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FOREWORD

The National Curriculum Framework 2005, recommends that children’s life at school
must be linked to their life outside the school. This principle marks a departure from the
legacy of bookish learning which continues to shape our system and causes a gap between
the school, home and community. The syllabi and textbooks developed on the basis of
NCF signitfy an attempt to implement this basic idea. They also attempt to discourage
rote learning and the maintenance of sharp boundaries between different subject areas.
We hope these measures will take us significantly further in the direction of a child-
centred system of education outlined in the National Policy on Education (1986).

The success of this effort depends on the steps that school principals and teachers
will take to encourage children to reflect on their own learning and to pursue imaginative
activities and questions. We must recognise that, given space, time and freedom, children
generate new knowledge by engaging with the information passed on to them by adults.
Treating the prescribed textbook as the sole basis of examination is one of the key reasons
why other resources and sites of learning are ignored. Inculcating creativity and initiative
is possible if we perceive and treat children as participants in learning, not as receivers
of'a fixed body of knowledge.

These aims imply considerable change in school routines and mode of functioning.
Flexibility in the daily time-table is as necessary as rigour in implementing the annual
calendar so that the required number of teaching days are actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’s life at school a happy experience, rather than a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunities for contemplation and wondering, discussion in small groups, and activities
requiring hands-on experience.

The National Council of Educational Research and Training (NCERT) appreciates
the hard work done by the textbook development committee responsible for this book.
We wish to thank the Chairperson of the advisory group in Science and Mathematics,
Professor J.V. Narlikar and the Chief Advisors for this book, Professor P. Sinclair of
IGNOU, New Delhi and Professor G.P. Dikshit (Retd.) of Lucknow University, Lucknow
for guiding the work of this committee. Several teachers contributed to the development
of this textbook; we are grateful to their principals for making this possible. We are



indebted to the institutions and organisations which have generously permitted us to
draw upon their resources, material and personnel. We are especially grateful to the
members of the National Monitoring Committee, appointed by the Department of
Secondary and Higher Education, Ministry of Human Resource Development under the
Chairpersonship of Professor Mrinal Miri and Professor G.P. Deshpande, for their
valuable time and contribution. As an organisation committed to systemic reform and
continuous improvement in the quality of its products, NCERT welcomes comments
and suggestions which will enable us to undertake further revision and refinement.

Director
New Delhi National Council of Educational
15 November 2006 Research and Training



Foreword

The Government of Andhra Pradesh has unleashed a new era in school education by
introducing extensive curricular reforms from the academic year 2020-21. The Government has
taken up curricular reforms intending to enhance the learning outcomes of the children with focus
on building solid foundational learning and to build up an environment conducive for an effective
teaching-learning process. To achieve this objective, special care has been taken in designing the
textbooks to achieve global standards. As part of this the Government of Andhra Pradesh has
decided to introduce NCERT Textbooks from class VI onwards.

As a part of the curricularm reform, an effort was made to ensure quality transaction of
textbooks, bilingual method was used. The mathematical concepts in the text book are developed
based on themes like Number System, Arithmetic, Algebra, Mensuration, Geometry and Statistics.
In this text book, concepts are introduced through activities related to daily life situations and
conversations. To strengthen these concepts, individual activities, group activities and whole class
activities are designed. The textbook attempted to enhance this endeavor through incorporating QR
codes in each chapter to enable efficient learning outside the class room.

We are grateful to our Honourable Chief Minister, Sri Y.S. Jagan Mohan Reddy, Andhra
Pradesh for being our source of inspiration to carry out this extensive reform in the Education
Department. We extend our gratitude to Sri Botcha Satyanarayana, Honourable Minister of
Education , Govt. of Andhra Pradesh for striving towards qualitative education. Our special thanks
to Sri. Praveen Prakash, IAS, Principal Secretary, School Education, Sri. S. Suresh Kumar, IAS,
Commissioner of School Education, Sri. B. Srinivasa Rao, IAS, State Project Director, SS, Ms. Nidhi
Meena, IAS, Special Officer, English Medium Project for their constant motivation and guidance.

We convey our sincere thanks to the text book writers, who studied curriculum and best
practices across the globe to reach global standards. Our heartful thanks to Director NCERT in
designing the text book and for issuing copyrights to print the textbooks by the State Government.
We also thank our Coordinators, Editors, Subject Coordinators, Technical team members, Artists,
DTP and Layout designers for their contribution in the development of this text book. We invite
constructive feedback from the teachers, parents and Educationalists for the further refinement of
the text book.

Dr. B. Pratap Reddy
Director
SCERT — Andhra Pradesh
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RATIONALISATION OF CONTENT IN THE TEXTBOOKS

In view of the COVID-19 pandemic, it is imperative to reduce content load on students. The

National Education Policy 2020, also emphasises reducing the content load and providing

opportunities for experiential learning with creative mindset. In this background, the NCERT

has undertaken the exercise to rationalise the textbooks across all classes. Learning Outcomes

already developed by the NCERT across classes have been taken into consideration in this

exercise.

Contents of the textbooks have been rationalised in view of the following:

Overlapping with similar content included in other subject areas in the same class
Similar content included in the lower or higher class in the same subject
Difficulty level

Content, which is easily accessible to students without much interventions from teachers
and can be learned by children through self-learning or peer-learning

Content, which is irrelevant in the present context

This present edition, is a reformatted version after carrying out the changes given above.

Vii
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I shall give my parents, teachers and all elders respect,
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2 REAL NUMBERS
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REAL NUMBERS

1.1 Introduction

In Class IX, you began your exploration of the world of real numbers and encountered
irrational numbers. We continue our discussion on real numbers in this chapter. We begin
with two very important properties of positive integers in Sections 1.2 and 1.3, namely the
Euclid’s division algorithm and the Fundamental Theorem of Arithmetic.

Euclid’s division algorithm, as the name suggests, has to do with divisibility of integers.
Stated simply, it says any positive integer a can be divided by another positive integer b in such
a way that it leaves a remainder 7 that is smaller than 5. Many of you probably recognise this as
the usual long division process. Although this result is quite easy to state and understand, it has
many applications related to the divisibility properties of integers. We touch upon a few of
them, and use it mainly to compute the HCF of two positive integers.

The Fundamental Theorem of Arithmetic, on the other hand, has to do something with
multiplication of positive integers. You already know that every composite number can be
expressed as a product of primes in a unique way—this important fact is the Fundamental
Theorem of Arithmetic. Again, while it is a result that is easy to state and understand, it has
some very deep and significant applications in the field of mathematics. We use the Fundamental
Theorem of Arithmetic for two main applications. First, we use it to prove the irrationality of

many of the numbers you studied in Class IX, such as /2, /3 and /5. Second, we apply this

theorem to explore when exactly the decimal expansion of a rational number, say g(q #0),1s

terminating and when it is non-terminating repeating. We do so by looking at the prime

factorisation of the denominator ¢ of £ . You will see that the prime factorisation of g will
q

completely reveal the nature of the decimal expansion of 2 .
q

So let us begin our exploration.
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4 REAL NUMBERS

1.2 The Fundamental Theorem of Arithmetic

In your earlier classes, you have seen that any natural number can be written as a product of its
prime factors. For instance, 2 =2,4=2 x 2,253 =11 x 23, and so on. Now, let us try and look
at natural numbers from the other direction. That is, can any natural number be obtained by
multiplying prime numbers? Let us see.

Take any collection of prime numbers, say 2, 3, 7, 11 and 23. If we multiply some or
all of these numbers, allowing them to repeat as many times as we wish, we can produce a
large collection of positive integers (In fact, infinitely many). Let us list a few :

7x11%x23=1771 3x7x11x23=5313
2x3x7x11%x23=10626 2°x 3 x7>=8232
22x3x7x11x%x23=21252

and so on.

Now, let us suppose your collection of primes includes all the possible primes. What is
your guess about the size of this collection? Does it contain only a finite number of integers,

or infinitely many? Infact, there are
infinitely many primes. So, if we
combine all these primes in all possible
ways, we will get an infinite collection = T~

32760

of numbers, all the primes and all | 2 16380
possible products of primes. The o~
question is — cla)m w}e1 produ;:e zﬁl tge ) 8190
composite numbers this way? What do
P ‘10 . Y /\
you think? Do you think that there may
be a composite number which is not the 2 4095
product of powers of primes? Before —
we answer this, let us factorise positive 3 1365
integers, that is, do the opposite of what o~
we have done so far.
3 455
We are going to use the factor tree T~

with which you are all familiar. Let us
take some large number, say, 32760, and

factorise it as shown. =




o/, o2 o/
& dogen 5

1.2 o8BS (PG Ram;oéo

S S0t BKHeSE, Tarn Jresdoggd ol Pd sP8erosee ©g0r® SRSV NENY S Be0HTND.
GTPsRdeetd, 2=2,4=2 % 2,253 =11 x 23 SIw0sBI. a)td oo Qdsresdogged 263885?(3) L08
568005508 (b tro. oire Errarostel oo Txoe Siredond Srotisey? 0“36%8650.
5°Q) Beessongen 2, 3, 7, 11 505 230 Ssomro. HBE® £od Sue ©Yod SH
Q Qo AP @anHEr oo TxTe oo @@?otg 53 @t’géoaaeg@ QesBY) éCﬁI"&);ﬁ)CﬁJéiﬁb.
TES® Yo ez
7x 11 x23=1771 3x7x11x23=5313

2x3x7x11%x23=10626 2°x 3 x7>=8232
22x 3 x 7 x 11 x 23 =21252 3nS5839.

B, oo éKDé)é& Draroseedt @%ﬁg&ﬁocﬁg o) [BTPTroseen GICHA) WEoTro.
ENH0S DoTeSs® HOXeese) N EedrosioTe? & SHeseod® Ke Kgﬁgéoaaegm éogpag HBMSS? Seoe
D0 SI? Jel8, 9S0SII (HEPTPoseeD GotPow. SR, &t &8 @’J@@O?@@&o&é PEER0D oY
Dgeenre 0] o) (Dersdoggen HOAD Tod oa}geﬁs Erds @08 Kogry Daess®l) DPoLHTEN

SeGore @) Doding 603;)?3@263 2 Torte))
BoHKer? o %) e6&Ro ©HHob.
Faes) AKB0eRTNG? (SerSdogge

32760

.

2 16380,

—

2 8190

/\
2 4095

/\
3 1365

O~

3 455

— .

Hoesre QoM TCHB Docsnd éoab?g

ey

2,88 600l D FrHTNT? B8
JDETRE0 BT S0k éé@géoaaéozéa
(TS SPBeROsPO QO TYTR0. ORI
BOBLED 050 WS T8 ééé’ééé [lEonny
dero.

S0B &P HBWBADO &) SPEEerosee HE
éé@:’o r%écﬁﬁﬁoiﬁésém‘go. a.,é?otgéogpé,
TR 327600 SR DK S8

QAPOTP (DS s°8esore ©POM® T°TFO. e~




6 REAL NUMBERS

So we have factorised 32760 as 2 x 2 x 2 x 3 x 3 x 5 x 7 x 13 as a product of primes,
i.e.,2x2x2x3x3x5x7x13 asaproduct of powers of primes. Let us try another number,
say, 123 456789. This can be written as 32 x 3803 x 3607. Of course, you have to check that
3803 and 3607 are primes! (Try it out for several other natural numbers yourself.) This
leads us to a conjecture that every composite number can be written as the product of powers
of primes. In fact, this statement is true, and is called the Fundamental Theorem of Arithmetic
because of its basic crucial importance to the study of integers. Let us now formally state this
theorem.

Theorem 1.1 (Fundamental Theorem of Arithmetic) : Every composite number can
be expressed (factorised) as a product of primes, and this factorisation is unique, apart

An equivalent version of Theorem 1.2 was probably first
recorded as Proposition 14 of Book IX in Euclid’s
Elements, before it came to be known as the Fundamental
Theorem of Arithmetic. However, the first correct proof
was given by Carl Friedrich Gauss in his Disquisitiones
Arithmeticae.

Carl Friedrich Gauss is often referred to as the ‘Prince of
Mathematicians’ and is considered one of the three greatest
mathematicians of all time, along with Archimedes and  Carl Friedrich Gauss
Newton. He has made fundamental contributions to both (1777 — 1855)
mathematics and science.

from the order in which the prime factors occur.

The Fundamental Theorem of Arithmetic says that every composite number can be
factorised as a product of primes. Actually it says more. It says that given any composite
number it can be factorised as a product of prime numbers in a ‘unique’ way, except for the
order in which the primes occur. That is, given any composite number there is one and only
one way to write it as a product of primes, as long as we are not particular about the order in
which the primes occur. So, for example, we regard 2 x 3 x 5 X 7 as the same as 3 x 5 X 7 x
2, or any other possible order in which these primes are written. This fact is also stated in the
following form:
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The prime factorisation of a natural number is unique, except for the order of its
factors.

In general, given a composite number x, we factorise it as x = PP, D, where D> Pysees
p, are primes and written in ascending order, i.e., p, < p.<...<p . If we combine the same
primes, we will get powers of primes. For example,

32760 =2 x 2x2x3x3x5x7x13=23x32x5x7x13

Once we have decided that the order will be ascending, then the way the number is
factorised, is unique.

The Fundamental Theorem of Arithmetic has many applications, both within mathematics
and in other fields. Let us look at some examples.

Example 1 : Consider the numbers 4", where 7 is a natural number. Check whether there is any
value of n for which 4" ends with the digit zero.

Solution : Ifthe number 4”, for any n, were to end with the digit zero, then it would be divisible
by 5. That is, the prime factorisation of 4" would contain the prime 5. This is not possible
because 4" = (2)*"; so the only prime in the factorisation of 4" is 2. So, the uniqueness of the
Fundamental Theorem of Arithmetic guarantees that there are no other primes in the factorisation
of 4. So, there is no natural number » for which 4" ends with the digit zero.

You have already learnt how to find the HCF and LCM of two positive integers using the
Fundamental Theorem of Arithmetic in earlier classes, without realising it! This method is also
called the prime factorisation method. Let us recall this method through an example.

Example 2 : Find the LCM and HCF of 6 and 20 by the prime factorisation method.
Solution : We have :  6=2!x3"and 20=2x2 x 5=2%2 x5!,

You can find HCF(6, 20) =2 and LCM(6, 20) =2 x 2 X 3 x 5 = 60, as done in your earlier
classes.

Note that HCF(6, 20) = 2! =Product of the smallest power of each common prime
factor in the numbers.

LCM (6, 20) = 2% x 3! x 5! =Product of the greatest power of each prime factor, involved
in the numbers.

From the example above, you might have noticed that HCF(6, 20) x LCM(6, 20) = 6 x 20.
In fact, we can verify that for any two positive integers a and b, HCF (a, b) X LCM (a, b) =
a x b. We can use this result to find the LCM of two positive integers, if we have
already found the HCF of the two positive integers.
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Example 3: Find the HCF of 96 and 404 by the prime factorisation method. Hence, find their
LCM.

Solution : The prime factorisation of 96 and 404 gives :
96 =2°x3,404=2%x 101
Therefore, the HCF of these two integers is 2° = 4.

96 x 404 96 x 404

Also, LCM (96, 404) = 0o =—)

=9696

Example 4 : Find the HCF and LCM of 6, 72 and 120, using the prime factorisation method.
Solution : We have :
6=2x3,72=23x32120=23x3 x5
Here, 2! and 3! are the smallest powers of the common factors 2 and 3, respectively.
So, HCF (6, 72,120)=2'x31=2x3=6

23,3%and 5' are the greatest powers of the prime factors 2, 3 and 5 respectively involved in
the three numbers.

So, LCM (6, 72, 120) = 23 x 3% x 5! =360

Remark : Notice, 6 x 72 x 120 # HCF (6, 72, 120) x LCM (6, 72, 120). So, the product of
three numbers is not equal to the product of their HCF and LCM.

EXERCISE 1.1
1. Express each number as a product of its prime factors:
(1) 140 (i) 156 (ii1) 3825 (iv) 5005 (v) 7429

2. Find the LCM and HCF of the following pairs of integers and verify that LCM x HCF =
product of the two numbers.

(i) 26and91 (i) 510 and 92 (iii) 336 and 54

3. Find the LCM and HCF of the following integers by applying the prime factorisation
method.

(1) 12, 15 and 21 (i1) 17,23 and 29 (iii) 8,9 and 25
4. Given that HCF (306, 657) =9, find LCM (306, 657).
5. Check whether 6” can end with the digit O for any natural number #.
6. Explainwhy 7 x 11 x 13+ 13 and 7 x 6 X 5 x4 x 3 x2 x ] + 5 are composite numbers.
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7. There is a circular path around a sports field. Sonia takes 18 minutes to drive one round
of the field, while Ravi takes 12 minutes for the same. Suppose they both start at the
same point and at the same time, and go in the same direction. After how many minutes
will they meet again at the starting point?

1.3 Revisiting Irrational Numbers

In Class IX, you were introduced to irrational numbers and many of their properties. You
studied about their existence and how the rationals and the irrationals together made up the
real numbers. You even studied how to locate irrationals on the number line. However, we

did not prove that they were irrationals. In this section, we will prove that /2, /3, /5 and,

in general, ./p is irrational, where p is a prime. One of the theorems, we use in our proof, is
the Fundamental Theorem of Arithmetic.

Recall, a number ‘s’ is called irrational if it cannot be written in the form ga where p and

q are integers and ¢ # 0. Some examples of irrational numbers, with which you are already
familiar, are :

V2,\3,\15, m, —£’0.10110111011110..., etc.

B

Before we prove that /> is irrational, we need the following theorem, whose proof is
based on the Fundamental Theorem of Arithmetic.
Theorem 1.2 : Let p be a prime number. If p divides a°, then p divides a, where a is a positive
integer.
“Proof : Let the prime factorisation of a be as follows :

a=pp,...p,wherep p,, ... p areprimes, not necessarily distinct.
2 2

Therefore, a*=(p,p,...p p,p,.--P)=P.P;...D-
Now, we are given that p divides a?. Therefore, from the Fundamental Theorem of Arithmetic, it
follows that p is one of the prime factors of a*>. However, using the uniqueness part of the
Fundamental Theorem of Arithmetic, we realise that the only prime factors of a*arep , p,, .. .,
p,-Sopisoneofp,p,....p,.
Now, sincea=p p,...p,,p divides a.

We are now ready to give a proof that /> is irrational.

The proof'is based on a technique called ‘proof’by contradiction’. (This technique is discussed
in some detail in Appendix 1).

* Not from the examination point of view.
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Theorem 1.3 : /5 is irrational.

Proof : Let us assume, to the contrary, that /7 is rational.

So, we can find integers » and s (# 0) such that ./ = g .

Suppose  and s have a common factor other than 1. Then, we divide by the common factor

to get /2 =<, where a and b are coprime.
b

So, b\2 =a.

Squaring on both sides and rearranging, we get 26*> = a*. Therefore, 2 divides a°.

Now, by Theorem 1.3, it follows that 2 divides a.

So, we can write a = 2¢ for some integer c.

Substituting for a, we get 2b* = 4¢?, that is, b* = 2¢2.

This means that 2 divides 4%, and so 2 divides b (again using Theorem 1.3 with p = 2).
Therefore, a and b have at least 2 as a common factor.

But this contradicts the fact that a and » have no common factors other than 1.

This contradiction has arisen because of our incorrect assumption that /> is rational.
So, we conclude that /7 is irrational.
Example 5 : Prove that /3 is irrational.

Solution : Let us assume, to the contrary, that /3 is rational.

That is, we can find integers a and b (# 0) such that /3 = %

Suppose a and b have a common factor other than 1, then we can divide by the common
factor, and assume that a and b are coprime.

So, b3 =a-
Squaring on both sides, and rearranging, we get 36> = a’.

Therefore, a? is divisible by 3, and by Theorem 1.3, it follows that a is also divisible by
3.
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So, we can write a = 3¢ for some integer c.
Substituting for a, we get 35> = 9¢?, that is, b* = 3¢

This means that 5 is divisible by 3, and so b is also divisible by 3 (using Theorem 1.3
with p = 3).

Therefore, a and b have at least 3 as a common factor.

But this contradicts the fact that ¢ and b are coprime.

This contradiction has arisen because of our incorrect assumption that /3 is rational. So, we
conclude that /3 is irrational.

In Class IX, we mentioned that :
® the sum or difference of a rational and an irrational number is irrational and
® the product and quotient of a non-zero rational and irrational number is irrational.

We prove some particular cases here.

Example 6 : Show that 5 — /3 is irrational.
Solution : Let us assume, to the contrary, that 5 — /3 is rational.

a

That is, we can find coprime a and b (b # 0) such that 5 — /3 = p

Therefore, 5 — % -3

Rearranging this equation, we get /3 =5 — % _3b b_ a.

Since a and b are integers, we get 5 — % is rational, and so /3 is rational.

But this contradicts the fact that /3 is irrational.

This contradiction has arisen because of our incorrect assumption that 5 — /3 is rational.
So, we conclude that 5 — /3 is irrational.

Example 7 : Show that 3.2 is irrational.

Solution : Let us assume, to the contrary, that 3./2 is rational.

That is, we can find coprime a and b (b # 0) such that 3./2 = %.
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Rearranging, we get /2 = %.

. . a . . . .
Since 3, a and b are integers, 3 18 rational, and so ./ is rational.
But this contradicts the fact that /> is irrational.

So, we conclude that 3,/7 is irrational.

EXERCISE 1.2
1. Prove that /s is irrational.
2. Prove that 3+ 25 is irrational.

3. Prove that the following are irrationals :
(i) % (i) 7.5 (iii) 6++2
1.4 Summary

In this chapter, you have studied the following points:

1. The Fundamental Theorem of Arithmetic :

Every composite number can be expressed (factorised) as a product of primes, and this
factorisation is unique, apart from the order in which the prime factors occur.

2. Ifpisaprime and p divides a2, then p divides a, where a is a positive integer.

3. To prove that /2, \/3 are irrationals.

A NOTE TO THE READER

You have seen that :

HCF (p, q,r) x LCM (p, q, r) # p * g % r, where p, g, r are positive integers
(see Example 8). However, the following results hold good for three numbers

p.qandr:
B pquCF(p’ q, r)
HCF (p, ¢, ) = B )

LCM(p, q) - LCM(g, r) - LCM(p, 1)
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PoLYNOMIALS 2

2.1 Introduction

In Class IX, you have studied polynomials in one variable and their degrees. Recall that if p(x)
is a polynomial in x, the highest power of x in p(x) is called the degree of the polynomial
p(x). For example, 4x + 2 is a polynomial in the variable x of degree 1, 2> — 3y + 4 is a

polynomial in the variable y of degree 2, 5x* —4x* +x— /2 is a polynomial in the variable x of

degree 3 and 7uf — %u4 +4u” + u — 8 is a polynomial in the variable u of degree 6. Expressions

like % s Nx+2, etc., are not polynomials.
P

x> +2x+3

A polynomial of degree 1 is called a linear polynomial. For example, 2x — 3, /3x + 5,
y+~2, x - %, 3z+4, %u +1, etc., are all linear polynomials. Polynomials such as 2x + 5 —x?,
x*+ 1, etc., are not linear polynomials.

