S Q83 Hosoedd
(iv) 1 v) 0,1
2. [B&rreen (1i1) 8050 (1v) © HBgReTeen SidogsHsne.

3. 2.8 B0 DS 3?026@)(‘33, HOTPeD aS"Eéaé HBXW B ddedore 26323 ©X5°E0 0. BPHL TrEo
9&63?’05@6 POS0o Jrore &s58880.

4. B 5.0.95 6. () 0 (i) 1

7. 0.008 8.() 3 (i)

oo | L

0.() = (i) = (i) 1 0. (> (i)
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n. = 2.6) 3 ()3 Gi) > ()

13.G) 5 (i) % (iii) %

wol @3 @3 i ol o
15. (i) 5 (i) @ 5 (0 16 o

17. () % (ii) 1318 () 2 (i) 1o (iii)

19. (i) 3 (i) ¢ 20. = 21. (i) 5 (i) o

22. (i)

‘Sumon2dice’ | 2 | 3| 41 5 6 7 |8 |9 |10 |11 ] 12

oge 2 4 4 2
Probability 36 | 36| 36| 36| 36| 36 [36 |36 |36 |36 | 36

(i1) No. The eleven sums are not equally likely.

23. %; Possible outcomes are : HHH, TTT, HHT, HTH, HTT, THH, THT, TTH. Here, THH

means tail in the first toss, head on the second toss and head on the third toss and so on.
- 25 oy 11
24. (1) % (1) Y

25. (i) Incorrect. We can classify the outcomes like this but they are not then ‘equally likely’.
Reason is that ‘one of each’ can result in two ways — from a head on first coin and tail
on the second coin or from a tail on the first coin and head on the second coin. This
makes it twicely as likely as two heads (or two tails).

(i1) Correct. The two outcomes considered in the question are equally likely.



{BSoegeaeen [/ Koedsden

243

1. 12.6) 5 ()3 Gi) > ()
5.0 L L1 L1
. (1) (1) 5 (111) 5
1 .3 .3 L1 1 L1
14. (1) % (11) 3 (111) % (1v) > (v) 2 (v1) =
15. (i) - i) @ - ()0 16 =
- (1) 5 (i) (@) 5 (b) ‘1
L1 .15 9 1 o]
17. (1) 3 (1) 518. (1) m (i1) T (111) 3
. 1 . 31 .5
19. (i) < (i) - 20. 2—“4 21. () (i) 5,
22. (i)
‘2Boo rBen | 2 [ 3| 4 S| 6|17 |8 [9 [10|11] 12
Sw¥o
DOFY 36 | 36| 36| 36| 36|36 |36 [36 |36 |36 | 36

(1) Beh. HSE o Invaeen HEPHOMT 608 ©STE0 B.

23. %; s> Bogrsy HOzeen: HHH, TTT, HHT, HTH, HTT, THH, THT, TTH. s, THH 008
BB B AHEBVIYPLD F6, BoKD IO HHVYPLD &Py OGO LareEssd WP &°Ky, & Degore

@) o ©go.

24. (i) % (ii)

11
36

25. (1) &%), POz Hio & dore ééé@oiﬁéiﬁa&, 58 @ ) DV Soglaren’ 5o, se8e0
W08 , BB TBO’ Both Agreenr™ TPOB0E - FwES TBOP B B Bokd THOR
S B B THBoP FERD HOAM Tos BOP &Ky B Both &Kyen (Sue Bok
SPB0en) Eo&s 8@0@ ©dsedo BOAH0H.

(i) B8, EHES® H56K36%E E%HR) Bok HOBPen BiH VoFaerr GOoETow.
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EXERCISE Al.1

1. (i) Ambiguous (i1) True (iii) True (iv) Ambiguous
(v) Ambiguous
2. (i) True  (i1) True (iii) False  (iv) True (v) True

3. Only (ii) is true.
4. (i) Ifa>0and @ > b?, then a > b.
(i) Ifxy>0and x*>=)?, thenx=y.
(iii) If (x +y)y>=x*>+y*and y # 0, then x = 0.