A polynomial of degree 2 is called a quadratic polynomial. The name ‘quadratic’ has

been derived from the word ‘quadrate’, which means ‘square’. 2x? + 3x — % V?=2, 2— ¥+ f3x,

% — 2+ 5,57 - %v, 4z* + % are some examples of quadratic polynomials (whose coefficients

are real numbers). More generally, any quadratic polynomial in x is of the form ax? + bx + ¢,
where a, b, c are real numbers and a # 0. A polynomial of degree 3 is called a cubic polynomial.
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Some examples of a cubic polynomial are 2 —x3, x3, \2x*, 3 —x* +x3, 3x*— 2x? + x — 1. In fact,
the most general form of a cubic polynomial is

ax’ +bx*+cx +d,
where, a, b, ¢, d are real numbers and a = 0.

Now consider the polynomial p(x) =x*—3x —4. Then, putting x =2 in the polynomial, we
get p(2)=22—-3 x2—-4=—6. The value ‘- 6’, obtained by replacing x by 2 in x> — 3x — 4, is the
value of x> — 3x — 4 at x = 2. Similarly, p(0) is the value of p(x) at x = 0, which is — 4.

If p(x) is a polynomial in x, and if k£ is any real number, then the value obtained by replacing
x by k in p(x), is called the value of p(x) at x = k, and is denoted by p(k).

What is the value of p(x) = x* —3x — 4 at x =—1? We have :

PN = C1P-3% (1)} ~4=0
Also, note that p(4) = 42-3x4)-4=0.

As p(—1)=0and p(4) =0, —1 and 4 are called the zeroes of the quadratic polynomial x* —
3x — 4. More generally, a real number £ is said to be a zero of a polynomial p(x), if p(k) = 0.

You have already studied in Class IX, how to find the zeroes of a linear polynomial.
For example, if k is a zero of p(x) = 2x + 3, then p(k) = 0 gives us

2 +3=0, i, k= —%-

o ' —b
In general, if £ is a zero of p(x) = ax + b, then p(k) = ak + b =0, i.e., k =—= So, the zero
of the linear polynomial ax + b is - _- (COHSt.ant term)
a Coefficient of x

Thus, the zero of a linear polynomial is related to its coefficients. Does this happen in the
case of other polynomials too? For example, are the zeroes of a quadratic polynomial also
related to its coefficients?

In this chapter, we will try to answer these questions. We will also study the division algorithm
for polynomials.

2.2 Geometrical Meaning of the Zeroes of a Polynomial

You know that a real number £ is a zero of the polynomial p(x) if p(k) = 0. But why are the
zeroes of a polynomial so important? To answer this, first we will see the geometrical
representations of linear and quadratic polynomials and the geometrical meaning of their zeroes.
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Consider first a linear polynomial ax + b, a # 0. You have studied in Class IX that the graph of
y =ax + b is a straight line. For example, the graph of y = 2x + 3 is a straight line passing
through the points (—2,—1) and (2, 7).

X -2 2

y=2+3| -1 7

From Fig. 2.1, you can see that
the graph of y =2x + 3 intersects the
x-axis mid-way between x =—1 and
X = -2,

that is, at the point [—3, oj.
2
You also know that the zero of

2x+3is _3. Thus, the zero of the
2

polynomial 2x + 3 1is the
x-coordinate of the point where the
graph of y = 2x + 3 intersects the x-
axis.

Fig. 2.1

In general, for a linear polynomial ax + b, a # 0, the graph of y = ax + b is a straight line

which intersects the x-axis at exactly one point, namely, [_b’ Oj. Therefore, the linear
a

polynomial ax + b, a # 0, has exactly one zero, namely, the x-coordinate of the point where the
graph of
y = ax + b intersects the x-axis.

Now, let us look for the geometrical meaning of a zero of a quadratic polynomial. Consider
the quadratic polynomial x> — 3x —4. Let us see what the graph* of y =x?— 3x —4 looks like. Let
us list a few values of y = x> — 3x — 4 corresponding to a few values for x as given in Table 2.1.

* Plotting of graphs of quadratic or cubic polynomials is not meant to be done by the students, nor is to be
evaluated.
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Table 2.1

X -2 -1 0

y=x-3x-4| 6 | 0 |-4 | -6 |-6|-4| 0 |6

If we locate the points listed above
on a graph paper and draw the graph, it
will actually look like the one given in
Fig. 2.2

In fact, for any quadratic polynomial
ax* + bx + ¢, a # 0, the graph of the
corresponding equation y = ax* + bx + ¢
has one of the two shapes either open
upwards like \ / or open downwards like
N depending on whether a> 0 or a <0.
(These curves are called parabolas.)

You can see from Table 2.1 that —1
and 4 are zeroes of the quadratic
polynomial.Also note from Fig. 2.2 that
—1 and 4 are the x-coordinates of the
points where the graph of y=x?—3x—4
intersects the x-axis. Thus, the zeroes of
the quadratic polynomial x* — 3x — 4 are
x-coordinates of the points where the
graph of y = x> — 3x — 4 intersects the
X-axis.

(-2, 6) 61 3, 6)

Fig. 2.2

This fact is true for any quadratic polynomial, i.e., the zeroes of a quadratic polynomial
ax*+ bx +c, a# 0, are precisely the x-coordinates of the points where the parabola representing
y = ax* + bx + ¢ intersects the x-axis.

From our observation earlier about the shape ofthe graph of y = ax? + bx + ¢, the following

three cases can happen:



200 27

X -2 | -1 0 1 2 3 4 5

y=x-3x-4| 6 | 0 |-4 |-6 |-6 -4 | 0 |6

(e sASSH Sod K)ééée'j's Ho

5 h 4

DotHHOB 1HB0Y , (EHsn & O D ©b 'y

K0P Hekn 2.2 I8 D) EH0k. 7+
Qe ax? +bx +c, a # 0, &rHos® (-2, 6) 6+ (5, 6)

Ko 2 3 25008 FBoE) o $&08Bes o
y =ax>+ bx + ¢ &%) Sgr Fo.

\J w280 3 s, esedod® Bob SHH
N 590 &5 SEEmentr &othHd. & wsEo a
>0 or a < 0 Qoo wgrdsa
60eN0R. (88 J(EPod Hdo Jrrdedsren
e0PXD)

& Hdw 2.1 Ho& oo é@éé&
DFVHE  Seargen -1 HHBASH 4 . NHdd
K$0oBHEy).  HBo BgedBo X -- TP
OIS DotHHe X - QBedseen -1 HdEm 4 (3, —4)
™ KBS Y = x* — 3x — 4 (¢ xogod
aao&oé)zéewwm K10 HD). 529 aa@ Eétg
50N x> —3x —4 Toog) Eragen , S8 Y
DTVHE Too¥), T D(BK0
y=x=3x—4, X- 9550 »o&od HotbHe

X - QEHzPe0 @©9ondQ.

T——

deo 2.2
90 O Y 2T0HLOH wanT® $EED. ©okhBy , XKW Fgrdwore ax® +hx +c,a# 0 oI

eétg 25T0H éavsge)a , &8 Eété 25058 HEBe0 y= ax*>+ bx + ¢ @»é& Bgr DB X- o)
POG0DVIYE RBYES Dothzhe X - TSP widHzea.

S50 $88D0DS AV @ y = ax’ + bx + ¢, Tgr Y wseTeew K (Bod Letd Dgreorr
608D, ©d



28 PorLynoMIALS

Case (i) : Here, the graph cuts x-axis at two distinct points Aand A’.

The x-coordinates of A and A’ are the two zeroes of the quadratic polynomial ax? + bx + ¢
in this case (see Fig. 2.3).

(i) (ii)
Fig. 2.3

Case (ii) : Here, the graph cuts the x-axis at exactly one point, i.e., at two coincident points. So,
the two points Aand A’ of Case (i) coincide here to become one point A (see Fig. 2.4).

() - (i)

Fig. 2.4

The x-coordinate of A is the only zero for the quadratic polynomial ax* + bx + ¢ in this
case.
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Case (iii) : Here, the graph is either completely above the x-axis or completely below the x-
axis. So, it does not cut the x-axis at any point (see Fig. 2.5).

Y Y
F S F 5
X'« 5 » X X'« 5 » X
v v
Y Y
(1) (i1)
Fig. 2.5

So, the quadratic polynomial ax? + bx + ¢ has no zero in this case.

So, you can see geometrically that a quadratic polynomial can have either two distinct
zeroes or two equal zeroes (i.e., one zero), or no zero. This also means that a polynomial of
degree 2 has atmost two zeroes.

Now, what do you expect the geometrical meaning of the zeroes of a cubic polynomial to
be? Let us find out. Consider the cubic polynomial x* —4x. To see what the graph of y =x* —4x
looks like, let us list a few values of y corresponding to a few values for x as shown in Table 2.2.

Table 2.2
X -2 -1 0 1 2
y=x*-4x| 0 3 0 -3 0

Locating the points of the table on a graph paper and drawing the graph, we see that the
graph of y = x* — 4x actually looks like the one given in Fig. 2.6.
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We see from the table above that —2, 0
and 2 are zeroes of the cubic polynomial
x3—4x. Observe that—2, 0 and 2 are, in fact,
the x-coordinates of the only points where
the graph of y = x* — 4x intersects the
x-axis. Since the curve meets the x-axis in
only these 3 points, their x-coordinates are
the only zeroes of the polynomial.

Let us take a few more examples.
Consider the cubic polynomials x* and
x* — x%. We draw the graphs of y = x* and
y = x> — x? in Fig. 2.7 and Fig. 2.8
respectively.

T

;&&%
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U %%ﬁ

Fig.
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Note that 0 is the only zero of the polynomial x*. Also, from Fig. 2.7, you can see that 0 is
the x-coordinate of the only point where the graph of y = x3 intersects the
x-axis. Similarly, since x* —x*=x?(x— 1), 0 and 1 are the only zeroes of the polynomial x* — x2.
Also, from Fig. 2.8, these values are the x-coordinates of the only points where the graph of
y =x*—x? intersects the x-axis.

From the examples above, we see that there are at most 3 zeroes for any cubic polynomial.
In other words, any polynomial of degree 3 can have at most three zeroes.

Remark : In general, given a polynomial p(x) of degree n, the graph of y = p(x) intersects the
x-axis at atmost » points. Therefore, a polynomial p(x) of degree n has at most n zeroes.

Example 1 : Look at the graphs in Fig. 2.9 given below. Each is the graph of y = p(x), where
p(x) is a polynomial. For each of the graphs, find the number of zeroes of p(x).

(i) (ii) (iii)

(iv) V) (vi)
Fig. 2.9

Solution :
(1) The number of zeroes is 1 as the graph intersects the x-axis at one point only.
(i1) The number of zeroes is 2 as the graph intersects the x-axis at two points.
(ii1) The number of zeroes is 3. (Why?)
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(iv) The number of zeroes is 1. (Why?)

(v) The number of zeroes is 1. (Why?)

(vi) The number of zeroes is 4. (Why?)
EXERCISE 2.1

1. The graphs of y = p(x) are given in Fig. 2.10 below, for some polynomials p(x). Find the
number of zeroes of p(x), in each case.

ANVA

Y
X+ 0 X X j /= X X / 0

¥

y

—p

: ;2
(1) (i) (i)

v ¥ ¥
SRk L
- : '

(iv) ) (vi)

Fig. 2.10

2.3 Relationship between Zeroes and Coefficients of a Polynomial

You have already seen that zero of a linear polynomial ax+ b is _ b We will now try to answer

a
the question raised in Section 2.1 regarding the relationship between zeroes and coefficients
of a quadratic polynomial. For this, let us take a quadratic polynomial, say p(x) = 2x*>— 8x + 6.
In Class IX, you have learnt how to factorise quadratic polynomials by splitting the middle
term. So, here we need to split the middle term ‘— 8x’ as a sum of two terms, whose product is
6 x 2x?> = 12x%. So, we write

232 —8x+6=2x*—6x—2x+6=2x(x—3)-2(x - 3)
=2x-2)(x-3)=2(x-1) (x-3)
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So, the value of p(x) =2x>—8x + 6 is zero whenx— 1 =0 orx—3 =0, i.e., whenx=1 or

x =3. So, the zeroes of 2x> — 8x + 6 are 1 and 3. Observe that :

(=8)  —(Coefficient of x)
2 Coefficient of x*

Sum of its zeroes = 1+3=4=—

Product of its zeroes = 1x3=3= 6 _ _Constant term

B 5 Coefficient of x*

Let us take one more quadratic polynomial, say, p(x) = 3x*> + 5x — 2. By the method of

splitting the middle term,

3 +5x—2=32+6x—x—-2=3x(x +2)-1(x +2)

= Bx— D)(x +2)

Hence, the value of 3x? + 5x — 2 is zero when either 3x — 1 =0orx+2 =0, i.e., when x =

1 1
— or x =—2. So, the zeroes of 3x*> + 5x — 2 are — and — 2. Observe that :

3 3
) 1 -5 —(Coefficient of
Sum of its zeroes = -+ (-2)=—= (Coe .Clen 2 ;C)
3 3 Coefficient of x
. 1 -2 tant t
Product of its zeroes = —x(-2)=—= Cons 'fm erm2
3 3 Coefficient of x

In general, if o* and B* are the zeroes of the quadratic polynomial p(x) = ax® + bx + ¢,

a # 0, then you know that x — e and x —  are the factors of p(x). Therefore,

ax* + bx + ¢ = k(x — a) (x — B), where £ is a constant

= k[x*— (o + B)x +a f]
=k —k(a+Bx+kaf

Comparing the coefficients of x?, x and constant terms on both the sides, we get

a=k,b=—k(a+p)and c=kaf.

. -b
This gives atf= o

C
aB—a

* o, are Greek letters pronounced as ‘alpha’ and ‘beta’ respectively. We will use later one more letter

“y’ pronounced as ‘gamma’.
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i _ b —(Coefficient of x)
L€., sum of zeroes=a+ =-— = . =,
a Coefficient of x

c Constant term
product of zeroes =ofy = — =

a Coefficient of x*

Let us consider some examples.
Example 2 : Find the zeroes of the quadratic polynomial x* + 7x + 10, and verify the relationship
between the zeroes and the coefficients.
Solution : We have
X+Tx+10=(x+2)(x+5)
So, the value of x> + 7x + 10 is zero whenx +2=0orx +5=0, i.e., when x =— 2 or x = —5.

Therefore, the zeroes of x> + 7x + 10 are — 2 and — 5. Now,

—(7) —(Coefficient of x)
sum of zeroes = -2+ (-5)=—(7) = = )
) 2 1 Coefficient of x*

1 tant t
product of zeroes = (=2)x (-5)=10= 10_ _Cons = errn2 '
1 Coefficient of x

Example 3 : Find the zeroes of the polynomial x?> — 3 and verify the relationship between the
zeroes and the coefficients.

Solution : Recall the identity a> — b*> = (a — b)(a + b). Using it, we can write:
xX*—3= (x—ﬁ)(x+ﬁ)

So, the value of x> — 3 is zero when x = /3 orx = _ /3.

Therefore, the zeroes of x> — 3 are /3 and —/3.

Now,

—(Coefficient of x)

sum of zeroes = 3 —\3=0 =
Coefficient of x*

-3 Constant term

product of zeroes = (ﬁ)(—ﬁ) __3_0_

1 Coefficient of x? '
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Example 4 : Find a quadratic polynomial, the sum and product of whose zeroes are —3 and 2,
respectively.

Solution : Let the quadratic polynomial be ax? + bx + ¢, and its zeroes be o and f.
We have

b
(},+B——3—79

and oc[3=2=£-

a
Ifa=1,thenb=3 and c=2.
So, one quadratic polynomial which fits the given conditions is x* + 3x + 2.

You can check that any other quadratic polynomial that fits these conditions will be of the
form k(x* + 3x + 2), where & is real.

Let us now look at cubic polynomials. Do you think a similar relation holds
between the zeroes of a cubic polynomial and its coefficients?

Let us consider p(x) = 2x* — 5x> — 14x + 8.

You can check that p(x) =0 for x =4, — 2, % Since p(x) can have atmost three zeroes,

these are the zeores of 2x* — 5x? — 14x + 8. Now,

1 5 —(=5) —(Coefficient of x*
sum of the zeroes = 4+ (-2) + —=== ( )= (Coe l(?len ° ﬁ )
2 2 2 Coefficient of x

product of the zeroes = 4 x (-2) x % _ _4— 8 _ —Constant term

2 Coefficient of x°

However, there is one more relationship here. Consider the sum of the products of the
zeroes taken two at a time. We have

{4x(-2)} + {(—2) X %} + {% X 4}
—14  Coefficient of x

= -8-1+2=-T=—" = : -
2 Coefficient of x

In general, it can be proved that if o, B, y are the zeroes of the cubic polynomial
ax’® + bx* + cx +d, then
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-b
at+tB+y= g

oaf +By+yo= -,

—d
apy=—

pt
Let us consider an example.

. 1 . .
Example 5 : Verify that 3, -1, 3 are the zeroes of the cubic polynomial p(x) = 3x* — 5x> —

11x — 3, and then verify the relationship between the zeroes and the coefficients.
Solution : Comparing the given polynomial with ax® + bx* + cx + d, we get
a=3,b=-5,c=-11,d=-3. Further
p(3)=3x33—-(5x3)— (11 x3)-3=81-45-33-3=0,
P1)=3x (C1P—5x (1211 x(-1)=3=-3-5+11-3=0,

Ao ()

1
Therefore, 3, —1 and 3 are the zeroes of 3x* — 5x2 — 11x — 3.

So, wetake ao=3,3 =—1 andy= _%.

Now,

el o, 15 b
a+B+y=3+( 1)+[ 3j_2 33 3 p

aBy=3x(—1)x[—%j=1=$=‘7d.

* Not from the examination point of view.
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BYPLO
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oa+B+y=3+( 1)+[ J 2 33 3 P

QBY=3X(—1)X[—§j=1=;=—

* $58%0% 080508358 =%,

b @
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EXERCISE 2.2

1. Find the zeroes of the following quadratic polynomials and verify the relationship between
the zeroes and the coefficients.

(i) ¥ —2x—8 (ii) 452 —4s + 1 (iii) 62— 3 — Tx
(iv) 4u* + 8u v) #-15 (vi) 3x*—x—4

2. Find a quadratic polynomial each with the given numbers as the sum and product of its
zeroes respectively.

(i) %,—1 (i) V2 % (iii) 0,5

>

iv) 1,1 v) - (vi) 4,1

EN e
EN e

2.4 Summary
In this chapter, you have studied the following points:

1. Polynomials of degrees 1, 2 and 3 are called linear, quadratic and cubic polynomials
respectively.

2. A quadratic polynomial in x with real coefficients is of the form ax* + bx + ¢, where a, b, ¢
are real numbers with a # 0.

3. The zeroes of a polynomial p(x) are precisely the x-coordinates of the points, where the
graph of y = p(x) intersects the x - axis.

4. A quadratic polynomial can have at most 2 zeroes and a cubic polynomial can have
at most 3 zeroes.

5. If a.and P are the zeroes of the quadratic polynomial ax* + bx + ¢, then
a+p=-2, ap=,
a a
6. If a, B3, y are the zeroes of the cubic polynomial ax® + bx* + cx + d, then

0L+[3+'Y=—9
a
c
af+By+yo=—>
a

and an=i-
a
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PAIR OF LINEAR EQUATIONS
IN TWO VARIABLES 3

3.1 Introduction
You must have come across situations like the one given below :

Akhila went to a fair in her village. She wanted to enjoy rides on the Giant Wheel and play
Hoopla (a game in which you throw a ring on the items kept in a stall, and if the ring covers any
object completely, you get it). The number of times she played Hoopla is half the number of
rides she had on the Giant Wheel. If each ride costs * 3, and a game of Hoopla costs * 4, how
would you find out the number of rides she had and how many times she played Hoopla, provided
she spent * 20.

May be you will try it by considering different cases. If she has one ride, is it possible? Is
it possible to have two rides? And so on. Or you may use the knowledge of Class IX, to represent
such situations as linear equations in two variables.
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Let us try this approach.

Denote the number of rides that Akhila had by x, and the number of times she played Hoopla
by y. Now the situation can be represented by the two equations:

y=x (1)

3x +4y =20 2)
Can we find the solutions of this pair of equations? There are several ways of finding these,
which we will study in this chapter.
3.2 Graphical Method of Solution of a Pair of Linear Equations
A pair of linear equations which has no solution, is called an inconsistent pair of linear equations.
A pair of linear equations in two variables, which has a solution, is called a consistent pair of
linear equations. A pair of linear equations which are equivalent has infinitely many distinct

common solutions. Such a pair is called a dependent pair of linear equations in two variables.
Note that a dependent pair of linear equations is always consistent.

We can now summarise the behaviour of lines representing a pair of linear equations in
two variables and the existence of solutions as follows:

(1) the lines may intersect in a single point. In this case, the pair of equations has a unique
solution (consistent pair of equations).

i1) the lines may be parallel. In this case, the equations have no solution (inconsistent
ybep q
pair of equations).

(ii1) the lines may be coincident. In this case, the equations have infinitely many solutions
[dependent (consistent) pair of equations].

Consider the following three pairs of equations.

(i) x—2y=0and 3x +4y—20=0 (The lines intersect)

(i1) 2x+3y—-9=0and 4x + 6y — 18 =0 (The lines coincide)
(iii) x+2y—4=0and 2x +4y—12=0  (The lines are parallel)

. b .
Let us now write down, and compare, the values of 2—13 b—l and z—l in all the three examples.
2 o) 2
Here, a,, b, ¢, and a,, b,, c, denote the coefficents of equations given in the general form in

Section 3.2.
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Table 3.1
. . a b1 (&} . .
Sl [ Pair of lines — | = | = Compare the| Graphical Algebraic
a4 b, &3
No. ratios representation | interpretation
I |=29=0 Dl 20 2 a2 nersecti Bl
x—=2y g 7 20| @ b ntersecting xactly one
3x +4y—20=0 lines solution
(unique)
2 laxesy_9=0 | 2] | 2| &-2_4 | Coincident | Infinitel
A2x+3y-9= 7 ; 8| a4 b o oinciden nfinitely
4x+6y—18=0 lines many solutions
3.|x+2y—4=0 2 Ml alh,a Parallel lines | No solution
o R 2 | 4 | Ti2| & b o "
2x+4y-12=0

From the table above, you can observe that if the lines represented by the equation
ax+by+tc =0

and ax+by+c,=0
N . a b

are (i) intersecting, then — = —-
a, b,

(i1) coincident, then a4 =2—1 =-L.
2

(iii) parallel, then a_h #—L
a b, G

In fact, the converse is also true for any pair of lines. You can verify them by considering

some more examples by yourself.

Let us now consider some more examples to illustrate it.

Example 1 : Check graphically whether the pair of equations

and

x+3y=26 (1)
2x -3y =12 (2)

is consistent. If so, solve them graphically.
Solution : Let us draw the graphs of the Equations (1) and (2). For this, we find two solutions
of each of the equations, which are given in Table 3.2
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Table 3.2

Plot the points A(0, 2), B(6, 0), P(0, —
4)and Q(3,—2) on graph paper, and join the
points to form the lines AB and PQ as shown
i n
Fig. 3.1.

We observe that there is a point B (6, 0)
common to both the lines AB and PQ. So,
the solution of the pair of linear equations is
x =6 and y = 0, i.e., the given pair of
equations is consistent. Y’

Fig. 3.1
Example 2 : Graphically, find whether the following pair of equations has no solution, unique
solution or infinitely many solutions:

Sx—8y+1=0 (1)
24 3
x-Sy =0 (2)

Solution : Multiplying Equation (2) by g we get

Sx-8+1=0
But, this is the same as Equation (1). Hence the lines represented by Equations (1) and (2) are
coincident. Therefore, Equations (1) and (2) have infinitely many solutions.

Plot few points on the graph and verify it yourself.

Example 3 : Champa went to a ‘Sale’ to purchase some pants and skirts. When her friends
asked her how many of each she had bought, she answered, “The number of skirts is two less
than twice the number of pants purchased. Also, the number of skirts is four less than four times
the number of pants purchased”. Help her friends to find how many pants and skirts Champa
bought.
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Solution : Let us denote the number of pants by x and the number of skirts by y. Then the
equations formed are :

y=2x-2 (1)
and y=4x-4 (2)
Letus draw the graphs of Equations (1) and (2) Y

by finding two solutions for each of the equations.
They are given in Table 3.3.

Table 3.3

X 2 0

y=2x-2( 2|-2

X 0 1

y=4x-4(-4] 0

Fig. 3.2

Plot the points and draw the lines passing through them to represent the equations, as
shown in Fig. 3.2.

The two lines intersect at the point (1, 0). So, x = 1, y = 0 is the required solution of the
pair of linear equations, i.e., the number of pants she purchased is 1 and she did not buy any
skirt.

Verify the answer by checking whether it satisfies the conditions of the given problem.

EXERCISE 3.1

1. Form the pair of linear equations in the following problems, and find their solutions
graphically.

(1) 10 students of Class X took part in a Mathematics quiz. If the number of girls is 4
more than the number of boys, find the number of boys and girls who took part in the
quiz.
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(i1) 5 pencils and 7 pens together cost * 50, whereas 7 pencils and 5 pens together cost *
46. Find the cost of one pencil and that of one pen.
2. On comparing the ratios -, llj—l and <=, find out whether the lines representing the following
a O )

pairs of linear equations intersect at a point, are parallel or coincident:

(1) 5x—4y+8=0 (i) 9x+3y+12=0
Tx+6y—9=0 18x+6y+24=0
(iii) 6x—-3y+10=0
2x-y+9=0

3. On comparing the ratios Z—l 11)7_1 and 5—1 , find out whether the following pair of linear
2 2 2

equations are consistent, or inconsistent.
(1) 3x+2y=5; 2x =3y =17 (ii) 2x-3y=8; 4x-6y=9

(iii) %x+§y:7;9x—1oy=14 (iv) Sx—3y=11;  —10x+6y=-22

(v) 3r+2=8;2x+3y =12

4. Which of the following pairs of linear equations are consistent/inconsistent? If consistent,
obtain the solution graphically:
(i) x+y=5, 2x+2y=10
(i) x—y=8, 3x-3y=16
(i) 2x+y—-6=0, 4x-2y—-4=0
(iv) 2x—=2y—-2=0, 4x—-4y-5=0
5. Half the perimeter of a rectangular garden, whose length is 4 m more than its width, is
36 m. Find the dimensions of the garden.
6. Given the linear equation 2x + 3y — 8 = 0, write another linear equation in two variables
such that the geometrical representation of the pair so formed is:
(1) intersecting lines (i1) parallel lines
(iii) coincident lines
7. Draw the graphs of the equations x —y + 1 = 0 and 3x + 2y — 12 = 0. Determine the
coordinates of the vertices of the triangle formed by these lines and the x-axis, and shade
the triangular region.
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3.3 Algebraic Methods of Solving a Pair of Linear Equations

In the previous section, we discussed how to solve a pair of linear equations graphically. The
graphical method is not convenient in cases when the point representing the solution of the
4 1

e E) , etc. There
is every possibility of making mistakes while reading such coordinates. Is there any alternative
method of finding the solution? There are several algebraic methods, which we shall now discuss.

3.3.1 Substitution Method : We shall explain the method of substitution by taking some
examples.

linear equations has non-integral coordinates like (v3, 247), (-1.75, 3.3), [

Example 4 : Solve the following pair of equations by substitution method:
Tx—15y=2 (D)
x+2y=3 2)
Solution :

Step 1 : We pick either of the equations and write one variable in terms of the other. Let us
consider the Equation (2) :

x+2y=3
and write it as x=3-2y 3)
Step 2 : Substitute the value of x in Equation (1). We get
73 -2y)—15y=2

ie., 21 -14y—15y=2

ie., —-29y=-19
19

Therefore, y=3

Step 3 : Substituting this value of y in Equation (3), we get

19) 49
p— J— 2 —_— = —
x=3 [29j 29

. 49 19
Therefore, the solution is x = 557~ 29
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o 49 19 . .
Verification : Substituting x = > and y = 59> Youcan verify that both the Equations (1) and

(2) are satisfied.
To understand the substitution method more clearly, let us consider it stepwise:

Step 1 : Find the value of one variable, say y in terms of the other variable, i.e., x from either
equation, whichever is convenient.

Step 2 : Substitute this value of y in the other equation, and reduce it to an equation in one
variable, i.e., in terms of x, which can be solved. Sometimes, as in Examples 9 and 10 below,
you can get statements with no variable. If this statement is true, you can conclude that the pair
of linear equations has infinitely many solutions. If the statement is false, then the pair of linear
equations is inconsistent.

Step 3 : Substitute the value of x (or y) obtained in Step 2 in the equation used in
Step 1 to obtain the value of the other variable.

Remark : We have substituted the value of one variable by expressing it in terms of the other
variable to solve the pair of linear equations. That is why the method is known as the substitution
method.

Example 5 : Solve the following question—Aftab tells his daughter, “Seven years ago, [ was
seven times as old as you were then. Also, three years from now, I shall be three times as old as
you will be.” (Isn’t this interesting?) Represent this situation algebraically and graphically by
the method of substitution.

Solution : Let s and ¢ be the ages (in years) of Aftab and his daughter, respectively. Then, the
pair of linear equations that represent the situation is

s=T7=T7(@-17),1e., s—=Tt+42=0 (1)
and s+3=3(t+3),1e., s—3t=6 (2)
Using Equation (2), we get s =3¢+ 6.
Putting this value of s in Equation (1), we get

(Bt+6)-T7t+42=0,
ie., 4t = 48, which gives t = 12.
Putting this value of ¢ in Equation (2), we get

s=312)+6=42
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So, Aftab and his daughter are 42 and 12 years old, respectively.

Verify this answer by checking ifit satisfies the conditions of the given problems.

Example 6 : In a shop the cost of 2 pencils and 3 erasers is ~9 and the cost of 4 pencils and 6
erasers is ~ 18. Find the cost of each pencil and each eraser.

Solution : The pair of linear equations formed were:

2x+3y=9 (1)
4x + 6y =18 (2)
We first express the value of x in terms of y from the equation 2x + 3y =9, to get
_9-3y
xX=— 3)

Now we substitute this value of x in Equation (2), to get

409 - 3y) foy— 18
ie., 18— 6y +6y=18
1e., 18=18

This statement is true for all values of y. However, we do not get a specific value of y
as a solution. Therefore, we cannot obtain a specific value of x. This situation has arisen
because both the given equations are the same. Therefore, Equations (1) and (2) have
infinitely many solutions. We cannot find a unique cost of a pencil and an eraser, because
there are many common solutions, to the given situation.

Example 7 : Two rails are represented by the equations
x+2y—4=0and 2x +4y— 12=0. Will the rails cross each other?

Solution : The pair of linear equations formed were:

x+2y—-4=0 (1)
2x+4y—-12=0 (2)
We express x in terms of y from Equation (1) to get
x=4-2y

Now, we substitute this value of x in Equation (2) to get
24-2y)+4y—-12=0
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1e., 8—-12=0
1e., -4=0
which is a false statement.

Therefore, the equations do not have a common solution. So, the two rails will not cross each
other.

EXERCISE 3.2

1. Solve the following pair of linear equations by the substitution method.

(i) x+y=14 (i) s—t=3
_ st
xX—y= 4 3 + 5 6
(iii) 3x—y=3 (iv) 0.2x +0.3y=1.3
Ox—-3y=9 0.4x +0.5y=2.3
(V) V2x+3y=0 vi) 3 -F=-2
13
Bx-8y=0 % + % 3
2. Solve 2x + 3y = 11 and 2x — 4y = — 24 and hence find the value of ‘m’ for which
y=mx+3.
3. Fogm the pair otl“1 li(rllear equations for the following problems and find their solution by
substitution method.
(1) The difference between two numbers is 26 and one number is three times the other.
Find them.

(i1) The larger of two supplementary angles exceeds the smaller by 18 degrees. Find them.

(iii) The coach of a cricket team buys 7 bats and 6 balls for * 3800. Later, she buys 3 bats
and 5 balls for * 1750. Find the cost of each bat and each ball.

(iv) The taxi charges in a city consist of a fixed charge together with the charge for the
distance covered. For a distance of 10 km, the charge paidis * 105 and for a journey
of 15 km, the charge paid is *~ 155. What are the fixed charges and the charge per km?
How much does a person have to pay for travelling a distance of 25 km?

(v) Afraction becomes 2 ,if 2 is added to both the numerator and the denominator. If,

3 is added to both the numerator and the denominator it becomes % . Find the fraction.



B0 H5ETabree58 TeBos ddoES oo w8 67

1e., 8—-12=0

1e., -4=0

B0 V&) (HSSS0

0% IOF, & HELESeTe% I%Eﬁ)&(% S So. sm@, &3 o K)é.ge» 2.B8TPIEESR o).

oFFgo 3.2
1. o ad)S BDSH SwEBere wdedd (B8 HLE o oS,
(i) x+y=14 (i) s—t=3
xX—y= 4 §+é=6
(i) 3x—y=3 (iv) 0.2x +0.3y=1.3
Ox—-3y=9 0.4x +0.5y=2.3
(V) V2x+3y=0 wi) 3 -F=-2
r,2. B
Bx-8y=0 3 + 5" %6
2. 2x+3y=11 %0805 2x — 4y =— 24 0 Fosod LB y=mx + 3 ey dFore ‘m’ Dendo
BP0,

3. &0 apds Hkged B D808 8Bty S0 BoHod. LB & JESon (©8Zes
o“acgé’é oxoe 8PS0k,

(1) 3ot Dogge ek BLS0 26 00 a8 Dogy T8 Koggtd Koo Be oS & Koy
EoPodw.

(ii) Botk HoFrss o’ 258 wm, S ecn 87 18° . wowd & Sarelh EHFI0’.

(iii) &3& do &5 (B TPe) 7 eyt 0000 6 20He  3,800% 0. W KT 3 Wty
085 5 oo T 1,750 H EHB. (08 5eh 000 (58 208 I EHFTSod.

(iv) a8 Srsos® erd) Tgen 28 & Freorr (HUireeo WK BN fen ke AL,
10 88°0e08 &80 BYoDS g 105 B 15 88%00y rto $8% BYoDS =Y
T155. %8 T Dendds HoBao &8 BS D6 edly § Dend Jo8? &8 K8 25 8%
(D05reH0DS @EH BYoLLRE Iw&o Ho&?

(V) a8 O350 0B HBck 5L TododE 25 BV & HHI0 %, 0B, ©HDW

$:805 FEEweH 35 EDBD © HHF % ©HHOB. BoNS & P EHFHOE.



68 PAIR OF LINER EQUATIONS IN TWO VARIABILES

(vi) Five years hence, the age of Jacob will be three times that of his son. Five years ago,
Jacob’s age was seven times that of his son. What are their present ages?

3.3.2 Elimination Method

Now let us consider another method of eliminating (i.e., removing) one variable. This is
sometimes more convenient than the substitution method. Let us see how this method works.

Example 8 : The ratio of incomes of two persons is 9 : 7 and the ratio of their expenditures is
4 : 3. If each of them manages to save ~ 2000 per month, find their monthly incomes.

Solution : Let us denote the incomes of the two person by " 9x and * 7x and their expenditures
by " 4yand ° 3y respectively. Then the equations formed in the situation is given by :

9x — 4y = 2000 (1)
and 7x — 3y =2000 2)

Step 1 : Multiply Equation (1) by 3 and Equation (2) by 4 to make the coefficients of y equal.
Then we get the equations:

27x — 12y = 6000 (3)
28x — 12y = 8000 (4)

Step 2 : Subtract Equation (3) from Equation (4) to eliminate y, because the coefficients of y
are the same. So, we get

(28x — 27x) — (12y — 12y) = 8000 — 6000
ie., x=2000
Step 3 : Substituting this value of x in (1), we get
9(2000) — 4y = 2000
ie., y=4000

So, the solution of the equations is x = 2000, y = 4000. Therefore, the monthly incomes of the
persons are = 18,000 and * 14,000, respectively.

Verification : 18000 : 14000 =9 : 7. Also, the ratio of their expenditures = 18000 — 2000 :
14000 — 2000 = 16000 : 12000 =4 : 3

Remarks :

1. The method used in solving the example above is called the elimination method,
because we eliminate one variable first, to get a linear equation in one variable.
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In the example above, we eliminated y. We could also have eliminated x. Try doing it that
way.

2. You could also have used the substitution, or graphical method, to solve this problem. Try
doing so, and see which method is more convenient.

Let us now note down these steps in the elimination method :
Step 1 : First multiply both the equations by some suitable non-zero constants to make the
coefficients of one variable (either x or y) numerically equal.

Step 2 : Then add or subtract one equation from the other so that one variable gets eliminated.
If you get an equation in one variable, go to Step 3.

If in Step 2, we obtain a true statement involving no variable, then the original pair of
equations has infinitely many solutions.

If in Step 2, we obtain a false statement involving no variable, then the original pair of
equations has no solution, i.e., it is inconsistent.

Step 3 : Solve the equation in one variable (x or y) so obtained to get its value.

Step 4 : Substitute this value of x (or y) in either of the original equations to get the value of the
other variable.

Now to illustrate it, we shall solve few more examples.

Example 9 : Use elimination method to find all possible solutions of the following pair of
linear equations :

2x +3y =28 (1)
4+ 6y="17 2)
Solution :

Step 1 : Multiply Equation (1) by 2 and Equation (2) by 1 to make the
coefficients of x equal. Then we get the equations as :

4x + 6y =16 (3)
4+ 6y="17 4)
Step 2 : Subtracting Equation (4) from Equation (3),
(4x —4x) + (6y —6y) =16 -7
ie., 0 = 9, which is a false statement.
Therefore, the pair of equations has no solution.

Example 10 : The sum of a two-digit number and the number obtained by reversing the digits is
66. If the digits of the number differ by 2, find the number. How many such numbers are there?
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Solution : Let the ten’s and the unit’s digits in the first number be x and y, respectively. So, the
first number may be written as 10x + y in the expanded form (for example,
56 =10(5) + 6).

When the digits are reversed, x becomes the unit’s digit and y becomes the ten’s digit. This
number, in the expanded notation is 10y + x (for example, when 56 is reversed, we get 65 =
10(6) + 5).

According to the given condition.
(10x +y) + (10y + x) = 66

ie., 11(x +y)= 66

ie., x+ty=6 (1)
We are also given that the digits differ by 2, therefore,

either x—-y=2 (2)
or y—x=2 3)

If x —y =2, then solving (1) and (2) by elimination, we get x =4 and y = 2.
In this case, we get the number 42.
Ify —x =2, then solving (1) and (3) by elimination, we getx =2 and y=4.
In this case, we get the number 24.
Thus, there are two such numbers 42 and 24.
Verification : Here 42 + 24 =66 and4 -2 =2.Also 24 +42 =66 and 4 —2 =2.
EXERCISE 3.3

1. Solve the following pair of linear equations by the elimination method and the substitution
method :

(i) x+y=5and 2x—3y=4 (i) 3x+4y=10 and 2x -2y =2
iii) 3x—5y—4=0 and 9x=2y+7(iv) S+ L=—landx-L=3
Y u 2" 3 3

2. Form the pair of linear equations in the following problems, and find their solutions
(if they exist) by the elimination method :

(1) Ifweadd 1 to the numerator and subtract 1 from the denominator, a fraction reduces to

1. It becomes % if we only add 1 to the denominator. What is the fraction?

(i1) Five years ago, Nuri was thrice as old as Sonu. Ten years later, Nuri will be twice as
old as Sonu. How old are Nuri and Sonu?
(ii1)) The sum of the digits of a two-digit number is 9. Also, nine times this number is twice
the number obtained by reversing the order of the digits. Find the number.
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(iv) Meena went to a bank to withdraw * 2000. She asked the cashier to give her
* 50 and ° 100 notes only. Meena got 25 notes in all. Find how many notes of
* 50 and ° 100 she received.

(v) A lending library has a fixed charge for the first three days and an additional charge
for each day thereafter. Saritha paid * 27 for a book kept for seven days, while Susy
paid 21 for the book she kept for five days. Find the fixed charge and the charge for
each extra day.

3.4 Summary
In this chapter, you have studied the following points:
1. A pair of linear equations in two variables can be represented, and solved, by the:
(i) graphical method
(i1) algebraic method
2. Graphical Method :
The graph of a pair of linear equations in two variables is represented by two lines.
(1) If the lines intersect at a point, then that point gives the unique solution of the two
equations. In this case, the pair of equations is consistent.
(i1) Ifthe lines coincide, then there are infinitely many solutions — each point on the
line being a solution. In this case, the pair of equations is dependent (consistent).
(ii1) If the lines are parallel, then the pair of equations has no solution. In this case, the
pair of equations is inconsistent.

3. Algebraic Methods : We have discussed the following methods for finding the solution(s)
of a pair of linear equations :

(1) Substitution Method
(i1) Elimination Method

4. If a pair of linear equations is givenby a x + by +¢,=0and ax + b,y +c, =0, then the
following situations can arise :

(i) A= b Inthis case, the pair of linear equations is consistent.

a, b
.. aq b ¢ . . . . .. .
(ii) a—l = b_l ’ C—l : In this case, the pair of linear equations is inconsistent.
2 2 2

(iii) &= ll:—l =L : In this case, the pair of linear equations is dependent and consistent.
a b &

5. There are several situations which can be mathematically represented by two equations
that are not linear to start with. But we alter them so that they are reduced to a pair of
linear equations.
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(QUADRATIC EQUATIONS 4

4.1 Introduction

In Chapter 2, you have studied different types of polynomials. One type was the quadratic
polynomial of the form ax? + bx + ¢, a # 0. When we equate this polynomial to zero, we get a
quadratic equation. Quadratic equations come up when we deal with many real-life situations.
For instance, suppose a charity trust decides to build
a prayer hall having a carpet area of 300 square
metres with its length one metre more than twice
its breadth. What should be the length and breadth
of the hall? Suppose the breadth of the hall is x 2x+1
metres. Then, its length should be (2x + 1) metres.

X 300 m?

We can depict this information pictorially as shown Fig. 4.1
inFig. 4.1.

Now, area of the hall= (2x + 1). x m*> = (2x* + x) m?

So, 2x*+x =300 (Given)

Therefore, 2x>+x-300=0

So, the breadth of the hall should satisfy the equation 2x? +x— 300 = 0 which is a quadratic
equation.

Many people believe that Babylonians were the first to solve quadratic equations. For
instance, they knew how to find two positive numbers with a given positive sum and a given
positive product, and this problem is equivalent to solving a quadratic equation of the form
x*— px + ¢ =0. Greek mathematician Euclid developed a geometrical approach for finding out
lengths which, in our present day terminology, are solutions of quadratic equations. Solving of
quadratic equations, in general form, is often credited to ancient Indian mathematicians. In fact,
Brahmagupta (C.E.598—-665) gave an explicit formula to solve a quadratic equation of the form
ax? + bx =c. Later,
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Sridharacharya (C.E. 1025) derived a formula, now known as the quadratic formula, (as
quoted by Bhaskara II) for solving a quadratic equation by the method of completing the
square. An Arab mathematician Al-Khwarizmi (about C.E. 800) also studied quadratic
equations of different types. Abraham bar Hiyya Ha-Nasi, in his book
‘Liber embadorum’ published in Europe in C.E. 1145 gave complete solutions of different
quadratic equations.

In this chapter, you will study quadratic equations, and various ways of finding their roots.
You will also see some applications of quadratic equations in daily life situations.
4.2 Quadratic Equations
A quadratic equation in the variable x is an equation of the form ax>+ bx +c=0, where a, b, care

real numbers, a # 0. For example, 2x> +x —300 =0 is a quadratic equation. Similarly, 2x* —3x +
1=0,4x—3x>+2=0and 1 —x>+ 300 =0 are also quadratic equations.

In fact, any equation of the form p(x) = 0, where p(x) is a polynomial of degree 2, is a
quadratic equation. But when we write the terms of p(x) in descending order of their degrees,
then we get the standard form of the equation. That is, ax’> + bx + ¢ =0, a # 0 is called the
standard form of a quadratic equation.

Quadratic equations arise in several situations in the world around us and in different fields
of mathematics. Let us consider a few examples.

Example 1 : Represent the following situations mathematically:

(1) John and Jivanti together have 45 marbles. Both of them lost 5 marbles each, and the product
of the number of marbles they now have is 124. We would like to find out how many
marbles they had to start with.

(i1) A cottage industry produces a certain number of toys in a day. The cost of production of
each toy (in rupees) was found to be 55 minus the number of toys produced in a day. On a
particular day, the total cost of production was
" 750. We would like to find out the number of toys produced on that day.

Solution :
(1) Let the number of marbles John had be x.
Then the number of marbles Jivanti had =45 — x (Why?).
The number of marbles left with John, when he lost 5 marbles =x —5
The number of marbles left with Jivanti, when she lost 5 marbles =45 —x—5

=40 —-x
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Therefore, their product = (x—15) (40 —x)
= 40x — x> — 200 + 5x
= — x> +45x - 200
So, — x? +45x — 200 = 124 (Given that product = 124)

ie,—x?+45x -324=0
ie, x>?—45x+324=0
Therefore, the number of marbles John had, satisfies the quadratic equation
x?—45x +324=0
which is the required representation of the problem mathematically.
(i1) Let the number of toys produced on that day be x.
Therefore, the cost of production (in rupees) of each toy that day = 55 — x
So, the total cost of production (in rupees) that day = x (55 — x)

Therefore, x (55 -x)=1750
ie., 55x —x* =750
ie., —x?+55x-750=0
ie., x> —=55x+750=0

Therefore, the number of toys produced that day satisfies the quadratic equation
x*=55x+750=0

which is the required representation of the problem mathematically.