(iv) The diagonals of a parallelogram bisect each other.

EXERCISE A1.2
A is mortal 2. ab is rational
Decimal expansion of /{7 is non-terminating non-recurring.
y=17 5. ZA=100° £ C=100° £ D=180°
PQRS is arectangle.

IR

Yes, because of the premise. No, because /3721 = 61 which is not irrational. Since the
premise was wrong, the conclusion is false.

EXERCISE Al.3

1. Take two consecutive odd numbers as 2z + 1 and 2n + 3 for some integer 7.

EXERCISE Al4

p—

. (1) Man is not mortal.
(i1) Line / is not parallel to line m.
(iii) The chapter does not have many exercises.
(iv) Not all integers are rational numbers.
(v) All prime numbers are not odd.
(vi) Some students are lazy.
(vii) All cats are black.

(viii) There is at least one real number x, such that ./, =—1.
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ogRgdo Al.l
1 (1) o5 (i1) Do (1i1) Do (1v) eyens
V) SIOIERY
2. (1) o (i1) d0 (ii1) ed&o  (1v) Do (V) S0

3. Seo (i) L@ S&g0.
4. (1) a>0 006050 a*> bPeond, ek a>b.
(i) xy > 0 805 x? = y? @owd, @ X =).
(iif) (x +y)* =x+)? 00050 y # 0 wond, ey x =0.
(Iv) De5rods SEtyno BnE) STren SmrIEES Deoapotsd Bor0érom.

ogRgdo Al.2
A ed R H8B0IE. 2. ab 36 ©85BH Yoy
J17 &3°08 Q38Bes @080 520, 8850 52 L°0d0.
y=17 5. ZA=100° £ C=100° £ D=180°
PQRS 36 8:580(0.

IR A

0, (HBIES Ko™ S, DoHEE 3721 = 61 8O g8Baho =% (DBRSD &) smea@, :00@"688
Erorse é“ﬁ)a).

P50 Al3
1. 32 o“gy’g Ddogy ‘M B Bok SV BV 08500 2n+ 1 58050 2n + 3 e 08504,

ogRgdo Al.4

p—

. (1) S22 DBoE.
(ii) /B mBpd SSrosBore SoKLD.

(iil) ogrgehod® 5% wergRren B

(iv) o g Domgen ©85B0H Loggen s0.
(V) o) B Ddoggen BV Doggen 0.
(V1) o8008 durgyen eSO,

(Vil) ) depen Sure eotran.

(viii) x =—1, @rHen 8300 &8 &K% Sogg ®onT® Gotnod.
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(ix) 2 does not divide the positive integer a.
(x) Integers a and b are not coprime.
2. (1) Yes (i1) No (iii) No (iv) No (v) Yes

EXERCISE Al.5

1. (i) IfSharan sweats a lot, then it is hot in Tokyo.
(i1) If Shalini’s stomach grumbles, then she is hungry.
(iii) IfJaswant can get a degree, then she has a scholarship.
(iv) Ifaplantis alive, then it has flowers.
(v) Ifananimal has a tail, then it is a cat.
2. (i) Ifthe base angles of triangle ABC are equal, then it is isosceles. True.
(i1) Ifthe square of an integer is odd, then the integer is odd. True.
(iii) Ifx=1, thenx*= 1. True.
(iv) IfAC and BD bisect each other, then ABCD is a parallelogram. True.
(v) Ifa+(b+c)=(a+b)+c,thena, b and c are whole numbers. False.
(vi) Ifx+yisan even number, then x and y are odd. False.

(vii) If a parallelogram is a rectangle, its vertices lie on a circle. True.

EXERCISE Al.6

1. Suppose to the contrary b < d.
3. See Example 10 of Chapter 1.
6. See Theorem 5.1 of Class [X Mathematics Textbook.

EXERCISE A2.2
LG) ¢ (i) 160

2. Take 1 cm? area and count the number of dots in it. Total number of trees will be the product
of this number and the area (in cm?).