Example 2 : Check whether the following are quadratic equations:
() x-2P2+1=2x-3 ) xx+1)+8=x+2)(x—2)

(i) x 2x +3)=x*+ 1 (iv) (x+2)=x*-4

Solution :
(i) LHS=(x-2P+1=x>—4x+4+1=x>-4x+5

Therefore, (x —2)*+1 =2x — 3 can be rewritten as
xX*—4x+5=2x-3
ie., xX*—6x+8=0
It is of the form ax® + bx + ¢ = 0.
Therefore, the given equation is a quadratic equation.
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o3, HADS Ko Qdoggw ©go = (x—5)(40—-x)
= 40x — x? — 200 + 5x
= —x*+45x - 200

98, — X7+ 45x — 200 = 124 (ogsno = 124 ™ smh)
edre., — x> +45x — 324 = 0
edre., x2—45x +324 = 0
@S X — 45x + 324 = 0 $5De50emESS BB 6B x Densdh &S B Tkt H Fde Ko
B006.
X —45x + 324 =0 =509 RBTrEE 58 D880 ©HFH0.
(ii) 8% 688 Todads &ye Sogg X e elgomro.

©oHded, et SarEond (58 23“’263& @né& 658 2O (Grarches?) = 55 - x
smea@, e &% Sw&o &8 8L (ErarcHost) = x (55 - X)

Sl x (55—-x)=1750
SN 55x —x*="1750
SN —x*+55x-750=0
3w, x?—55x+750=0

©oHded, a8l ScirEond 658 DS 33%3&@ éogpé x2=55x+750=0 Eété éﬁbééw@&
QDo&gy HBob.
x2 = 55x + 750 = 0 sehe e} ¥&rE80 ©HEH 0.
SRS 2 (8od $EnESesen Bt BE0EBeren ©HTDIP VOES. :
(1) x—2P2+1=2x-3 (i) x(x+ 1) +8=(x+2) (x—2)
(i) x 2x+3)=x>+1 (iv) (x+2)=x-4
PSS
(1) 8% =(x—-2P+1=x*-4dx+4+1=x>—4x+5
s, (x —2)*+1=2x — 3 e oohSiy),
¥ —4x+5=2x-3
O[T, xX*—6x+8=0
80 ax’ + bx + ¢ = 0 &0 Gobd.

©0HION, BIWES D808Bes0 28 Eété D&08Bes0.
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(i) Sincex(x +1)+8=x*+x+8and (x +2)(x-2)=x>—4

Therefore, X+x+8=x*-4

1e., x+12=0

It is not of the form ax? + bx + ¢ = 0.

Therefore, the given equation is not a quadratic equation.
(iii) Here, LHS=x (2x +3) = 2x* + 3x

So, x (2x + 3) = x? + 1 can be rewritten as

2 +3x=x*+1

Therefore, we getx> + 3x — 1 =0

It is of the form ax* + bx + ¢ = 0.

So, the given equation is a quadratic equation.

(iv) Here, LHS=(x+2y=x*+6x>+12x + 8
Therefore, (x +2)* = x* — 4 can be rewritten as
Xrox?+12x+8=x-4
ie., 6>+ 12x+12=0 or, xX*+2x+2=0

It is of the form ax? + bx + ¢ = 0.
So, the given equation is a quadratic equation.

Remark : Be careful! In (ii) above, the given equation appears to be a quadratic equation, but
it is not a quadratic equation.

In (iv) above, the given equation appears to be a cubic equation (an equation of degree
3) and not a quadratic equation. But it turns out to be a quadratic equation. As you can see,
often we need to simplify the given equation before deciding whether it is quadratic or not.

EXERCISE 4.1

1. Check whether the following are quadratic equations :
(1) (x+1)y>=2(x-3) (i) x¥*-2x=(2)(3—x)
(i) x—=2)x+D)=x-Dx+3) (@(v) (x—3)2x+1)=x(x+5)
V) Qx—Dx-3)=x+5)x-1) (vi) ¥*+3x+1=(x-2)
(vil) (x +2)’=2x (x*—1) (vili) x* —4x> —x + 1= (x - 2)°
2. Represent the following situations in the form of quadratic equations :

(i) The area of a rectangular plot is 528 m?. The length of the plot (in metres) is one
more than twice its breadth. We need to find the length and breadth of the plot.
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(1) x(x+ 1)+ 8=x2+x+ 8 b (x +2)(x —2)=x>—4
s, X+x+8=x*-4
v, x+12=0
88 ax? + bx + ¢ = 0 8508 S.
©0HION, BXRVESD D88 8es0 28 Eﬁté $3&0EBea0 .
(iii) =&, B83H =x(2x+3)=2x>+3x

93, x2x+3)=x*+1%
2x* 4 3x = X2 + 1 e oeohdD),.
©oHdeR, x>+ 3x — 1= 0% roHaed.

88 ax? + bx + ¢ =0 &rHo8t sotnod.

©OHION, BRDES &8 Bes0 28 Eété 3&08Bm0.

(iv) =85, g =(x+2yP=x*+6x2+12x +8
=D, (x+2yP=x-4%
X+ 6x*+ 12x + 8 = X° — 4 e Toshis).
5P, 6x*+12x+12=0 &, x*+2x+2=0

ad ax®>+ bx + ¢ = 0 &rHo8® Gotwod.
©0HION, BIRWES &8 Bes0 28 Eé&é D&08Bes0.

JoeSS R vl (i1) & SN 08B0 SEMTD 26&2 DE0EBeoere E555E08. 20 9 Eété
D880 o8%.

ORGP Grsrses (iv) & =SIAN] BEESea0 5 VB0 (HBKTE0 3 Ko DEES0) erre
E5H0H08. =20 28 Eute D80BBeaaDh. B GETEEL 0D BN BESE0 e 808880 ©HS® =ab
DPan0nexsd oot e K)ngééaoéeaeﬁ» 00AR 0d0 $0V0TR.

g5 4.1
1. (8o ddoseren 8 JE88eren ©HSE, so&° ?Ogowoiso&.:
(1) (x+1)y2=2(x-23) (i) x*-2x=(2)(3—-x)

(i) x—=2)x+ 1D =@x-Dx+3) (@{v) x—-3)2x+1)=x(x+5)
V) 2x—Dx=-3)=@x+5)x—-1) W) x¥*+3x+1=(x-2)
(vil) (x +2)=2x (x*—1) (viii) x* —4x* —x + 1 = (x — 2)°
2. &od Qdogionets SB%rH K8 D& EBered EHPsn?
(1) a8 5%&@36@96 Pokn @) Deregsn 528 %.80. B PEY, Bbey) @E) BGoDH Bo& a8
Soero DEY. oS T D)), S EAK0k0?
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(i) The product of two consecutive positive integers is 306. We need to find the
integers.

(iii)) Rohan’s mother is 26 years older than him. The product of their ages (in years)

3 years from now will be 360. We would like to find Rohan’s present age.
(iv) A train travels a distance of 480 km at a uniform speed. If the speed had been
8 km/h less, then it would have taken 3 hours more to cover the same distance. We
need to find the speed of the train.
4.3 Solution of a Quadratic Equation by Factorisation
Consider the quadratic equation 2x*> — 3x + 1 = 0. If we replace x by 1 on the
LHS of this equation, we get (2 x 1?) — (3 x 1) + 1 = 0 = RHS of the equation.
We say that 1 is a root of the quadratic equation 2x*>— 3x + 1 = 0. This also means that 1 is a zero
of the quadratic polynomial 2x* — 3x + 1.

In general, a real number o is called a root of the quadratic equation
ax* +bx +¢=0,a# 0if a &> + ba + ¢ = 0. We also say that x = a is a solution of the
quadratic equation, or that o satisfies the quadratic equation. Note that the zeroes of the
quadratic polynomial ax* + bx + ¢ and the roots of the quadratic equation ax’ + bx + ¢ =0
are the same.

You have observed, in Chapter 2, that a quadratic polynomial can have at most two zeroes.
So, any quadratic equation can have atmost two roots.

You have learnt in Class IX, how to factorise quadratic polynomials by splitting their middle
terms. We shall use this knowledge for finding the roots of a quadratic equation. Let us see
how.

Example 3 : Find the roots of the equation 2x*> — 5x + 3 = 0, by factorisation.

Solution : Let us first split the middle term — 5x as —2x —3x [because (—2x) X (-3x) = 6x? =
(2x%) % 3].

So, 2x*—5x+3=2x>-2x-3x+3=2x(x-1)-3(x-1)=2x-3)(x-1)

Now, 2x? — 5x + 3 =0 can be rewritten as (2x — 3)(x — 1) = 0.

So, the values of x for which 2x*> — 5x + 3 = 0 are the same for which (2x—3)(x—1)=0, i.e., either
2x-3=0orx—-1=0.

Now, 2x —3 =0 gives x=% andx—1=0 givesx=1.

3 . .
So, x =3 and x = 1 are the solutions of the equation.

3 .
In other words, 1 and 5 are the roots of the equation 2x*> — 5x + 3 =0.
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BE0EBeasSE e 15853 Botd SKorerd Hoero.
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Bahero woe 2x7 — 5x + 3 = 0 g Horered SHPTR KoBod.
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Verify that these are the roots of the given equation.

Note that we have found the roots of 2x?> — 5x + 3 = 0 by factorising 2x> — 5x + 3 into

two linear factors and equating each factor to zero.
Example 4 : Find the roots of the quadratic equation 6x* —x —2=0.
Solution : We have
x> —x—2=6x*+3x—4x -2

=3x2x+1)-22x+1)

=Bx-2)2x+1)
The roots of 6x2 —x — 2 = 0 are the values of x for which (3x —2)(2x+1)=0
Therefore, 3x—2=0o0r2x+1=0,

2 1

1.€. X=— or x=-——
> 3 2

2 1
Therefore, the roots of 6x> —x —2 =0 are 3 and -

. . 2 1 .
We verify the roots, by checking that 3 and - satisfy 6x2 —x —2=0.

Example 5 : Find the roots of the quadratic equation 3x? —2./6x+2=0.

Solution :3x2 —2./6x+2 = 3x? —6x —/6x+2
= 3x(\/§x —\/5) —\/E(ﬁx —\/5)
= (V3x-2)(\3x —2)

So, the roots of the equation are the values of x for which

(\/gx—\/i)(\/gx—\/i):o
Now, /3x—+2 =0 for X=\E.

So, this root is repeated twice, one for each repeated factor \3x—+/2 .
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3 B 3&8Be0 cBaaégy Sogeeren éaﬁ)é&oiﬁo&.
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)

2 1
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Therefore, the roots of 352 —2./6x+2=0 are \E , \E :

Example 6 : Find the dimensions of the prayer hall discussed in Section 4.1.

Solution : In Section 4.1, we found that if the breadth of the hall is x m, then x satisfies the
equation 2x? +x — 300 = 0. Applying the factorisation method, we write this equation as

2x* = 24x +25x - 300=0
2x(x—12)+25(x-12)=0
ie., (x—-12)2x+25)=0

So, the roots of the given equation are x = 12 or x =— 12.5. Since x is the breadth of the
hall, it cannot be negative.

Thus, the breadth of the hall is 12 m. Its length=2x + 1 =25 m.

EXERCISE 4.2
1. Find the roots of the following quadratic equations by factorisation:
(i) x¥*-3x-10=0 (i) 2x*+x—-6=0
(ili) V22 +7x+5V2=0 (iv) 2x2—x+é=0
(v) 100x2-20x+1=0
Solve the problems given in Example 1.

Find two numbers whose sum is 27 and product is 182.
Find two consecutive positive integers, sum of whose squares is 365.

AN

The altitude of a right triangle is 7 cm less than its base. If the hypotenuse is 13 cm, find
the other two sides.

6. A cottage industry produces a certain number of pottery articles in a day. It was observed
on a particular day that the cost of production of each article (in rupees) was 3 more than
twice the number of articles produced on that day. If the total cost of production on that
day was " 90, find the number of articles produced and the cost of each article.

4.4 Nature of Roots
The equation ax? + bx + ¢ =0 are given by

_ — b b —4dac

X
2a



& osGeaeed 89
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. . ’ — 4 i _ 4
If b* — 4ac > 0, we get two distinct real roots —2i - @ and - 2i - @ -
a a a a

b . b b
If >~ 4ac=0,thenx= -—=*0, ie, x=—— or ——
2a 2a 2a

. -b
So, the roots of the equation ax? + bx + ¢ = 0 are both Py

Therefore, we say that the quadratic equation ax? + bx + ¢ = 0 has two equal real roots in
this case.

If b —4ac <0, then there is no real number whose square is 5> — 4ac. Therefore, there are
no real roots for the given quadratic equation in this case.

Since b? — 4ac determines whether the quadratic equation ax? + bx + ¢ = 0 has real roots or
not, b> —4ac is called the discriminant of this quadratic equation.

So, a quadratic equation ax? + bx + ¢ = 0 has
(i) two distinct real roots, if b* — 4ac > 0,
(ii) two equal real roots, if b*> — 4ac = 0,
(iii) no real roots, if b*> — 4ac < 0.
Let us consider some examples.
Example 7: Find the discriminant of the quadratic equation 2x? —4x + 3 =0, and hence find the
nature of its roots.

Solution : The given equation is of the form ax? + bx + ¢ =0, where a =2, b =—4 and ¢ = 3.
Therefore, the discriminant

B —dac=(-4Y-(4x2x3)=16-24=-8<0

So, the given equation has no real roots.

Example 8 : Apole has to be erected at a point on the boundary of a circular park of diameter
13 metres in such a way that the differences of its distances from two diametrically opposite
fixed gates A and B on the boundary is 7 metres. Is it possible to do so? If yes, at what distances
from the two gates should the pole be erected?

Solution : Let us first draw the diagram N
(see Fig. 4.2).
Let P be the required location of the pole. Let
P

Fig. 4.2
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the distance of the pole from the gate B be x m, i.e.,
BP =x m. Now the difference of the distances of the
pole from the two gates = AP — BP (or, BP — AP) =
7 m. Therefore, AP = (x + 7) m.

Now, AB = 13m, and since AB is a diameter,
ZAPB = 90° (Why?)

Therefore, AP?+PB*= AB?  (By Pythagoras theorem)

ie., (x+7)*+x>=132

ie., x>+ 14x +49 + x> = 169

ie., 2x*+ 14x—120=0

So, the distance ‘x’ of the pole from gate B satisfies the equation
x*+7x-60=0

So, it would be possible to place the pole if this equation has real roots. To see if this is so or
not, let us consider its discriminant. The discriminant is

B —dac="T"—4x 1 x (— 60) = 289 > 0.

So, the given quadratic equation has two real roots, and it is possible to erect the pole on
the boundary of the park.

Solving the quadratic equation x? + 7x — 60 = 0, by the quadratic formula, we get

—7+~/280  —7%17
2 2

Therefore, x =5 or — 12.

Since x is the distance between the pole and the gate B, it must be positive. Therefore,
x =—12 will have to be ignored. So, x =5.

Thus, the pole has to be erected on the boundary of the park at a distance of Sm from the
gate B and 12m from the gate A.

. . . 1
Example 9 : Find the discriminant of the equation 3x? — 2x +§ = 0 and hence find the nature of

its roots. Find them, if they are real.

Solution : Here a =3, b=-2 and c=%.
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1
Therefore, discriminant *> — 4ac = (—2)> -4 x 3 x 3~ 4-4=0.

Hence, the given quadratic equation has two equal real roots.

The roots are ; >

b —-b . 22 . 11
ie., — —, i.e, — —.
6 6 33

EXERCISE 4.3

9
a 2a

1. Find the nature of the roots of the following quadratic equations. If the real roots exist,

find them:
(1) 2x*-3x+5=0 (ii)3x2—4ﬁx+4=0

(i) 2~ 6x+3=0

2. Find the values of & for each of the following quadratic equations, so that they have two

equal roots.
(1) 2x*+thkx+3=0 () kx(x-2)+6=0

. Is it possible to design a rectangular mango grove whose length is twice its breadth, and

the area is 800 m?? If so, find its length and breadth.

. Is the following situation possible? If so, determine their present ages.

The sum of the ages of two friends is 20 years. Four years ago, the product of their ages in
years was 48.

. Isitpossible to design a rectangular park of perimeter 80 m and area 400 m?? If so, find

its length and breadth.

4.5 Summary

In this chapter, you have studied the following points:

1.

2.

S.

A quadratic equation in the variable x is of the form ax*+ bx + ¢ =0, where a, b, c are real
numbers and a = 0.

A real number o is said to be a root of the quadratic equation ax* + bx + ¢ = 0, if
aa? + bo+ ¢ =0. The zeroes of the quadratic polynomial ax? + bx + ¢ and the roots of the
quadratic equation ax? + bx + ¢ = 0 are the same.

. If we can factorise ax? + bx + ¢, a # 0, into a product of two linear factors, then the roots

of the quadratic equation ax? + bx + ¢ = 0 can be found by equating each factor to zero.

. Quadratic formula: The roots of a quadratic equation ax? + bx + ¢ = 0 are given by

—b+~Ib> —4ac provided b —4ac > 0.
A quatiatic equation ax? + bx + ¢ =0 has

(i) two distinct real roots, if b*> —4ac > 0, (ii) two equal roots (i.e., coincident roots), if
b*>—4ac =0, and (iii)no real roots, if b* — 4ac < 0.
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1062CHOS

ARITHMETIC PROGRESSIONS 5

5.1 Introduction

You must have observed that in nature, many things follow a certain pattern, such as the petals of
a sunflower, the holes of a honeycomb, the grains on a maize cob, the spirals on a pineapple and
on a pine cone, etc.

We now look for some patterns which occur in our day-to-day life. Some such examples
are :

(1) Reena applied for a job and got selected. She has
been offered a job with a starting monthly salary of
I 8000, with an annual increment of
< 500 in her salary. Her salary (in %) for the Ist,
2nd, 3rd, . . . years will be, respectively

8000, 8500, 9000,....

(i1) The lengths of the rungs of a ladder decrease
uniformly by 2 cm from bottom to top
(see Fig. 5.1). The bottom rung is 45 cm in length.
The lengths (in cm) of the 1st, 2nd,
3rd, . . ., 8th rung from the bottom to the top are,
respectively

45,43, 41, 39, 37, 35, 33, 31 Fig. 5.1

(ii1) In a savings scheme, the amount becomes % times of itself after every 3 years. The maturity
amount (in ) of an investment of T 8000 after 3, 6, 9 and 12 years will be, respectively :
10000, 12500, 15625, 19531.25
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(iv) The number of unit squares in squares with side 1,2, 3, .. . units (see Fig. 5.2) are, respectively

12,2332, ...

Fig. 5.2

(v) Shakila puts X 100 into her daughter’s money box when she was one year old and increased
the amount by ¥ 50 every year. The amounts of money (in %) in the box on the 1st, 2nd, 3rd,
4th, . . . birthday were

100, 150, 200, 250,...,respectively.

(vi) A pair of rabbits are too young to produce in their first month. In the second, and every
subsequent month, they produce a new pair. Each new pair of rabbits produce a new pair in
their second month and in every subsequent month (see Fig. 5.3). Assuming no rabbit dies,
the number of pairs of rabbits at the start of the 1st, 2nd, 3rd, . . ., 6th month, respectively
are :

1,1,2,3,5,8

%‘c

%:

S
. ot

Fig. 5.3

%:

AR )
Os

%&r

=]
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(iv) 1, 2, 3 cGrdey ghepenre Ko BEHGRPOEEY oDredeS HS5e8Pree Rogy S
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1,1,2,3,5,8

%‘c

%:

o
Lo Dt
o o il e ol oi&r i o
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O
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In the examples above, we observe some patterns. In some, we find that the succeeding
terms are obtained by adding a fixed number, in other by multiplying with a fixed number,
in another we find that they are squares of consecutive numbers, and so on.

In this chapter, we shall discuss one of these patterns in which succeeding terms are obtained
by adding a fixed number to the preceding terms. We shall also see how to find their nth terms
and the sum of n consecutive terms, and use this knowledge in solving some daily life problems.

5.2 Arithmetic Progressions
Consider the following lists of numbers :

11,2 3,4,...

(i) 100, 70, 40, 10,...
(i) -3, -2, -1, 0, . . .

@iv) 3, 3, 3, 3,...

(v) -1.0,-1.5,-2.0,-2.5, ...

Each of the numbers in the list is called a term.

Given a term, can you write the next term in each of the lists above? If so, how will you
write it? Perhaps by following a pattern or rule. Let us observe and write the rule.

In (i), each term is 1 more than the term preceding it.
In (ii), each term is 30 less than the term preceding it.
In (iii), each term is obtained by adding 1 to the term preceding it.

In (iv), all the terms in the list are 3 , i.e., each term is obtained by adding
(or subtracting) O to the term preceding it.

In (v), each term is obtained by adding — 0.5 to (i.e., subtracting 0.5 from) the term preceding
it.

In all the lists above, we see that successive terms are obtained by adding a fixed number to
the preceding terms. Such list of numbers is said to form an Arithmetic Progression (AP ).

So, an arithmetic progression is a list of numbers in which each term is obtained
by adding a fixed number to the preceding term except the first term.

This fixed number is called the common difference of the AP. Remember that it can be
positive, negative or zero.
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Let us denote the first term of an AP by a , second termby a,, . . ., nth term by a_and the

common difference by d. Then the AP becomesa ,a,,a,,...,a

12722 73 n'

So, a,—a,=a,—a,=...=a —a  =d.
Some more examples of AP are:
(a) The heights (in cm ) of some students of a school standing in a queue in the morning
assembly are 147, 148, 149, .. ., 157.

(b) The minimum temperatures ( in degree celsius ) recorded for a week in the month of
January in a city, arranged in ascending order are

-3.1,-3.0,-29,-28,-2.7,-2.6,-2.5

(¢) The balance money (in <) after paying 5 % of the total loan of % 1000 every month is 950,
900, 850, 800, . . ., 50.

(d) The cash prizes (in <) given by a school to the toppers of Classes I to X1l are, respectively,
200, 250, 300, 350, . . ., 750.

(e) The total savings (in ) after every month for 10 months when ¥ 50 are saved each month
are 50, 100, 150, 200, 250, 300, 350, 400, 450, 500.

It is left as an exercise for you to explain why each of the lists above is an AP.

You can see that
a,at+d,at2d,a+3d,...

represents an arithmetic progression where a is the first term and d the common difference.
This is called the general form of an AP.

Note that in examples (a) to () above, there are only a finite number of terms. Such an AP
is called a finite AP. Also note that each of these Arithmetic Progressions (APs) has a last
term. The APs in examples (i) to (v) in this section, are not finite APs and so they are called
infinite Arithmetic Progressions. Such APs do not have a last term.

Now, to know about an AP, what is the minimum information that you need? Is it enough to
know the first term? Or, is it enough to know only the common difference? You will find that
you will need to know both — the first term @ and the common difference d.

For instance if the first term a is 6 and the common difference d is 3, then the AP is
6,9,12,15,...

and if a 1s 6 and d is — 3, then the AP is
6,3,0,-3,...
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Similarly, when
a=-7, d=-2, theAPis -7,-9,—11,-13,...
a= 1.0, d=0.1, theAPis 1.0,1.1,1.2,1.3,...

1 . 1 1
a= 0, d_IE’ the APis 0, 15,3,45,6,...

a=2, d=0, theAPis 2,2,2,2,...

So, if you know what a and d are, you can list the AP. What about the other way round? That
is, if you are given a list of numbers can you say that it is an AP and then find @ and d? Since a is
the first term, it can easily be written. We know that in an AP, every succeeding term is obtained
by adding d to the preceding term. So, d found by subtracting any term from its succeeding
term, i.e., the term which immediately follows it should be same for an AP.

For example, for the list of numbers :
6,9,12,15,...,
We have a,—a =9 —6=3,
a,—a,=12-9=3,
a,—a,=15-12=3
Here the difference of any two consecutive terms in each case is 3. So, the given list is an
AP whose first term a is 6 and common difference d is 3.
For the list of numbers : 6,3,0,—3,...,
a,-a,=3-6=-3
a,—a,=0-3=-3
a,—a,=-3-0=-3
Similarly this is also an AP whose first term is 6 and the common difference is —3.

In general, foranAPa , a,, .. .,a ,wehave

d= . — 4

where a, | and a, are the (k + 1)th and the kth terms respectively.

To obtain din a given AP, we need not find allof a,—a,a,~a,,a,—a,, ... . Itisenough to
find only one of them.

Consider the list of numbers 1, 1, 2, 3, 5, . . . . By looking at it, you can tell that the
difference between any two consecutive terms is not the same. So, this is not an AP.
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Note that to find d inthe AP : 6, 3,0, -3, . .., we have subtracted 6 from 3 and not 3
from 6, i.e., we should subtract the kth term from the (k + 1) th term even if the (k + 1) th
term is smaller.

Let us make the concept more clear through some examples.

Example 1 : For the AP : %, %, — %, — % , . .., write the first term a and the common
difference d.

- _3 b 3
Solution : Here,a = > d= 7" 3 1.

Remember that we can find d using any two consecutive terms, once we know that the numbers
are in AP.

Example 2 : Which of the following list of numbers form an AP? If they form an AP, write the
next two terms :

(1) 4,10, 16,22, ... @) 1,-1,-3,-5,...
(i) -2,2,-2,2,-2,... (iv) 1,1,1,2,2,2,3,3,3,...
Solution :(i) Wehave a,—a, =10-4= 6
a,—a,=16-10= 6
a,—a, =22-16 =6
e, a,  —a_isthe same every time.
So, the given list of numbers forms an AP with the common difference d = 6.
The next two terms are: 22 + 6 =28 and 28 + 6 = 34.
(i) a,—a, = -1-1=-2
a,—a,= -3-(-1)=-3+1=-2
a-a,=-5-(-3)=-5+3=-2
i.e.,a_  —a,_isthe same every time.

So, the given list of numbers forms an AP with the common difference d = —-2.

The next two terms are:
-5+(=2)=-7 and -7+(=2)=-9
(iii) a,—a,=2—-(-2)=2+2=4
a,-a,=-2-2=-4
Asa,—a, # a,—a,,the given list of numbers does not form an AP.
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(ivya,—a,=1-1=0
a,—a,=1-1=0
a,—a,=2-1=1

Here,a,-a,=a,—a,#a,—a,

So, the given list of numbers does not form an AP.

EXERCISE 5.1
1. In which of the following situations, does the list of numbers involved make an arithmetic
progression, and why?
(1) The taxi fare after each km when the fare is X 15 for the first km and I 8 for each
additional km.

(i1) The amount of air present in a cylinder when a vacuum pump removes % of the air
remaining in the cylinder at a time.

(iii) The cost of digging a well after every metre of digging, when it costs I 150 for the
first metre and rises by I 50 for each subsequent metre.

(iv) The amount of money in the account every year, when ¥ 10000 is deposited at
compound interest at 8 % per annum.

2. Write first four terms of the AP, when the first term @ and the common difference d are
given as follows:
(i) a=10, d=10 (i) a = -2,
(i) a=4, d=-3 (iv) a=-1,
vV)ya=-125, d=-0.25

3. For the following APs, write the first term and the common difference:

d=0
d

1
2

(i)3,1,-1,-3,... (i) —5,-1,3,7, . ..
(i) 333 5 (iv) 0.6,1.7,2.8,3.9, . ..

4. Which of the following are APs ? If they form an AP, find the common difference d and
write three more terms.

i) 2,4,8,16, ... iy 2,537, ..
(i) 2,4,8,16, (i) 2.2.5.7
(i) —1.2,-3.2,-52,-7.2,... (iv)—10,-6,-2,2, ...

(V) 3,342, 3+ 292, 3+ 32, ... (vi) 0.2,0.22,0.222, 0.2222, . . .
(vii) 0,—4,—8,-12, ... (viii) —

(I R
202 2 2
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(ix) 1,3,9,27,... (X) a, 2a, 3a, 4a, . ..
xi) a,a* a at, ... (xii) ~/2,/8,418, 32, - ..
(xiii) f3,v6,9, V12, ... (xiv) 1%, 3%, 52,7, . ..

(xv) 123,52, 74,73, ...
5.3 nth Termofan AP

Let us consider the situation again, given in Section 5.1 in which Reena applied for a job and got
selected. She has been offered the job with a starting monthly salary of ¥ 8000, with an annual
increment of ¥ 500. What would be her monthly salary for the fifth year?

To answer this, let us first see what her monthly salary for the second year would be.

It would be X (8000 + 500) =X 8500. In the same way, we can find the monthly salary for
the 3rd, 4th and 5th year by adding ¥ 500 to the salary of the previous year. So, the salary for the
3rd year =3 (8500 + 500)

=¥ (8000 + 500 + 500)
=¥ (8000 + 2 x 500)
= [8000 + (3 —1) x 500] (for the 3rd year)
=<3 9000
Salary for the 4th year =3 (9000 + 500)
= (8000 + 500 + 500 + 500)
=3 (8000 + 3 x 500)
= [8000 + (4 — 1) x 500] (for the 4th year)
=<3 9500
Salary for the 5th year =3 (9500 + 500)
=¥ (8000+500+500+500 + 500)
=¥ (8000 + 4 x 500)
= [8000 + (5 —1) x 500] (for the 5th year)
=< 10000
Observe that we are getting a list of numbers
8000, 8500, 9000, 9500, 10000, . . .
These numbers are in AP. (Why?)
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Now, looking at the pattern formed above, can you find her monthly salary for the 6th year?
The 15th year? And, assuming that she will still be working in the job, what about the monthly
salary for the 25th year? You would calculate this by adding I 500 each time to the salary of the
previous year to give the answer. Can we make this process shorter? Let us see. You may have
already got some idea from the way we have obtained the salaries above.

Salary for the 15th year
= Salary for the 14th year +I 500

500+500+500+....+500
13 times

z [8000 } +3 500

% [8000 + 14 x 500]
% [8000 + (15 — 1) x 500] = T 15000

ie., First salary + (15 — 1) X Annual increment.

In the same way, her monthly salary for the 25th year would be
< [8000 + (25 — 1) x 500] =< 20000
= First salary + (25 — 1) X Annual increment

This example would have given you some idea about how to write the 15th term, or the
25th term, and more generally, the nth term of the AP.

Leta,a,, a,, ...bean AP whose first term a, is a and the common difference is d.
Then,
the second terma,= a+d=a+Q2-1)d
the third term a, = a, +d=(a+td)+d=a+2d=a+@3-1)d
the fourth terma, = a, +d=(a +2d) +d=a+3d=a+(4-1)d

Looking at the pattern, we can say that the nthterma =a+(n—1)d.

So, the nth term a_of the AP with first term « and common difference d is given by
a=a+(n-1)d

a is also called the general term of the AP. If there are m terms in the AP, then a
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represents the last term which is sometimes also denoted by /.
Let us consider some examples.
Example 3 : Find the 10th term of the AP : 2,7, 12, ...
Solution : Here,a=2, d=7-2=5 and n= 10.
We have a=a+(n-1)d
So, a,=2+(10-1)x5=2+45=47
Therefore, the 10th term of the given AP is 47.
Example 4 : Which term of the AP : 21, 18, 15, . . .1is — 817 Also, is any term 0? Give reason
for your answer.

Solution : Here, a =21, d=18-21=-3 and a =- 81, and we have to find n.

As a=a+(n-1)d,
wehave —81 =21+ (n—-1)-3)
—81=24-3n

—105=—-3n
So, n=235

Therefore, the 35th term of the given AP is — 81.

Next, we want to know if there is any n for which @ = 0. If such an 7 is there, then
21+ (n—-1)(3)=0,

ie., 3n—1)=21

1e., n=28

So, the eighth term is 0.

Example 5 : Determine the AP whose 3rd term is 5 and the 7th term is 9.

Solution : We have

a,=a+3-1)d=a+2d=5 (1)
and a,=a+(7T-1)d=a+6d=9 (2)
Solving the pair of linear equations (1) and (2), we get
a=3,d=1

Hence, the required APis 3,4,5,6,7,. ..
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Example 6 : Check whether 301 is a term of the list of numbers 5, 11, 17, 23, . ..
Solution : We have :

a,-a =11-5=6, a,—a,=17-11=6, a,-a,=23-17=6
Asa,_  —a,isthe same for k=1, 2, 3, etc., the given list of numbers is an AP.
Now, a=5 and d=6.
Let 301 be a term, say, the nth term of this AP.

We know that
a=at+n-1)d
So, 30l=5+(n—-1)x6
ie., 30l =6n-1
302 151
so. n= o=y

But n should be a positive integer (Why?). So, 301 is not a term of the given list of numbers.

Example 7 : How many two-digit numbers are divisible by 3?
Solution : The list of two-digit numbers divisible by 3 is :
12,15,18,...,99

Is this an AP? Yes it is. Here, a=12,d=3, a =99.
As a=a+n-1)d,
we have 9=12+m-1)x3
ie., 87=m-1)x3
ie., n—1=ﬁ=29
3
ie., n=29+1=30

So, there are 30 two-digit numbers divisible by 3.

Example 8 : Find the 11th term from the last term (towards the first term) of the
AP:10,7,4,...,—62.

Solution : Here, a=10, d=7-10=-3, [=-62,

where I=a+(n-1)d
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To find the 11th term from the last term, we will find the total number of terms in the AP.

So, —-62=10+ (n— 1)(-3)
ie., -72=(n-1)=3)

ie., n—1=24

or n=25

So, there are 25 terms in the given AP.

The 11th term from the last term will be the 15th term. (Note that it will not be the 14th
term. Why?)

So, a,=10+({15-1)(-3)=10-42=-32
i.e., the 11th term from the last term is — 32.
Alternative Solution :
If we write the given AP in the reverse order, then a =— 62 and d =3 (Why?)
So, the question now becomes finding the 11th term with these a and d.
So, a,=—-62+(11-1)x3=-62+30=-32
So, the 11th term, which is now the required term, is — 32.
Example 9 : Asum of 1000 is invested at 8% simple interest per year. Calculate the interest

at the end of each year. Do these interests form an AP? If so, find the interest at the end of 30
years making use of this fact.

Solution : We know that the formula to calculate simple interest is given by

. _ PxRxT
Simple Interest = 100
. 1000x8x1

So, the interest at the end of thelst year = ) % = 80

. 1000x8x2
The interest at the end of the2nd year = ) % =3 160

1000x 8x3
The interest at the end of the3rd year = ) 100 ;0 2 —3240

Similarly, we can obtain the interest at the end of the 4th year, 5th year, and so on.
So, the interest (in ) at the end of the 1st, 2nd, 3rd, . . . years, respectively are
80, 160, 240, . ..
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It is an AP as the difference between the consecutive terms in the list is 80, i.e.,
d = 80. Also, a = 80.

So, to find the interest at the end of 30 years, we shall find a, .
Now, a,,=a+(30-1)d=_80+29 x80=2400
So, the interest at the end of 30 years will be I 2400.

Example 10 : In a flower bed, there are 23 rose plants in the first row, 21 in the second, 19 in

the third, and so on. There are 5 rose plants in the last row. How many rows are there in the
flower bed?

Solution : The number of rose plants in the 1st, 2nd, 3rd, . . ., rows are :
23,21,19,...,5

It forms an AP (Why?). Let the number of rows in the flower bed be 7.

Then a=23, d=21-23=-2,a =5

As, a=at+(n-1)d
We have, 5=23+(n-1)(-2)
ie., —18=(n—-1)(-2)

ie., n=10

So, there are 10 rows in the flower bed.

EXERCISE 5.2

1. Fill in the blanks in the following table, given that a is the first term, d the common
difference and a_ the nth term of the AP:

a d n a
(1) 7 3 8
()| -18 10 0
(i) | ... -3 18 -5
(iv) | —18.9 2.5 .. 3.6
™| 35 0 105
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1. 0083885 [wsd Hissw a, @bzésozé?g 255w d, 1S HSEw a, A Bod é@éé”&) Do FrBoH0:
a d n a
(1) 7 3 8
()| -18 .. 10 0
(i) | ... -3 18 -5
(iv) | - 18.9 2.5 .. 3.6
™| 35 0 105
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2. Choose the correct choice in the following and justify :
(1) 30th term of the AP: 10,7, 4,...,1is
(A) 97 B) 77 (C) =77 (D) — 87

(ii) 11th term of the AP: — 3, _%, 2,...,1s

(A) 28 (B) 22 (C) -38 (D) — 48%

3. Inthe following APs, find the missing terms in the boxes :

G) 2, D 26
il |. 13, []. 3

s, [ [] 9

w4 0. 0 0 [ o
W s 0 0 0 2

4. Which term ofthe AP : 3,8, 13, 18, ... ,is 78?
5. Find the number of terms in each of the following APs :

(i) 7,13,19,...,205 (ii) 18, 15%, 13,...,-47

6. Check whether — 150 is a term of the AP : 11,8,5,2. ..
7. Find the 31st term of an AP whose 11th term is 38 and the 16th term is 73.
8. An AP consists of 50 terms of which 3rd term is 12 and the last term is 106. Find the 29th
term.
9. Ifthe 3rd and the 9th terms of an AP are 4 and — 8 respectively, which term of this AP is
zero?
10. The 17th term of an AP exceeds its 10th term by 7. Find the common difference.
11. Which term of the AP : 3, 15, 27, 39, . .. will be 132 more than its 54th term?
12. Two APs have the same common difference. The difference between their 100th terms is
100, what is the difference between their 1000th terms?
13. How many three-digit numbers are divisible by 7?
14. How many multiples of 4 lie between 10 and 2507
15. For what value of n, are the nth terms oftwo APs: 63, 65,67, ...and 3,10, 17, ... equal?
16. Determine the AP whose third term is 16 and the 7th term exceeds the 5th term by 12.
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2. (8o& aQE* $BH SLTEPHEWR MRS KoL Ok $OETEOS
(i) 10, 7, 4 ...... ©0¥(B&E® 305 Hvm
(A) 97 B) 77 (C)-77 (D) — 87

(ii) - 3, _%, 2, ... 0oSFEES 115 H50

(A) 28 B) 22 (C) 38 (D) - 48%
3. (8o akeis @o8BiHe! et 6°80DS Hrrety BhHirksm :

4) 2, D 26
il ]. 13, []. 3

s, []. []. 95

w-+ 0 0 0O 0O
w s 0 0 0 2

4. 3, 8,13, 18.... ®08E&E® AP HeEsKw 78 ©HFoH?
5. (8o a5@is ©o8@iHedt Sure Soggth Boirkin?

(i) 7,13,19,...,205 (ii) 18, 15%, 13,...,-47

6. 11, 8, 5, 2...... ©08B&8° — 150 2.8 Hiore Gotwos® & HBED0HEw.
7. 2.8 ©08B8S® 115 HE550 38 HBAM 168 HBEm 73 wond 3185 HBHH EdFosm?
8. 50 Joren BOAS a8 woBEES® 3% DX 12 HOckn QPO HEw 106. wanme 295 D)
B0,
9. 2.8 ©08B&S® 3%, 95 Hrren S 4, — 8 Lo & ©o(BESD AYD D0 ‘0 (K1) e99&0d?
10. 2.8 ©o8E&S® 175 He55m 1085 HSsm Eo&s 7 QN OV Ty B0 EHRPK08.
11. 3, 15, 27, 39 .... @o8E&E® D 55w 54D Desan Bo& 132 EYITT 5060067
12. Bot wodEHe P BBo HETHEW. 7 10085 Heee ey B0 100 ®ond @ 10005 Here
305g BBo Nos?
13. 73 grhoHed Srdose Doggen Y Eod?
14. 10 805 250 26)655 Ko 4 (ib)é& B éosp?gzéa BP0 ?
15. 63, 65, 67 .... 8BS 3, 10, 17 ..... 08(RH® 118 Hren DEPHHD ©and 71 DenHidd EAPKEm.
16. 35 H55m 167R, 75 H5c0 5 H&Hw Eo& 12 QBN GotHIeR™ &8 ©08BEI ELFPHSm.
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17. Find the 20th term from the last term of the AP : 3, 8, 13, .. ., 253.

18. The sum of the 4th and 8th terms of an AP is 24 and the sum of the 6th and 10th terms is
44. Find the first three terms of the AP.

19. Subba Rao started work in 1995 at an annual salary of ¥ 5000 and received an increment of
< 200 each year. In which year did his income reach I 7000?

20. Ramkali saved X 5 in the first week of a year and then increased her weekly savings by
< 1.75. If in the nth week, her weekly savings become X 20.75, find n.

5.4 Sum of First n Terms of an AP

Let us consider the situation again given in
Section 5.1 in which Shakila put X 100 into
her daughter’s money box when she was one
year old, ¥ 150 on her second birthday,
< 200 on her third birthday and will continue
in the same way. How much money will be
collected in the money box by the time her
daughter is 21 years old?

Here, the amount of money (in <) put in the money box on her first, second, third, fourth .
.. birthday were respectively 100, 150, 200, 250, . . . till her 21st birthday. To find the total
amount in the money box on her 21st birthday, we will have to write each of the 21 numbers in
the list above and then add them up. Don’t you think it would be a tedious and time consuming
process? Can we make the process shorter? This would be possible if we can find a method for
getting this sum. Let us see.

We consider the problem given to Gauss (about whom you read in
Chapter 1), to solve when he was just 10 years old. He was asked to find the sum of the positive
integers from 1 to 100. He immediately replied that the sumis 5050. Can you guess how did he
do? He wrote :

S=1+2+3+...+99+100
And then, reversed the numbers to write
S=100+99+...+3+2+1
Adding these two, he got
2S=(100+ 1)+ (99 +2)+...+(3+98)+(2+99)+ (1 +100)
=101 +101+...+101+101 (100 times)

100 x 101 .
So, S = 5 - 5050, 1.e., the sum = 5050.
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17. 3, 8, 13 ....... 253 00838 BwE) DHO 200D 208 50K ELMPLoK.

18. &8 ©@oBE&S® 45 B 85 Hrre IBXH 24 HOAM 65, 105 Hore InBSw 44 ©owS,wodFEE
0BG ot Hrred EERTEED.

19. amod 19955 058808 X 5000 08 £808° e6ios® dorh. wsd d8in K988
T 200 20873, 03 d850 & Dod8)8sme® T 7000 @dEHot?

20. ooose? KoBEBD) Zwid 52808° T 5 o wme Bk, HOAkn Barsd e et I 1.75 &75ps
(8 ar80 00DL8. 1S TEES® 6D T8 &y T 20.75 o 1 Dend ESfrd.

5.4 2.8 @o¥BEE® B n oo wdo

Qerifo 5. 18 $58)0DS Bler DRAIPR) LEEF
568DTPo. Kb B ErH kB HES Terd
T 100 Bo&s HES &85 T 150 Lorisss 9GS
8% T 200 ...... o8 Sago 2PE® e
oo, OND WD Lt G 215 HES SPes
©So885n Lape 1PSV ;i Fwgo Jod
&0t0od?

Bf)ed S, oK, Ko ... @@26 B 3)@65 o TAN] ?3"2633& Denden R o8) s 100, 150,
200.... 3 215 HES B $BEr ESFNoTaES. 215 HES e wSosto 2SR Indo oyt
EHIPIIBIY 2 S’ 21 Hrredr SEBP TR 70 FBLDH EDPSSOR Sotnod. 88 DFore TcHeo
Jdho 259)6" DAHED seHowe éé:@:é&m ot grQose0 See? HAD BENS B00%0eP egiore BahBLe?
S8 o) BB 2.8 Ko@) ézéaﬁ"zéc);ég,oaaé, 30 Dol PHI50H 8.

7R (18 @m‘gdﬁ)oesa o 5695 3%8)10 Sod&ore 260‘33@368 FPHODS a8 DG BYPED oHJ5w
é&%&)mcgo. 1 2009 100 S8Er Ko @) Dogye SwEo do8? @ 3B (HB)oBEo 220N0h. BBD 8
J3egrdore 5050 @ RePTed. 8D Q Fore Jegrdo B@'D&S &880 LNeTR? @& A &8 (8od
Qore Torred:

S=1+2+3+...+99+100
QBA & HIZ BBA ol Dore Toarsd
S=100+99+...+3+2+1
08D & Bo&od Erd Kwég/é@oé) POB0 &8 (Bod efore BTN
2S=(100+1)+(99+2)+...+(3+98)+(2+99)+ (1 +100)
=101 +101+...+101+101 (100 %)

100 x 101
=93, S = % = 5050, e Bwessn = 5050.
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We will now use the same technique to find the sum of the first # terms of an AP :
a,atd,a+2d,...

The nth term of this APis a + (n— 1) d. Let S denote the sum of the first n terms of the AP.
We have

S=a+(@+d)t(a+2d)+...t[la+t(n—-1)d] (1)
Rewriting the terms in reverse order, we have
S=la+(n-1)d]+[la+(n-2)d]+...+(a+td)+a (2)

On adding (1) and (2), term-wise. we get

[2a+(n—-Dd]+[2a+(n-1)d]+...+[2a+ (n—1)d]+[2a+ (n—1)d]
n times

28 =

or, 2S=n[2a+(n—-1)d] (Since, there are n terms)

or, s=§[2a+(n—1)d]

So, the sum of the first n terms of an AP is given by

S= g [2a+ (n—1) d]
We can also write this as S= g [ata+(n—-1)d]
. n
1e., S= 3 (@a+a) 3)

Now, if there are only n terms in an AP, then a = /, the last term.
From (3), we see that

=7 (@+1) (4)

This form of the result is useful when the first and the last terms of an AP are given and the
common difference is not given.