3. Rate of interest in instalment scheme is 17.74 %, which is less than 18 %.

EXERCISE A2.3

1. Students find their own answers.
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(ix) 2 @38 &3 g Sogy ‘@ & A0S
(X) a %8050 b @3 HBS Beed Somgen 0D
2. (1) o5 (i) o0 (il) 0% (iv) =% (V) @35

wgR5d0 AlS
1. (i) %56 % e Bhwes DS, wbp S I e,
(i) PO B Deatrod WP wid Jkyob.
(iii) 2508 B PoBHOAS, wPtH B JOd 1B $od.
(iv) a8 3w8) Sdorr 6o, T8 Hgen Gotra.
(V) a8 20&HHE &% sod, opid @b 1Y ©HH0H.

2. (i) a83¥ (®sheso ABC R o &hegeen HETHom eé&gwé, oY ©d JhEr (Bgheso
©HE08. J&0.

(i) =8 Frgdogs Bns) SYo B2 Sogyg oD, O © FrY Sogy, BV Dogyg erH. Heso.
(iii) 2.83¢ x=1, wand, e x> =1.$go0.
(iv) 2,838 AC £8050 BD eu8me8°8& 26263&(5&)06526 D088, @Kgb(‘ﬁ) ABCD o936 2.8 $8m088
iﬁéaé%)ao. éééego.
(V) a83¢ a+(b+c)=(a+b)+comwd, o a, b ok c oo Froposeen. ©dEso.
(Vi) x+y o336 86 Sogyg wond, wak X HOck» B Soggen @bddso.
(Vi) 2.8 $&ro88 Sehdyeo 5&5};25@36@0 o8, o oo 2.8 FBo o totrow. Hiso.
P50 Al.6

1. &28 Dgorr b < d 9% omro.

3. 1% @méo‘ﬁooé‘séo &eseSes 10 SeEod.

6. &WE° SBKS KBS PB5HRES™ depodo 5.1 Srod.
OG0 A2.2

LG) ¢ (i) 160
2. 120.%2 ST S w0t Hge Soggy B)oiol. Indo Bey Dogy S Hogy LB
B0 (0.80°6°%) GwE) 020 ©HF0B.

3. rovmre HEBSE° B¢ Tew 17.74%, ub 18% o S&3.
P50 A2.3

1. @mtgécgen 850 Ro& Jrgrareod i otrd.



Class X

Suggested Pedagogical Processes Learning Outcomes

The learners may be provided with | The learner—

opportunities individually or in groups

and encouraged to—

¢ extend the methods of finding LCM and
HCF of large numbers learnt earlier to
general form.

e discuss different aspects of
polynomials, such as—their degree,
type (linear, quadratic, cubic), zeroes,
etc., relationship between their visual
representation and their zeroes.

e play a game which may involve a series
of acts of factorising a polynomial and
using one of its factors to form a new
one. For example, one group factorising
say, (x® — 2x* — x — 2) and using one of
its factors x-1 to construct another
polynomial, which is further factorised
by another group to continue the
process.

® use quadratic equations to solve real life
problems through different strategies,
such as, making a perfect square,
quadratic formula, etc.

e discuss different aspects of linear
equations by engaging students in the
activities of the following nature:

= one group may ask another to form
linear equation in two variables with
coefficients from a particular number
system, i.e., natural numbers or
numbers that are not integers, etc.

= graphically representing a linear
equation in 1D or 2D and try to
explain the difference in their nature.

» encouraging students to observe
identities and equations and
segregate them.

e use graphical ways to visualise different
aspects of linear equations, such as,
visualising linear equations in two
variables or to find their solution.