Now we return to the question that was posed to us in the beginning. The amount of money
(in Rs) in the money box of Shakila’s daughter on 1st, 2nd, 3rd, 4th birthday, . . ., were 100, 150,
200, 250, . . ., respectively.

This is an AP. We have to find the total money collected on her 2 1st birthday, i.e., the sum
of the first 21 terms of this AP.
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S0 S a,a+d,a+2d,. .. 36 ndmre Iz ELFHeSH B Kxgé’éﬁ P&y,
2 38 G n S H6w a+ (n— 1) d. e, D ©odFES® n Hre Fosdn S SHEVS

S=a+(@+d)+@+2d)+...+[a+(n-1)d] (1)
SoBer Hrrod IdEdod ééaé(_éé;oesaéa (s
S=[a+(n—-1)d]+[a+n-2)d]+...+(@a+d)+a (2)

(1) o800 (2) oo Eendre,

[2a+(n—=1Dd]+[2a+ (n-1)d]+..+ [2a+(n-1Dd]+[2a+ (n—-1)d]
n g

28 =

S, 2S=n[2a+(n-1)d] (n Seen o 2HF)

S, s=§[2a+(n—1)d]

&8 @OSEAS® o5 N Hrre T

S= g [2a+ (n—1) d]
S= g [a+a+(n—1)d] m S cabs
ie., =7 (@+a,) 3)

2.8 @0838S° €00 n Srpen S ) I a, = [, (DD He55w) erd
(3) So0&, oo et

=7 (@+1) (4)

2.8 @odB8S® Fsd HiSEw, VBB HEwen LrER 3OV s Bo BOSHBHH & (o
BOTNIRDD.

8BA ko B oK) B $080uro. Hlor LrEHd TE) 18, 25, 35, 45 ... HBS e
288 60T Araig Sore 100, 150, 200, 250 ...

20 a8 ©o8(E8. S5 Ko Erid oY), 218 HIT e ©FoBEE PSR Awdo Ay
B, @l ©oB(EHS® Fwdd 21 Hrre Bozed) EHFTeD.
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Here, a =100, d=50 and n =21. Using the formula :

S= §[2a+(n—l)d],

we have S= %[2x100+(21—1)x50] = %[200“000]

_ %x1200 = 12600

So, the amount of money collected on her 21st birthday is ¥ 12600.
Hasn’t the use of the formula made it much easier to solve the problem?

We also use S in place of S to denote the sum of first n terms of the AP. We write S to
denote the sum of the first 20 terms of an AP. The formula for the sum of the first # terms
involves four quantities S, a, d and n. If we know any three of them, we can find the fourth.

Remark : The nth term of an AP is the difference of the sum to first # terms and the sum to

first (n — 1) terms of'it, i.e.,a =S —S .
Let us consider some examples.

Example 11 : Find the sum of the first 22 terms of the AP : 8, 3, -2, . ..

Solution : Here, a =8, d=3-8=-5, n=22.

We know that

S = g[2a+(n—l)d]

Therefore, S = 2—22 [16 +21(-5)] = 11(16 — 105) = 11(-89) = - 979
So, the sum of the first 22 terms of the AP is — 979.

Example 12 : If the sum of the first 14 terms of an AP is 1050 and its first term is 10, find the
20th term.

Solution : Here, S, = 1050, n =14, a = 10.

As S = %[2a+(n—l)d],

51

so, 1050 = > 20+13d] =140 + 91d
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s, a =100, d =50 Hocsn n=21.

S= 7 [2a+(n -1 d] &migeey e5@ROD

S= %[2x100+(21—1)x50] = %[200“000]

_ %x1200 = 12600

215 HEIT% e wostm 2SI Aoy T 12600.
Q@) eI@PN0D) Dl HBPOoNe0 Trer Degiddo. sowe?

S athenre S % Ithmro. HADY A Hure FwFo Ko ECoNTNTR Beoinod. Zwdd 20 Jwre
Imo EHFHOH Ko S D TEEro. Do woBEES” FwE n Hore R EHITDHLLH SHRTNO
Loo(B50® Trentd TedHen o). © S, @, d HB n. HAS® HJT Htd ToHO DenHen BONVS et
o3 BoASre0.

S a8 @oB(38S° Fwdd 1 Hrre Fwdo oD s (1 — 1) Hure FneeR) ERJS @ (3§ BB 1D
DS Sgod. edre, a =S —S .
050 §Q) GTrirdnod é&%@ago.

&wrePSee 1108, 3, — 2 ..... ©@08B&S® I 22 Hrre IoBEHD BSOS,
FES regs,a=8, d=3-8=-5, n=22.

S = §[2a+(n—1)d] 0 5% Bewidd

S = 2—22[16+21(—5)] = 11(16 — 105) = 11(~89) = — 979
DS ©oBEES°® s 22 Hore Inssw —979.

ST 12 @ o8 @o8(B8S® 308 H0 10 HBc%H0 Iwdd 14 Hvre Fndsm 1050 S8 IS o
10 @00 20 & HBE0K S5,

S s S, = 1050, n=14, a=10.
S = %[2a+(n—l)d],

%[20+13d] — 140 +91d
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ie., 910 = 91d
or, d=10
Therefore, a,,= 10+ (20— 1) x 10 =200, i.e. 20th term is 200.

Example 13 : How many terms of the AP : 24, 21, 18, . . . must be taken so that their sum is 78?
Solution : Here, a =24, d=21-24=-3, S =78. We need to find n.

We know that S = %[2a+(n—l)d]

So, 78 = %[48+(n—l)(—3)] - 3[51—3;1]
or 3n - 51ln+156=10

or n—17n+52=20

or n-4)(n-13)=0

or n=4 or 13

Both values of n are admissible. So, the number of terms is either 4 or 13.
Remarks:
1. In this case, the sum of the first 4 terms = the sum of the first 13 terms = 78.

2. Two answers are possible because the sum of the terms from 5th to 13th will be zero. This
is because a is positive and d is negative, so that some terms will be positive and some
others negative, and will cancel out each other.

Example 14 : Find the sum of :

(1) the first 1000 positive integers (ii) the first n positive integers
Solution :

(i) LetS=1+2+3+...+1000
Using the formula S = Z(a+1) for the sum of the first » terms of an AP, we have

S 1% (1+1000) = 500 x 1001 = 500500

1000 -
So, the sum of the first 1000 positive integers is 500500.
(i1) LetS =1+2+3+...+n

Here a =1 and the last term [ is n.
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o, 910 = 91d
d= 10
a, =10+ (20 — 1) x 10 = 200, ek 205 S5 200,

SRS 13 124, 21, 18 ... @08E&S° J) Loy &%) T Fwdo 78 ©HHobh?
FES tafw,a=24, d=21-24=-3, S =78. n Go¥) e oo EFCTD.

S = §[2a+(n—1)d] 0 H5% Bevid

n

=D, 78 = %[48+(n—l)(—3)] - 3[51—3;1]
3n*-51ln+156=10
n—17Tn+52=0
n-4)n-13)=0
n=4 8o 13
1 B0¥) Bod Dended $BKEastd é@%sééa. odre ore Kogy 4 S 13.

Soodden:
1. 25t So88 4 Soro Ao =SS 13 Hore ZwEsn = 78.

2. & (BRE 5% Hi%o 509 138 Hifo HBER Ko Hrree S0E0 ). DOLEIT BHe ‘@’ é@e‘é&éo Evvelove
‘d’ ﬁt’zéavéa@tézéw GhoE) Dendd mmé&ésﬁw. &2 g B Sdewen tﬁvéé&é:ﬁw, S0BE°Q Heren mwé&éo
OJYEP POB0 K0 SPHW).

STPePOn 14 @ Bod P ogrod SiPkosm:

(1) 305 1000 FIF°E Soggen  (i1) B 71 &S Fog Soggen
PS¢
() S=1+2+3+...+ 1000 o555,
©oS(EAS It N Hrre BnER) SEHFDES Ko KrEin S = g(a +1) % EHRARODS

S @ (1+1000) = 500 x 1001 = 500500

1000
Se5é 1000 58308 Dogge Imdo 500500.

(i) S =1+2+3 +. .. +neodHsHsw.
s a = 1 £bain DK Hso [ =n.
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Therefore, S = ”(1; n) roS - n(n2+l)

So, the sum of first n positive integers is given by

_n(n+1)
S = —

Example 15 : Find the sum of first 24 terms of the list of numbers whose nth term is given by

a =3+2n

Solution :

As a = 3+2n,

SO, a=3+2=5
a,=3+2x2=7
a,=3+2x3=9
\}

List of numbers becomes 5,7,9, 11, ...

Here, 7-5=9-7=11-9=2andsoon.

So, it forms an AP with common difference d = 2.
TofindS,,,wehaven=24, a=5, d=2.

24

Therefore, S, = 2—24[2><5+(24—1)><2] = 12[10 + 46] = 672

So, sum of first 24 terms of the list of numbers is 672.

Example 16 : Amanufacturer of TV sets produced 600 sets in the third year and 700 sets in the
seventh year. Assuming that the production increases uniformly by a fixed number every year,
find :

(1) the production in the 1st year (i1) the production in the 10th year
(iii) the total production in first 7 years

Solution : (i) Since the production increases uniformly by a fixed number every year, the
number of TV sets manufactured in 1st, 2nd, 3rd, . . ., years will form an AP.

Let us denote the number of TV sets manufactured in the nth year by a .
Then, a, = 600 and a, =700
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©0IOI S =
529X InSE n é:é@r’g Qdogge Iwgo

_n(n+1)
S = —

awriPden 15 1a, =3 +2n nd Htore OAS (38 @) Indd 24 Hore Fnaed) SPKKD.

PS¢
a = 3+2n,

558, a,=3+2=5
a,=3+2x2=7
a,=3+2x3=9
Y

Sogge el 5,7,9,11, ...

8F, 7-5=9-7=11-9=2.........

I & erdee ol woBEE. B ey B d = 2.

S,, EooeSd n=24, a=35, d=2e HiH e,

24
S,y= S [2x5+24=-Dx2] = 12[10+ 46] = 672

)% (B 24 Hore Fndko 672.

SRS 16 : a8 BODaR Sc5rd oD 3% K05E)808° 600 BIDeH 7H DoHEBIWER 700 e

B0 Tod. ¥d S8 T 80D éogpé @é QoD B “?’géom E0ET SoE:

(1) 185 Soné® wd Scirdd B8 BOes Sogyg (i) 105 Sones® wi Sasrd VS BIDes Sowyg

(iii) o 7 Jones® @b S DY Hogo Ry Vo SHiPKKm.

TS 1 (1) (298 BoBB)ET0 S T BODw g Dogy 88 W Deod&® ordEr 08 15, 28, 35 ...

Soned® Sasrsdhy 8ODes ey Dogge erdee el @oBEED DB0H.
nd éoéﬁéﬁ(\)ééwés B0 B BOJuS & Doy a, T
a, = 600 8o a, = 700 e askebls.
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or, a+2d= 600

and a+6d="700

Solving these equations, we get d=25 and a=550.
Therefore, production of TV sets in the first year is 550.

(i1)) Now a,=a+9d=550+9x25="775
So, production of TV sets in the 10th year is 775.

(iii) Also, S = %[2><550+(7—1)><25]

= %[1100+150] = 4375

Thus, the total production of TV sets in first 7 years is 4375.

EXERCISE 5.3

1. Find the sum of the following APs:
(1) 2,7,12,...,t0 10 terms. (i1) —37,-33,-29, ..., to 12 terms.
(iii) 0.6,1.7,2.8, . . ., to 100 terms. (iv) %%% ..., to 11 terms.
2. Find the sums given below :

(i)7+10%+14+...+84 (ii) 34 +32+30+...+ 10

(iii) =5 +(=8) + (-11) +...+(-230)
3. InanAP:
(1) givena=5,d=3,a =50,findnand S .
(i1) givena=7,a =35, finddand S ..
(iii) givena ,=37,d=3,findaand S ..
(iv) givena,=15,S =125, finddand a .
(v) givend=35,S =75, find @ and a,.
(vi) givena=2, d=8, S =90, findnand a .
(vii) givena=38,a =62,S =210, find n and d.
(viil) givena =4,d=2, S =-14, find n and a.
(ix) givena=3,n=28,S=192, find d.
(x) given /=28, S= 144, and there are total 9 terms. Find a.
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v, a+2d= 600
$oBA%w a+6d=1700
2 0BG FHodS d=25 Hockn  a =550 55%.
. 0B DodEBENE® SrSS BODesS ey Sogg 550.
(i) se a,=a+9d=550+9 x25="775
@dre 105 éozééé(\)ééwés BoS DS BODezg Loag 775.

(iii) o8, S = %[2x550+(7—1)><25]

= %[1100+150] = 4375

0B 7 Doneod® SarSS Indo BOJES Sogg 4375.

oFo 5.3
1. 808 ®o8EHes® VT Hure Ineeen Birw:
(1) 2,7,12,...10 Soeen (i) —37,-33,-29, .. .12 Soeew

(iii) 0.6,1.7,2.8, ... 100 $en  (iv) . L. L .. 11 $oeen
15 12 10
2. (80b Q) Fwzrod S0l

(i)7+10%+14+...+84 (ii) 34 +32+30+...+ 10

(i) =5 +(=8) + (-11) +...+(-230)
3. o8 wo¥@as®:
(i) a=5,d=3,a =50 eond n 58 S o> LSO,
(il) =7, a,, =35 oons d 20 S, ok SO,
(i) a,, =37, d =3 sond a 566 S, o ESAHE.
(iv) a,= 15, S, = 125 eans d $8c5 a,, o> SkiFesn.
(V) d=5,S, =75, ®an a $5605 d, o> SErFD,
(Vi) a=2, d=8, S =90 wani nH6» a_ o> SO,
(Vi) a=8,a =62,S =210 ecns 15605 d o SSHAHED.
(viii) @ =4,d=2, S =—14 0o n 5H00M a ok EHFHH.
(ix) a=3,n=28,S =192 wond d L 85,
(x) [=28, S=144 560w dure Kogy 9 @ond a & SR,
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10.

11.

12.
13.
14.
15.

16.

17.

18.

How many terms of the AP : 9, 17, 25, . . . must be taken to give a sum of 6367

. The first term of an AP is 5, the last term is 45 and the sum is 400. Find the number of

terms and the common difference.

The first and the last terms of an AP are 17 and 350 respectively. If the common difference
is 9, how many terms are there and what is their sum?

Find the sum of first 22 terms of an AP in which d = 7 and 22nd term is 149.

. Find the sum of first 51 terms of an AP whose second and third terms are 14 and 18

respectively.

. If the sum of first 7 terms of an AP is 49 and that of 17 terms is 289, find the sum of

first n terms.

Show thata,a,...,a,...forman AP where a is defined as below :
(1) a, =3 +4n (i) a, =9 - 5n

Also find the sum of the first 15 terms in each case.

If the sum of the first # terms of an AP is 4n — n*, what is the first term (that is S )? What

is the sum of first two terms? What is the second term? Similarly, find the 3rd, the 10th

and the nth terms.

Find the sum of the first 40 positive integers divisible by 6.
Find the sum of the first 15 multiples of 8.

Find the sum of the odd numbers between 0 and 50.

A contract on construction job specifies a penalty for delay of completion beyond a certain
date as follows: X 200 for the first day, I 250 for the second day, X 300 for the third day,
etc., the penalty for each succeeding day being I 50 more than for the preceding day. How
much money the contractor has to pay as penalty, if he has delayed the work by 30 days?

A sum of X 700 is to be used to give seven cash prizes to students of a school for their
overall academic performance. If each prize is T 20 less than its preceding prize, find the
value of each of the prizes.

In a school, students thought of planting trees in and around the school to reduce air
pollution. It was decided that the number of trees, that each section of each class will
plant, will be the same as the class, in which they are studying, e.g., a section of Class I
will plant 1 tree, a section of Class II will plant 2 trees and so on till Class XII. There are
three sections of each class. How many trees will be planted by the students?

A spiral is made up of successive semicircles, with centres alternately at A and B,
starting with centre at A, of radii 0.5 cm, 1.0 cm, 1.5 cm, 2.0 cm, . . . as shown in
Fig. 5.4. What is the total length of such a spiral made up of thirteen consecutive

.. 22
semicircles? (Take w = 7)
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19.

20.

Fig. 5.4

[Hint : Length of successive semicirclesis/, [, [, [,, ... with centres atA, B,A, B, .. .,
respectively.]

200 logs are stacked in the following manner: 20 logs in the bottom row, 19 in the next
row, 18 in the row next to it and so on (see Fig. 5.5). In how many rows are the 200 logs
placed and how many logs are in the top row?

LSS

Fig. 5.5

In a potato race, a bucket is placed at the starting point, which is 5 m from the first potato,
and the other potatoes are placed 3 m apart in a straight line. There are ten potatoes in the
line (see Fig. 5.6).

ﬁ ; [ (5 o (Y [ (59
. . . . . .

Sm 3m 3m

Fig. 5.6

A competitor starts from the bucket, picks up the nearest potato, runs back with it, drops
it in the bucket, runs back to pick up the next potato, runs to the bucket to drop it in, and
she continues in the same way until all the potatoes are in the bucket. What is the total
distance the competitor has to run?

[Hint : To pick up the first potato and the second potato, the total distance (in metres)
run by a competitor is 2 x 5 +2 x (5 + 3)]



©oBJowo 141

19.

20.

RHevo. 5.4

[160ei55 + 565 esiymre Btsden 1, 1, 1,1, . . . $80s0 D0 Solren £65re A, B,A, B, . . ...... ]

200 38) ocheoo (Bod DS oS Dgorr TN, o Eo& (8ot &) $55%8° 20 38,
S0P, a°<‘0 2 19 0o, el 18 Intho ... @30S Ingo 200 SntHeR @B )
Eétime» 5ar0? oo éoé'f) 20 e 266):065 A Bé& Swedoen oPH?

LI

P! A.A.A.A.A.A.‘.a.A.A.A.A.A.J.A. . .
AX X X .A.‘.,.‘.‘.‘.....A...‘.‘.‘.‘.A.

Héro 5.5

woreee hoden BHNPEESE (potato race) FrEogios® e 86 ¢od T Kod 5. Ervod® &8
DOTPEDOR Hoiedis. Fndo 10 oreE Hoen e.5wIEEE 38, trbod’ 2.8 KKl 3 @DEREIR.
($¢0 5.6 So808).

S0 5.6
S PED KB s 08¢ IY Hod 2aHendid i HorrEihod $KH Do A B
I0EH HY) w8GE® Fard. EHarS SOA B HoD BAHLTO 25 WOTPHDOH HL How TR

EDHBY) 28¢58° Foird. B Dore wR) woHe BB8EE°® JaHHBIK) & KB DERGHORY Bwo
&80 Q0&?

[BriSs 1 BB, 285 HoHod HHHY ToHerd8 @ ok %8 DBNREIORS 8w S
Gones®) 2 x 5+ 2 x(5+3)]



142 ARITHMETIC PROGRESSIONS

EXERCISE 5.4 (Optional)*

1. Which term of the AP : 121, 117,113, ...,1s
its first negative term?
[Hint : Find » for an < ()] ,,,,,,,,,,,,,,,,,,,,

2. The sum of the third and the seventh terms of
an AP 1is 6 and their product is 8. Find the sum
of first sixteen terms of the AP.

3. A ladder has rungs 25 cm apart. i
(see Fig. 5.7). The rungs decrease uniformly 25
in length from 45 cm at the bottom to 25 cm
at the top. If the top and the bottom rungs are

1 . 4
25 m apart, what is the length of the wood 25 v
required for the rungs? e Feromnlh
[Hint : Number of rungs = 250, 1] .

25 Fig. 5.7

4. The houses of a row are numbered consecutively from 1 to 49. Show that there is a value
of x such that the sum of the numbers of the houses preceding the house numbered x is
equal to the sum of the numbers of the houses following it. Find this value of x.

[Hint: S =S, —-S]
5. A small terrace at a football ground comprises of 15 steps each of which is 50 m long and
built of solid concrete.

1

Each step has a rise of % mand a tread of % m. (see Fig. 5.8). Calculate the total volume
of concrete required to build the terrace.

. : . 11
[Hint : Volume of concrete required to build the first step = 2% 7% m' ]
Lm
2 bl
1 S
4 %"

Fig. 5.8

* These exercises are not from the examination point of view.
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5.5 Summary
In this chapter, you have studied the following points :

1. An arithmetic progression (AP) is a list of numbers in which each term is obtained by
adding a fixed number d to the preceding term, except the first term. The fixed number d is
called the common difference.

The general formofan APisa, a+d, a+2d, a+3d,...
2. A given list of numbers a, a,, a,, . . . is an AP, if the differences a, — a,, a, — a

a,—a,, ..., give the same value, i.e.,if a_  —a,_is the same for different values of .

29

k+1

3. In an AP with first term a and common difference d, the nth term (or the general term) is
givenby a =a+(n-1)d.

4. The sum of the first n terms of an AP is given by :

S==§Pa+m—Dd]

5. If / is the last term of the finite AP, say the nth term, then the sum of all terms of the AP is
given by :

s=§w+0

A NOTE TO THE READER

a+c
2

If a, b, ¢ are in AP, then b = and b is called the

arithmetic mean of ¢ and c.
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1062CHOG

TRIANGLES

6.1 Introduction

You are familiar with triangles and many of their properties from your earlier classes. In Class
IX, you have studied congruence of triangles in detail. Recall that two figures are said to be
congruent, if they have the same shape and the same size. In this chapter, we shall study about
those figures which have the same shape but not necessarily the same size. Two figures having
the same shape (and not necessarily the same size) are called similar figures. In particular, we
shall discuss the similarity of triangles and apply this knowledge in giving a simple proof of
Pythagoras Theorem learnt earlier.

Can you guess how heights of mountains (say Mount Everest) or distances of
some long distant objects (say moon) have been found out? Do you think these have

WAH! WAH!
Soon I will
reach the moon.

AAH!
It is so easy
to measure the
height of the
mountain,
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been measured directly with the help of a measuring tape? In fact, all these heights and distances
have been found out using the idea of indirect measurements, which is based on the principle of
similarity of figures (see Example 7, Q.15 of Exercise 6.3 and also Chapters 8 and 9 of this

book)

6.2 Similar Figures

In Class IX, you have seen that all circles with the same radii are congruent, all squares with the
same side lengths are congruent and all equilateral triangles with the same side lengths are

congruent.

Now consider any two (or more)
circles [see Fig. 6.1 (i)]. Are they
congruent? Since all of them do not have
the same radius, they are not congruent to
each other. Note that some are congruent
and some are not, but all of them have the
same shape. So they all are, what we call,
similar. Two similar figures have the same
shape but not necessarily the same size.
Therefore, all circles are similar. What
about two (or more) squares or two (or
more) equilateral triangles
[see Fig. 6.1 (ii) and (iii)]? As observed in
the case of circles, here also all squares are
similar and all equilateral triangles are
similar.

From the above, we can say that all
congruent figures are similar but the
similar figures need not be congruent.

Can a circle and a square be similar?
Can a triangle and a square be similar? These
questions can be answered by just looking
at the figures (see Fig. 6.1). Evidently these
figures are not similar. (Why?)

Q@oc

(ii)

/\

(iii)

Fig. 6.1
P -
BQ i
c Q "
Fig. 6.2
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What can you say about the two quadrilaterals ABCD and PQRS
(see Fig 6.2)?Are they similar? These figures appear to be similar but we cannot be certain
about it.Therefore, we must have some definition of similarity of figures and based on this
definition some rules to decide whether the two given figures are similar or not. For this, let us
look at the photographs given in Fig. 6.3:

Fig. 6.3

You will at once say that they are the photographs of the same monument
(Taj Mahal) but are in different sizes. Would you say that the three photographs are similar?
Yes,they are.

What can you say about the two photographs of the same size of the same person one at the
age of 10 years and the other at the age of 40 years? Are these photographs similar? These
photographs are of the same size but certainly they are not of the same shape. So, they are not
similar.

What does the photographer do when she prints photographs of different sizes from the
same negative? You must have heard about the stamp size, passport size and postcard size
photographs. She generally takes a photograph on a small size film, say of 35mm size and then
enlarges it into a bigger size, say 45mm (or S5mm). Thus, if we consider any line segment in
the smaller photograph (figure), its corresponding line segment in the bigger photograph (figure)

. 45 ( 55 . . .
will be 35 [0r gj of that of the line segment. This really means that every line segment of the

smaller photograph is enlarged (increased) in the ratio 35:45 (or 35:55). It can also be said
that every line segment of the bigger photograph is reduced (decreased) in the ratio 45:35 (or
55:35). Further, if you consider inclinations (or angles) between any pair of corresponding line
segments in the two photographs of different sizes, you shall see that these inclinations(or
angles) are always equal. This is the essence of the similarity of two figures and in particular
of two polygons. We say that:

Two polygons of the same number of sides are similar, if (i) their corresponding angles
are equal and (ii) their corresponding sides are in the same ratio (or proportion).
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Note that the same ratio of the corresponding sides is referred to as the scale factor (or
the Representative Fraction) for the polygons. You must have heard that world maps (i.e.,
global maps) and blue prints for the construction of a building are prepared using a suitable
scale factor and observing certain conventions.

In order to understand similarity of figures more clearly, let us perform the following
activity:

0]
Activity 1 : Place a lighted bulb at a point O
on the ceiling and directly below it a table in e )i-
your classroom. Let us cut a polygon, say a 61?!'""\\
ZHE

quadrilateral ABCD, from a plane cardboard 7t
and place this cardboard parallel to the ground ,:'T |
between the lighted bulb and the table. Then a
shadow of ABCD is cast on the table. Mark
the outline of this shadow as A'B'C'D’ (see
Fig.6.4).

Note that the quadrilateral A'B'C'D’ is an
enlargement (or magnification) of the
quadrilateral ABCD. This is because of the
property of light that light propogates in a
straight line. You may also note that A’ lies on Fig. 6.4

ray OA, B' lies onray OB, C’

lieson OC and D' lies on OD. Thus, quadrilaterals A'B'C'D’ and ABCD are of the same shape
but of different sizes.

So, quadrilateral A'B'C'D’ is similiar to quadrilateral ABCD. We can also say that
quadrilateral ABCD is similar to the quadrilateral A'B'C'D’.

Here, you can also note that vertex A’ corresponds to vertex A, vertex B’ corresponds to
vertex B, vertex C' corresponds to vertex C and vertex D' corresponds to vertex D. Symbolically,
these correspondences are represented as A’ <> A, B' <> B, C' <> C and D’ <> D. By actually
measuring the angles and the sides of the two quadrilaterals, you may verify that

(1) LA=ZA",£LB=«4B,£C=4£C", D= 2/D"and

(i) ABzBC=CD=DA.

A'B" B'C' C'D" DA’

This again emphasises that two polygons of the same number of sides are similar, if (i)
all the corresponding angles are equal and (ii) all the corresponding sides are in the same
ratio (or proportion).
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From the above, you can easily say that quadrilaterals ABCD and PQRS of
Fig. 6.5 are similar.

R

5.0 cm

Fig. 6.5

Remark : You can verify that if one polygon is similar to another polygon and this second
polygon is similar to a third polygon, then the first polygon is similar to the third polygon.

You may note that in the two quadrilaterals (a square and a rectangle) of
Fig. 6.6, corresponding angles are equal, but their corresponding sides are not in the same ratio.

D 3cm C S 35cm R
3 cm 3 cm 3 cm 3 c¢m
P
A 3cm B 3.5¢cm Q
Fig. 6.6

So, the two quadrilaterals are not similar. Similarly, you may note that in the two
quadrilaterals (a square and a rhombus) of Fig. 6.7, corresponding sides are in the same ratio,
but their corresponding angles are not equal. Again, the two polygons (quadrilaterals) are not
similar.
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D 2.1 cm C

2.1 cm 2.1 cm

2.1 cm

Fig. 6.7

Thus, either of the above two conditions (i) and (ii) of similarity of two polygons is not
sufficient for them to be similar.

EXERCISE 6.1
1. Fill in the blanks using the correct word given in brackets :

(1) Allcircles are . (congruent, similar)

(i1) All squares are
(ii1) All
(iv) Two polygons of the same number of sides are similar, if (a) their corresponding

angles are and (b) their corresponding sides are .(equal, proportional)

. (similar, congruent)

triangles are similar. (isosceles, equilateral)

2. Give two different examples of pair of
(1) similar figures. (i) non-similar figures.

3. State whether the following quadrilaterals are similar or not:

D 3 cm C
S 15cm R 3cm 3cm
1.5em 1.5cm
P 1.5¢em Q A 3cm B

Fig. 6.8
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6.3 Similarity of Triangles
What can you say about the similarity of two triangles?

You may recall that triangle is also a polygon. So, we can state the same conditions for the
similarity of two triangles. That is:

Two triangles are similiar, if
(9) their corresponding angles are equal and
(i) their corresponding sides are in the same ratio (or proportion).

Note that if corresponding angles of two triangles
are equal, then they are known as equiangular
triangles. A famous Greek mathematician Thales gave
an important truth relating to two equiangular triangles
which is as follows:

The ratio of any two corresponding sides in two
equiangular triangles is always the same.

It is believed that he had used a result called the
Basic Proportionality Theorem (now known as the Thales
Thales Theorem) for the same. (640 — 546 B.C.)

To understand the Basic Proportionality Theorem,
let us perform the following activity:

Activity 2 : Draw any angle XAY and on its one

arm AX, mark points (say five points) P, Q, D, R and B E C Y
such that AP=PQ =QD = DR =RB. = 5

Now, through B, draw any line intersecting arm AY Qe
at C (see Fig. 6.9). R o

Also, through the point D, draw a line parallel to

BC to intersect AC at E. Do you observe from your Fig. 6.9

. AD 3
constructions that DB > ? Measure AE and

AE AE . 3 .
EC. What about e} ? Observe that TC 18 also equal to 3 Thus, you can see that in AABC, DE
AD _AE
DB EC
Basic Proportionality Theorem):

|| BC and . Isit a coincidence? No, it is due to the following theorem (known as the
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Theorem 6.1 : If a line is drawn parallel to one side of a triangle to intersect the other two
sides in distinct points, the other two sides are divided in the same ratio.

Proof : We are given a triangle ABC in which a line &
parallel to side BC intersects other two sides AB and M
AC atD and E respectively (see Fig. 6.10). N£3:°

AD AE
We need to prove that DB EC

B
Let us join BE and CD and then draw DM L AC and

EN LAB. Fig. 6.10

1 . 1
Now, area of AADE (= 5 base x height) = 5 AD x EN.

Recall from Class IX, that area of A ADE is denoted as ar(ADE).

1

So, ar(ADE) = 5 AD x EN
1

Similarly, ar(BDE) = 5 DB x EN,

1
ar(ADE) = % AE xDM and ar(DEC) = EC x DM.

1
ar(ADE) _ , ADXEN 4p

Therefor = £ =— 1
Crelore,  uH(BDE) 1 ogxpN DB (1)
2
! AE x DM
and ar(ADE) 5 _AE )
ar(DEC) Yecxpm  EC
2

Note that ABDE and DEC are on the same base DE and between the same parallels BC and DE.
So, ar(BDE) = ar(DEC) 3)
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1

SBAGore, ar(BDE) = 5 DB x EN,
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1
ar(ADE) 5, ADXEN ,p

S ar(BDE) | o o DB )
2
! AE x DM
o ar(ADE) 5 _AE )
’ ar(DEC) Yecxpm  EC
2

ABDE, ADEC e» 2.8 > DE £08050 $5m088 Spen BC 558050 DEe 055 e Koo,
ar(BDE) = ar(DEC) 3)
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Therefore, from (1), (2) and (3), we have :

AD _ AE
DB EC

Is the converse of this theorem also true (For the meaning of converse, see Appendix 1)?
To examine this, let us perform the following activity:

Activity 3 : Draw an angle XAY on your B B, A

notebook and onray AX, mark points B, B, B, B, 3 i

B,and B such that AB, = BB, = B,B, = " B, G,

B,B,=B,B. G
.. : X C,

Similarly, on ray AY, mark points C

C,C,C,C,and Csuchthat AC, =C C,=CC,

= C,C, = C,C. Then join B,C, and BC

(see Fig. 6.11). Fig. 6.11 Y

AB, AC, 1
Note that _BlB = _ClC (Each equal to Z)

You can also see that lines B,C, and BC are parallel to each other, i.¢.,

B,C, || BC (D)
Similarly, by joining B,C,, B,C, and B,C,, you can see that:
AB, _ AC, [: gj
BB CC 3 and B,C,||BC (2)
2% _ A5 [=3j d B,C,|BC 3
BB~ Ccc | 2) and BG| ()

AB, AC, [: ﬂj
BB CC and B,C,|BC (4)

1

From (1), (2), (3) and (4), it can be observed that if a line divides two sides of a triangle in
the same ratio, then the line is parallel to the third side.

You can repeat this activity by drawing any angle XAY of different measure and taking any
number of equal parts on arms AX and AY . Each time, you will arrive at the same result. Thus,
we obtain the following theorem, which is the converse of Theorem 6.1:
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Theorem 6.2 : If a line divides any two sides of a triangle in the
same ratio, then the line is parallel to the third side. A

This theorem can be proved by taking a line DE such that

AD AE . .
OB EC and assuming that DE is not parallel to BC 7 E >
(see Fig. 6.12).
If DE is not parallel to BC, draw a line DE’ parallel to
BC. B
C
AD AE'
— = ? ig. 6.
So, DB~ EC (Why ?) Fig. 6.12
AE AE'
20 _ 2= 2
Therefore, i~ EC (Why ?)

Adding 1 to both sides of above, you can see that E and E’ must coincide. (Why ?)
Let us take some examples to illustrate the use of the above theorems.

Example 1 : If a line intersects sides AB and AC of a A ABC at D and E respectively and is

AD AE .
parallel to BC, prove that 2B AC (see Fig. 6.13).
Solution : DE || BC (Given)
AD AE
So, ) (Theorem 6.1)
A
DB _ EC
or; AD AE
OI‘, % + 1 — E + 1 D E
AD AE
o AB _ AC
AD AE B
C
S AD _ AE
05 AB AC

Fig. 6.13
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Example 2 : ABCD is a trapezium with AB || DC. E and A

F are points on non-parallel sides AD and BC
respectively such that EF is parallel to AB

. AE BF
(see Fig. 6.14). Show that D FC

Solution : Let us join AC to intersect EF at G
(see Fig. 6.15).

AB||DCand EF ||[AB (Given)

D

So, EF| DC (Linesparallel to the same line are
parallel to each other)
Now, in AADC,
EG| DC (AsEF|DC)

AE AG
So,ﬁ e (Theorem 6.1) (1) 5

Similarly, from A CAB,

G _ CF
AG BF

i AG _ B
-Cos GC  FC

Therefore, from (1) and (2),

AE _ BF
ED FC

- PS _ PT _ S
Example 3 : In Fig. 6.16, SQ ~ TR and £ PST =
2 PRQ. Prove that PQR is an isosceles triangle.
PS _PT ?

Solution : It is given that SQ TR

So, ST| QR (Theorem 6.2)
Therefore, /ZPST= ZPQR (Corresponding angles)

B
F
C
Fig. 6.14
B
F
G
C
Fig. 6.15
(2)
P
T
R
Fig. 6.16
(1)
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Also, it is given that

ZPST= ZPRQ (2)
So, ZPRQ= ZPQR [From (1)and (2)]
Therefore, PQ=PR (Sides opposite the equal angles)

i.e., PQRisanisosceles triangle.
EXERCISE 6.2
1. InFig. 6.17, (i) and (ii), DE || BC. Find EC in (i) and AD in (ii).

A
A
1.5em 1 em D 1.8 cm
D E 7.2 em E
3cm
= 5.4 cm
B C
(i) (i1) C
Fig. 6.17
B
2. E and F are points on the sides PQ and PR M
respectively ofa APQR. For each of the following
cases, state whether EF || QR : A L C
(i) PE=39cm,EQ=3cm,PF=3.6cmand FR=2.4 N
cm D
(i1) PE=4cm,QE=4.5cm, PF=8cmand RF=9 cm .
Fig. 6.18
(iii) PQ=1.28 cm, PR=2.56 cm, PE=0.18 cm and PF
=0.36 cm A
3. InFig. 6.18,if LM || CB and LN || CD, prove that D
AM _ AN
AB  AD
4. In Fig. 6.19, DE || AC and DF || AE. Prove that g v E
BF _BE .
FE - EC Fig. 6.19
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5. In Fig. 6.20, DE || OQ and DF || OR. Show that P
EF || QR.

6. InFig. 6.21, A, B and C are points on OP, OQ and
OR respectively such that AB || PQ and AC || PR.
Show that BC || QR.

7. Using Theorem 6.1, prove that a line drawn through
the mid-point of one side of a triangle parallel to () R
another side bisects the third side. (Recall that Fig. 6.20
you have proved it in Class IX).

8. Using Theorem 6.2, prove that the line joining the
mid-points of any two sides of a triangle is parallel
to the third side. (Recall that you have done it in
Class IX).

9. ABCD is a trapezium in which AB || DC and its o
diagonals intersect each other at the point O. Show B C

AO _CO

that —
BO DO Fig. 6.21

R

A0 _ CO.

10. The diagonals of a quadrilateral ABCD intersect each other at the point O such that — 50 " DO

Show that ABCD is a trapezium.

6.4 Criteria for Similarity of Triangles

In the previous section, we stated that two triangles are similar, if (i) their corresponding angles
are equal and (ii) their corresponding sides are in the same ratio (or proportion).
That is, in A ABC and A DEF, if

(i) ZA=4D,/B=/E, /C=/Fand

AB BC CA

(i1) DE_EF D’ then the two triangles are similar (see Fig. 6.22).

Fig. 6.22
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(1)) LA=4D,£ZB=ZLE, £LC=ZF &8c»

(i1) AD_DBC_cA

DE EF FD

> ©ONJ ezBoc‘é) (Bgheen SSrosB0 (Her0 6.225 SrEod)

D
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Here, you can see that A corresponds to D, B corresponds to E and C corresponds to F.
Symbolically, we write the similarity of these two triangles as ‘A ABC ~A DEF’ and read it
as ‘triangle ABC is similar to triangle DEF’. The symbol ‘~’ stands for ‘is similar to’. Recall
that you have used the symbol ‘=’ for ‘is congruent to’ in Class IX.

It must be noted that as done in the case of congruency of two triangles, the similarity of
two triangles should also be expressed symbolically, using correct correspondence of their
vertices. For example, for the triangles ABC and DEF of Fig. 6.22, we cannot write A ABC
~AEDF or AABC ~ A FED. However, we can write A BAC ~ A EDF.

Now anatural question arises : For checking the similarity of two triangles, say ABC and
DEF, should we always look for all the equality relations of their corresponding angles (£ A=
ZD,2ZB=/E, 2 C= ZF)and all the equality relations of the ratios of their corresponding

. AB BC CA . . .
sides [ﬁ ~FF ﬁj ? Let us examine. You may recall that in Class IX, you have obtained

some criteria for congruency of two triangles involving only three pairs of corresponding parts
(or elements) of the two triangles. Here also, let us make an attempt to arrive at certain criteria
for similarity of two triangles involving relationship between less number of pairs of
corresponding parts of the two triangles, instead of all the six pairs of corresponding parts. For
this, let us perform the following activity:

Activity 4 : Draw two line segments BC and EF of two different lengths, say 3 cm and 5 cm
respectively. Then, at the points B and C respectively, construct angles PBC and QCB of some
measures, say, 60° and 40°. Also, at the points E and F, construct angles REF and SFE of 60° and
40° respectively (see Fig. 6.23).

R
SN/D
Q P
A
/60 40 AL 4° p
3cm S5cm

Fig. 6.23
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B A 036 D8 eddrdsnmr, B ode D8 ekdrstorr $0csn Code E8 ekdmdsnme
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EDF & A ABC ~ A FED v (gra$&r6t, ©0anss)B8 A BAC ~ A EDF.od [ahss).

S D% Bireor efR0S (B, Dok (Bebire SEPSEERH HOEDOITIE @D
Sheren SSmSom Ganchar $0800m70 (AA=AD,AB=AE,AC=AF) sos obsrd Hero

AB BC CA
QY0 XD HOBDomrer? [ﬁ “EF Ej Bod (Bahere D8y DmIER) HOBDoSELNE®
&8 (BeHere St w80 @HETSH FIPO (B8 ©osre) Sr@R H0KeSS%8 BioBHroersd 95 8K
D JsnHRF) DREEY) HEhBENS ol. a8 Eree Both (Bghere JErHESD H08D0BErIE S
éospg@“3 ©X0BTH gPrreD GOEPA0D 5 Aahireo 560562‘3 &0 3(.352633. 8 855 (Bobd S

3(;:26».

ée)e‘%o 4 : BC= 3 20.%, EF 5 0.5 e:ocﬁg Do BC £0805» EF g Sgrgomred AcHod. Hodhden
B %8050 Co D SBodre 8%s0 PBC 60°, %0 QCB 40° rH3e 88esroD ?06&0:150&. RJGor
Do&odHews E Sodaoo EFe D DS §%%0 REF= 60° %0 SFE = 40°
1D5ED &% 88eaoen ?O@éo?jo&. (B0 6.23% SeEod)

R
SN/D
Q P
A
/60 407 AL 4°N\ F
3cm S5cm

Seo 6.23



174 TRIANGLES

Letrays BP and CQ intersect each other at A and rays ER and FS intersect each other at D.
In the two triangles ABC and DEF, you ~can see that
/B=/E,ZC=/Fand £ A= ~ZD. Thatis, corresponding angles of these two triangles are

3

: L BC
equal. What can you say about their corresponding sides ? Note that B o506 What about

AB

CA : . AB CA
) AB oA
DE and D On measuring AB, DE, CA and FD, you will find that DE and oD are also equal to

: : : AB BC CA
0.6 (or nearly equal to 0.6, if there is some error in the measurement). Thus, DE-EF "D
You can repeat this activity by constructing several pairs of triangles having their corresponding
angles equal. Every time, you will find that their corresponding sides are in the same ratio (or

proportion). This activity leads us to the following criterion for similarity of two triangles.

Theorem 6.3 : If in two triangles, corresponding angles are equal, then their corresponding
sides are in the same ratio (or proportion) and hence the two triangles are similar.

This criterion is referred to as the AAA D
(Angle—Angle—Angle) criterion of similarity
of two triangles.

This theorem can be proved by taking two

triangles ABC and DEF such that = Q
LA=/2D,LB=ZEand L C=ZLF

F
(see Fig. 6.24) B C E
Cut DP=AB and DQ = AC and join PQ. Fig. 6.24
So, AABC= ADPQ (Why ?)
This gives ZB=/P =/E and PQ| EF (How?)

DP DQ

— = 5 )
Therefore, o oF (Why?)

AB AC
. e — )
1.€., DE OF (Why)
Similarly, 2B = BC L 1qeo AB_BC_AC

Aty g = Fr °DETEF DE

Remark : If two angles of a triangle are respectively equal to two angles of another triangle,
then by the angle sum property of a triangle their third angles will also be equal. Therefore, AAA
similarity criterion can also be stated as follows:
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8 o0& /ZB=/P =ZE %8cs» PQ | EF (Der?)
DP DQ
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AB AC
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If two angles of one triangle are respectively equal to two angles of another triangle,
then the two triangles are similar.

This may be referred to as the AA similarity criterion for two triangles.

You have seen above that if the three angles of one triangle are respectively equal to the
three angles of another triangle, then their corresponding sides are proportional (i.e., in the
same ratio). What about the converse of this statement? Is the converse true? In other words, if
the sides of a triangle are respectively proportional to the sides of another triangle, is it true
that their corresponding angles are equal? Let us examine it through an activity :

Activity 5 : Draw two triangles ABC and DEF such that AB = 3 cm, BC = 6 cm,
CA=8cm,DE=4.5cm, EF=9 cmand FD = 12 cm (see Fig. 6.25).

D
A
8 cm 45 cm 12 cm
3cem
B 6 cm ¢ E 9 cm K
Fig. 6.25
AB BC CA 2
So, you have : DE " EF_ D (each equal to 3)

Now measure £ A, £ B, £ C, £ D, £ E and £ F. You will observe that
ZA=2/D,/ZB=/Eand L C= ZF, i.e., the corresponding angles of the two triangles are
equal.

You can repeat this activity by drawing several such triangles (having their sides in the
same ratio). Everytime you shall see that their corresponding angles are equal. It is due to the
following criterion of similarity of two triangles:

Theorem 6.4 : If in two triangles, sides of one triangle are proportional to
(i.e., in the same ratio of’) the sides of the other triangle, then their corresponding angles
are equal and hence the two triangles are similiar.

This criterion is referred to as the SSS (Side—Side—Side) similarity criterion for two
triangles.

. . . AB B A
This theorem can be proved by taking two triangles ABC and DEF such that — = Be_cA

DE EF FD
(<1) (see Fig. 6.26):
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(BgDezren JBPD (Bgheren @H&oom.
& Qabair) AA (Hgberre BerSES Db Seneesdy.