® observe and analyse patterns in their
daily life situations to check if they form
an Arithmetic Progression and, if so,

generalises properties of numbers and
relations among them studied earlier to
evolve results, such as, Euclid’s division
algorithm, Fundamental Theorem of
Arithmetic and applies them to solve
problems related to real life contexts.

develops a relationship between
algebraic and graphical methods of
finding the zeroes of a polynomial.

finds solutions of pairs of linear
equations in two variables using
graphical and different algebraic
methods.

demonstrates strategies of finding
roots and determining the nature of
roots of a quadratic equation.

develops strategies to apply the concept
of A.P. to daily life situations.

works out ways to differentiate between
congruent and similar figures.

establishes properties for similarity of
two triangles logically using different
geometric criteria established earlier
such as, Basic Proportionality Theorem,
etc.
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find rule for getting their nth term and
sum of n terms. The situations could be
— our savings or pocket money, games
such as, playing cards and snakes and
ladders, etc.

analyse and compare different
geometrical shapes, charts, and models
made using paper folding and tell about
their similarity and congruence.

discuss in groups different situations,
such as, constructing maps, etc., in
which the concepts of trigonometry are
used.

work in projects related to heights and
distances, that may include situations
in which methods have to be devised
for measuring the angle of inclination
of the top of a building and their own
distance from the building.

devise ways to find the values of
different trigonometric ratios for a given
value of a trigonometric ratio.

observe shapes in the surroundings
that are a combination of shapes
studied so far, such as, cone, cylinder,
cube, cuboid, sphere, hemisphere, etc.
They may work in groups and may
provide formulas for different aspects
of these combined shapes.

determine areas of various materials,
objects, and designs around them for
example design on a handkerchief,
design of tiles on the floor, geometry
box, etc.

discuss and analyse situations related
to surface areas and volumes of
different objects, such as, (a) given
two boxes of a certain shape with
different dimensions, if one box is to
be changed exactly like another box,
which attribute will change, its surface
area or volume? (b) By what percent
will each of the dimensions of one box
have to be changed to make it exactly
of same size as the other box?

discuss and analyse the chance of
happening of different events through
simple activities like tossing a coin,
throwing two dices simultaneously,
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derives formulae to establish relations
for geometrical shapes in the context
of a coordinate plane, such as, finding
the distance between two given points,
to determine the coordinates of a point
between any two given points, to find
the area of a triangle, etc.

determines all trigonometric ratios
with respect to a given acute angle (of a
right triangle) and uses them in solving
problems in daily life contexts like
finding heights of different structures
or distance from them.

derives proofs of theorems related to
the tangents of circles

constructs—

= a triangle similar to a given triangle
as per a given scale factor.

= a pair of tangents from an external
point to a circle and justify the
procedures.

examines the steps of geometrical
constructions and reason out each step

finds surface areas and volumes
of objects in the surroundings by
visualising them as a combination of
different solids like cylinder and a cone,
cylinder and a hemisphere, combination
of different cubes, etc.

calculates mean, median and mode for
different sets of data related with real
life contexts.

*
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picking up a card from a deck of 52
playing cards, etc.

generalise the formulas of mean, median
and mode read in the earlier classes by
providing situations for these central
tendencies.

collect data from their surroundings
and calculate the central tendencies.

to draw tangents to a circle from a
point which lies outside and a point
which lies inside the circle. They may
be motivated to evolve different ways to
verify the properties of such tangents.

determines the probability of an event
and applies the concept in solving daily
life problems.
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Suggested Pedagogical Processes in an Inclusive Setup

Children with special needs to be taken along the class and
keeping in view the learning objectives, similar to those of the
others, appropriate activities may be designed. The teacher
should take into account the specific problem of the child and
plan alternate strategies for teaching-learning process. A healthy
inclusive classroom environment provides equal opportunity to
all the students; to those with and without learning difficulties.
The measures to be adopted may include:

e developing process skills through group activities and using

ICT for simulation, repeated practice and evaluation.

® assessing learning progress through different modes taking
cognizance of the learner’s response.

e observing the child’s engagement in multiple activities,
through varied ways and levels of involvement.

e using of embossed diagram in the pedagogical process and

learning progress.

® using of adapted equipment (large print materials, adapted
text materials with simple language, more pictures and
examples, etc.) in observation and exploration (for example:
visual output devices should have aural output and vice
versa) during the teaching-learning process.

e using multiple choice questions to get responses from
children who find it difficult to write or explain verbally.
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