2.8 (B80S Ko7t Boemren SHIT HES (B2Hs08t Krtd Beredd VEPSRL, & dodrd
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D
A
8 cm 45 cm 12 cm
3cm
B 6 cm C E 9 cm K
o 6.25
AB BC CA
& Bok (Bheres® DE_EBF (@8 .88 JdeSorr )

/A, /B, /C, /D, /E 5800 /. Serets Sosod. L/A=/D, /B=/Ebcn £C
=/ F, o9 856 15509308, 08 & Both [8herod® etrs Sare SEro5H Burhmmt.

OErD ghere DY&Een ‘é:éavzéaéac'ﬁ)?g DBore FHad sse (BehHererdd D&D. &3 é@@é@&
JITeHBo Rohoed oxoe, (08 6065623068 B (Bghere pErs Searen HEPSHE b Kkrobred.
) ée)e‘é?go Toe (B8here SErHESE5 Ko0dod &8 (Bod JcHshsn Sl Sogidodod.

?ow;oéﬁo 6.4 : BotsH (Bghered® o8 (BeHaz0d® sheren, JE°E (HeHNEE ghereH wHISENE &),
(&8 AYBS® adond) ©@ Bok (Bgherod® wkdrd e VXTSI, B0 @ o (@gheren
Qderaren. & Q00K Botd (Bedere gb. 3D, b (hassdimw— ghessdon— ghessin) H&rwd JoheHdwre Bewsesin.
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& Jrrodo DEEF (< 1) ooy ABC 508050 DEFek 3:08°5¢ oo
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D
A
P Q
B C E F
Fig. 6.26
Cut DP=AB and DQ =AC and join PQ.
It can be seen that DP D2 nd PQIEF  (How?
can be seen tha pE ~ QF A0 Ql (How?)
So, /Z/P=/ZE and ZQ=ZF
DP _ DQ _PQ
Therefore, DE OF _ EF
DP DQ BC
_— = === ?
S0, DE ~ DF EF (WO
So, BC=PQ (Why?)
Thus, AABC = ADPQ (Why ?)
So, /A=/D, /B=/E and ZC=/F (How ?)

Remark : You may recall that either of the two conditions namely, (i) corresponding angles are
equal and (ii) corresponding sides are in the same ratio is not sufficient for two polygons to be
similar. However, on the basis of Theorems 6.3 and 6.4, you can now say that in case of similarity
of the two triangles, it is not necessary to check both the conditions as one condition implies
the other.

Let us now recall the various criteria for congruency of two triangles learnt in Class IX.
You may observe that SSS similarity criterion can be compared with the SSS congruency
criterion. This suggests us to look for a similarity criterion comparable to SAS congruency
criterion of triangles. For this, let us perform an activity.

Activity 6 : Draw two triangles ABC and DEF such that AB = 2 cm, £ A = 50°,
AC=4cm, DE=3cm, £ D =50°and DF = 6 cm (see Fig.6.27).
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D
A
P Q
B C E
S0 6.26
AB =DP %8as» AC=DQ erHden PQ o Senhdm.
DP DQ
B BQore St SrEHED) PE - OF %8050 PQ||EF  (20&%:7?)
SRV LP=ZE 80 LQ=ZLF
bp _DQ _ PQ
* DE DF EF
DP DQ BC
- = == 2
=) DE OF _ EF (ot ?)
=9, BC=PQ (Do ?)
AABC=ADPQ (oS ?)

9% , /A= /D, /B = /E 800 /C=/F (3c°?)

G058 1 Bokh aswgheren KEraren areod (1) o8 eHdrs Seren SErdore Gomed Sdaso (ii)

T8 08T gheren a8 PBE® (B wHarsod®) omed. 2 AchEred’ DE° 2.8 AaHvo HBDH @

S5, 50 (Bghere HEFHESE K020808 ok IcHETen @580 B, JoHECE 2.8 JoHKO GO

BoE AoHE0 .

Bebere SERIFSEFDTE FWE" SEKBS ot T Tt dohEreD HE BEoTro.
£9.95. 8D SEETHE OHETR 4. 8. £H VEFHES WoHH508® Deosisy), B $08 8685 VERLPSR

ROHLENE® eBAS HEE HErHES VaHEo GoHB Ao, &I TS (Bod Gz Jaro.

g)¥50 6 : AB =2%0.8, ZA=50°,AC =420. éotHseny ABCO DE=320.&% £ D=50°

8050 DF = 6 20.80 ¢otHSen DEFQ Acsnsm. (580 6.27 &riod)
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D
A
50°
50° 4 em 6 cm
2 cm 3 cm
B C E K

Fig. 6.27

AB AC 2 .
Here, you may observe that DE - DF (each equal to E) and Z A (included between the

sides AB and AC) = £ D (included between the sides DE and DF). That is, one angle of a triangle
is equal to one angle of another triangle and sides including these angles are in the same ratio
(i.e., proportion). Now let us measure £ B, £ C, ZE and £ F.

You will findthat /B=/ZEand £ C=ZF. Thatis, ZA=/ZD,/Z/B=ZEand L C= L
F. So, by AAA similarity criterion, A ABC ~ A DEF. You may repeat this activity by drawing
several pairs of such triangles with one angle of a triangle equal to one angle of another triangle
and the sides including these angles are proportional. Everytime, you will find that the triangles
are similar. It is due to the following criterion of similarity of triangles:

Theorem 6.5 : If one angle of a triangle is equal to one angle of the other triangle and the
sides including these angles are proportional, then the two triangles are similar.

This criterion is referred to as the D
SAS (Side—Angle—Side) similarity
criterion for two triangles.

As before, this theorem can be
proved by taking two triangles ABC

AB AC
222 B C E F
and DEF such that DE - DF (<1)and

Z A= 2D (see Fig. 6.28). Cut DP = Fig. 6.28
AB, DQ =AC and join PQ.
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D
A
50°
O
50 4 cm g.om
2 cm 3cm
B C E F
Seo 6.27
AB _AC _ 2 saai £ A= /D o9 56800, (355 AB 6dn ACe i A, DE
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Now, PQ| EF and AABC=ADPQ (How ?)
So, LA=4D, ZB=/ZPand L C=2Q
Therefore, AABC~ ADEF (Why?)

We now take some examples to illustrate the use of these criteria.

Example 4 : In Fig. 6.29, if PQ || RS, prove that A POQ ~ A SOR.

R
P
0]
Q S
Fig. 6.29
Solution : PQ|| RS (Given)
So, LP=/S (Alternate angles)
and ZQ=4ZR
Also, ZPOQ= ZSOR (Vertically opposite angles)
Therefore, APOQ~ ASOR (AAA similarity criterion)
Example 5 : Observe Fig. 6.30 and then find £ P.
R
A 63 7.6
8¢
3.8 33
60°
B 3 c P 2 Q

Fig. 6.30
Solution : In AABC and A PQR,
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59, PQ |[EF 60w A ABC = A DPQ (D ?)
/A= /D, /B= /P %bcin LC=/Q

.. AABC~ADEF (DotH%?)
88 QIR DHBOWTPAE DY) E°Q) STrsrEeaed &0 0erSm.
S8 4 ¢ BN He0e® 6,285, PQ || RS wons A POQ ~ A SOR.

R
P
0]
Q S
Seo 6.29
PES ¢ PQ|| RS (Smrodsm)
SR LP=/S (VP88 Soeren)
£060% /Q=/R

s05° /POQ = /SOR (o= m Seren)
APOQ~ A SOR (58568, 557558 Qb0

R
&5 5 1 ad)d Heosm 6.30 K0 L P Densd E5HfS0s.

A 63 7.6

B . c P > Q

55 : AABC 805 A PQR o6
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AB 8

38_1BC_6 1 CA_3V3 1
RQ 76 2 Qp 12 2MCpRr "¢ 2

. AB BC CA
That s, RQ QP PR
So, AABC~ ARQP (SSS similarity)
Therefore, / C= £ P(Corresponding angles of similar triangles)
But ZC=180°-ZA-4ZB (Angle sum property)

= 180° — 80° — 60° = 40°
So, ZP=40° C
Example 6 : In Fig. 6.31,
OA.OB=0OC.OD. A
Show that / A=/ C and L B=4£D. (0)
Solution : OA.OB= OC.OD (Given) D
So, % = % (1) Fig. 6.31 B
Also, we have ZAOD = Z COB(Vertically opposite angles) (2)
Therefore, from (1) and (2),AAOD~A COB (SAS similarity criterion)
So, /ZA=/Cand ZD=/B
(Corresponding angles of similar triangles)
A

Example 7 : A girl of height 90 cm is walking
away from the base of a
lamp-post at a speed of 1.2 m/s. If the lamp is
3.6 m above the ground, find the length of her
shadow after 4 seconds.

Solution : Let AB denote the lamp-post and CD
the girl after walking for 4 seconds away from
the lamp-post (see Fig. 6.32).

From the figure, you can see that DE is the shadow
of the girl. Let DE be x metres.

Fig. 6.32
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AB 38 1 BC 1 CA 33 1
== = — =~ S8y —— = — = =—
RQ 76 2 QP 12 2 PR 6/3 2
AB _BC_CA
RQ QP PR
.. AABC~ ARQP (g5.85.20. $8r088 cHsosm)

ZC = £P (367 (8gbeod® $¢)¥; Searen)
R ZC = 180° — L A— £ B(i&gbeo0s’® e Imdo §8)0)
ZC=180°—80°— 60° =40°

C
ZP=40°
A
SRS 6 1 aQy Hosn 6.316°,
OA . OB = OC . OD eox 0
D
A=/ C 860 Z/B=/D e Srbob,
< 6.31
355 OA.OB=0C.OD (Smodsn) "o .
OA OD
5o 0C _ OB e (1)
Hos° ZAOD = Z COB (3o2@swp §eeed) ............. 2

95 (1) 598050 (2),508A AOD ~ A COB  (26.85.45) $Er558 Dsibos

LA = ZC 580 LB = /D (3608 ($gberod® $e5)d; Sheren)
A

Sl 7 emesdeSe 71 90 0.8, d&rke a8
@8 &% Koo Hod rdsore 1.2 &/ Isns®
BEoSrB)B. B Goasn 8 3,65 wavm 4 BB
Bhoard Y& @ e A FPEHT BP0,

FES 1 AB 80%08550 50805 4 DB SKE Soxd
208 o CD & 5rdiod edHomro. Htokn $od

Ll
DE x5 3¢ 6595 6008, DE=x &. oos%osn. B D
Heo 6.32

E
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Now,BD=12mx4=48m.
Note that in AABE and A CDE,

ZB= 2D (Eachis of 90° because lamp-post
as well as the girl are standing

vertical to the ground)
and ZE=/E (Same angle)
So, AABE~ ACDE (AA similarity criterion)
BE AB
Therefore, ﬁ = E
: 48+x _ 36 _%
1.e., = = 09 (90 cm o0 ™ 0.9 m)
1e., 4.8 +x=4x
ie., 3x=4.8
1e., x=1.6

So, the shadow of the girl after walking for 4 seconds is 1.6 m long.

N
Example 8 : In Fig. 6.33, CM and RN are Q b
respectively the medians of A ABC and

APQR.If AABC ~APQR, prove that : A
(i) AAMC ~APNR M
M _AB c
(i1) RN PQ B R
Fig. 6.33
(iii) ACMB~ARNQ *
Solution : (i) AABC~ APQR (Given)
AB _ BC_CA
So, PQ _ QR RP (1
and /A=/P, /B=/Qand Z/C=/R 2)
But AB=2AMand PQ=2PN
(As CM and RN are medians)
2AM CA
So, from (1), 2PN~ Rp
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aQpd, BD=12mx 4 =48 m.
A ABE %8050 A CDE, e&®

ZB=/D (688080 0850 erds &8ederd

o835 ZE=ZE
A ABE ~ A CDE

SIS BE_ AB

’ DE CD

8+ .

s, T
3w, 4.8 +x=4x
oJe, 3x=4.8
e, x=1.6

4 Bog IKE Soxd @D A K 1.6 .

&S 8 1 Heo 6.338° CM $805» RN
S&de A ABC 58050 A PQR oI (BheroH
Acha&d oG5 Bgen. AABC ~ A PQR,

0N
(i) AAMC ~ A PNR
... CM AB
(i) RN "0
(i) A CMB ~ A RNQ o9 d&r%oiSod.
5% ¢ (1) AABC ~ A PQR (s5gm0%i0)

AB  BC _CA

2N, 5 T An . wn e

>PQ QR RP

LA=/ZPLB=/ZQand L C=4LR ...

90° woorr &oKéro Sl )

(£5.85. $EFHES DHir0)

(90 208 = — & = 0.9 &)

100

(& &%0)

Seo 6.33

AB =2 AM 525 PQ =2 PN ( CM 8050 RN en £¢55% Sapen)

2AM CA
(1) %0& SpNy = RP
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: AM _ CA
1.€., W = RP (3)
Also, ZMAC= ZNPR [From (2)] (4)
So, from (3) and (4),
AAMC~ APNR (SAS similarity) (5)
.. cM CA
(1i1) From (5), RN _ RP (6)
CA AB
But RP_ PQ [From (1)] (7)
CM AB
Therefore, RN~ PQ [From (6) and (7)] (8)
. AB BC
(111) Again, PQ - QR [From (1)]
cM _ BC
Therefore, RN~ OR [From (8)] (9)
Also, CM _ AB_2BM
RN PQ 20N
: CM _ BM
1.€., ﬁ = QN (10)
: CM _ BC _BM
ie., RN - ORON [From (9) and (10)]
Therefore, ACMB ~ ARNQ (SSS similarity)

[Note : You can also prove part (iii) by following the same method as used for proving part (i).]
EXERCISE 6.3

1. State which pairs of triangles in Fig. 6.34 are similar. Write the similarity criterion used
by you for answering the question and also write the pairs of similar triangles in the
symbolic form :
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oo, (2) $08

(3) o650 (4) E208

(i) (5) %08

=9 (1) %08

(6) 0805 (7) 5008

(iii) Ser (1) S0

=55 (8) S08

$B05,

(9) o605 (10) S0l

AM

CA

N - R®RP e 3)
/MAC= ZNPR [(2Q)&08] ... (4)
AAMC~ APNR (85.5%.85. $ErHES oHF0) ... (5)

CM CA

™’ e (6)

CA AB

= = 70 [(D&0&] . (7)

CM AB

N " PO [(6),(7)® 08 ] ... (8)

AB  BC

Q- R [ (11)Z00& ]

CM _ BC

N - OR [ (8) Kool ]..... 9)

M _ AB_2BM

RN PQ 20ON

CM BM

RN - ON e (10)

CM _ BC _BM

RN ~ QR ON [(9), (10) © &oo& ]
ACMB~ ARNQ (8. 85.85. JEPDHES dchno)

(1505 EBHSN ()X grrrl) AErHoR Horrs (1il) & grre) Eree AETRHoBIEY)

a8 6.3

1. Heodw 6.346° BGS (Bghere 23808 DY JEPFPE® BoHod. HEPTPOawd & AoHH0 wrrdorrSt
DB (Bhere JErPHESD HEOD SOETPA0D (FT°cDod.
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P
60 A 6 S
3
B _40N¢ g R B—5= Q R

. . . 4
(i) (i1)
P
D
L ) p M 5
70
M——P E 5 F N L Q 10 R
(iii) o (iv)
D P
25 >
80° & >
B ——\C E - 8 F E- Q
(v) (vi)
Fig. 6.34

2. InFig. 6.35,A0DC ~A OBA, ZBOC=

125° and £ CDO =70°. Find £ DOC, £ Dmo c
DCO and Z OAB.
0/ 125°
3. Diagonals AC and BD of a trapezium
ABCD with AB || DC intersect each other % 5

at the point O. Using a similarity criterion

OA _OB

for two triangles, show that oC - oD Fig. 6.35
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P
A 60 A 6 S
0
60
AU ] X
A 407\
B C.Q R B—53 “Q 3 R
(1) (i)
P
D
L
4 6 b S
2.7/ \3 2.5/70 S
h . 70 -
M 2 P E 5 | ol N | 9} Q 10 ™

(iii) (iv)

D
/3\ /&
25 ‘ 80 3¢
. 8¢° o 8., pD8® QX 307
3 ) 6

(vi)

S0 6.34

2. 2Oy dwo 6.35, A0ODC~AOBA, ZBOC

D C
= 125° %8a8n £ CDO = 70°. ®ond 70°
ZDOC, ZDCO &8cin £ OAB 80705,

0/)125°

3. B»aako ABCD AB || DC. 8gs5wen AC
28050 BD en Hotnd ‘O Eétg OB 0HED0. A B
(8Hezdne HBP) AN edRPA0DHE
% - % © SrH08. Heo 6.35

OoC OD
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10.

QR _ QT

. InFig. 6.36, < =-~ and £ 1=2£2. Show

> QS PR
that APQS ~ A TQR.

S and T are points on sides PR and QR of
A PQR such that £ P= 2 RTS. Show that
ARPQ~ARTS.

In Fig. 6.37, if A ABE = A ACD, show that
AADE ~AABC.

. InFig. 6.38, altitudes AD and CE of AABC

intersect each other at the point P. Show that:
(i) AAEP~ACDP

(i) AABD~ACBE

(iii) AAEP~AADB

(iv) APDC~ABEC

. E is a point on the side AD produced of a

parallelogram ABCD and BE intersects CD
at F. Show that AABE ~ A CFB.

. In Fig. 6.39, ABC and AMP are two right

triangles, right angled at B and M
respectively. Prove that:

(i AABC~AAMP
... CA BC
(11) a = ﬁ
CD and GH are respectively the bisectors
of Z ACB and Z EGF such that D and H lie

on sides AB and FE of A ABC and A EFG
respectively. If A ABC ~ A FEG, show that:

. CD AC
M) Ga~Fa

(ii) ADCB~AHGE
(iii) ADCA~AHGF

Fig. 6.36

Fig. 6.37

Fig. 6.38

Fig. 6.39

2
S R
A=
B
P
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4.

10.

QR QT
&8, 0s PR $0Bcsw L 1=

Z£2 oaws A PQS~ A TQR &9 5.

65 H60 6.36

. APQR &* /P = /RTS e&bsdigorr PR £:8a50

QR © 2 Ko Both HothHen S odasn Tewans
A RPQ ~ A RTS @ Sr)dm.

By Heo 6.376° .A ABE = A ACD wond A
ADE ~ A ABC &9 &e5sm.

He0 6.386° Srdiey A ABC &° aygen AD
$805» CEen P $5¢ 080:H8E°AS (8ob (@gberen
JETren 9 EeHXw.

(i) AAEP~ A CDP (ii) A ABD ~ A CBE
(iii)) A AEP ~ A ADB (iv) A PDC ~ A BEC

. JXr088 5@36&3}&0 ABCD &%, BE, CD& F &Slo!

podowodey ADD E K88 &A0dR,
A ABE ~ A CFB &9 $m.

He0 6.39 & $® dore A ABC  $08asn A
AMPex Both ©028%s (Bghassven. HAS® owsiersimen

S55m B 5000 M othide $8 S0 oms
(i) AABC ~AAMP

CA _BC
(i)
PA  MP

@ LeH0.

ABC %0805» EFG (@2pered® AB 5805w FE ghered
D %8d5n H DotHhdhen SHdme 563)&)266;91 Z ACB
S8 £ EGF e% A% 8% Ewlai-Yelaty Bpen S

CD $8c50GHexn. mose A ABC ~ A FEGeond

CD _AC
O 1~ %

(ii) ADCB~AHGE
(iii) A DCA ~ A HGFod Sridim.

Seo 6.36

S0 6.39
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11. In Fig. 6.40, E is a point on side CB
produced of an isosceles triangle ABC
with AB=AC.IfAD 1 BCand EF 1L AC,
prove that A ABD ~ AECF. F

12. Sides AB and BC and median AD of a
triangle ABC are respectively propor- E
tional to sides PQ and QR and median B D
PM of A PQR (see Fig. 6.41). Show that Fig. 6.40
AABC~APQR.

13. Disapoint on the side BC of a triangle P
ABC such that Z ADC = Z BAC. Show A
that CA?=CB.CD.

14. Sides AB and AC and median AD of a
triangle ABC are respectively B
proportional to sides PQ and PR and
median PM of another triangle PQR.

Show that AABC ~ APQR.

15. A vertical pole of length 6 m casts a shadow 4 m long on the ground and at the same time
a tower casts a shadow 28 m long. Find the height of the tower.

16. If AD and PM are medians of triangles ABC and PQR, respectively where

D CQ M R

Fig. 6.41

A ABC~ A PQR, prove that % = %'
6.5 Summary
In this chapter you have studied the following points :
1. Two figures having the same shape but not necessarily the same size are called similar
figures.
2. All the congruent figures are similar but the converse is not true.
3. Two polygons of the same number of sides are similar, if (i) their corresponding angles
are equal and (ii) their corresponding sides are in the same ratio (i.e., proportion).
4. If a line is drawn parallel to one side of a triangle to intersect the other two sides in
distinct points, then the other two sides are divided in the same ratio.
5. Ifaline divides any two sides of a triangle in the same ratio, then the line is parallel to the
third side.
6. If in two triangles, corresponding angles are equal, then their corresponding sides are in
the same ratio and hence the two triangles are similar (AAA similarity criterion).
7. Ifin two triangles, two angles of one triangle are respectively equal to the two angles of
the other triangle, then the two triangles are similar (AA similarity criterion).
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11. 560 6.40 &° S85ey Sobers (@5heo ABC

&® AB=AC 8asw AD L BC EF L AC ey
dgore CB  E $8% sr&node,AABD ~A ECF
SHENSORWE

12. a9y d0o AABCS® gheren AB,BC segiiss F

B AD o 55 A PQRE® gheren PQ £r805m
QR 05558 S PMen edoarsos® &), E B D C

A ABC ~ A PQR 9 e, $60 6.40

13. Z ADC = £ BAC wdhg S5ore AABCS® BC

ghes0d a8 Doty D Beotd wand CA?=CB.CD P
@ SHXw. A

14. AABC &% gperen AB, AC 5055758 S AD $565re

A PQR&F ghemen PQ b0 PR o808 doiigrie
3» PMes wibdndo & a5y, AABC~APQRet® D CQ M R
LR3I S0 6.41

15. Qerdorr &) 6 &b D& Ko a8 Hogho 4 & &P o KD BB, 6 DHchos® 28 &b &EH

Ko D& DB P80 I Dod?

16. AD 8¢5 PMen s AABC. %5805» A PQRe&® f¢gr5s Spen 08ciw A ABC ~APQR

g AB_AD e
[3ews) PQ_PM A0 QBTCN0 .

6.5 Jrorodo:
SHodo &s @thdé)éaaés, Bod oz 36{)&@&2&3 :

1.
2.
3.

2.8 95080 EOAGOAE 2.8 HBKTESD EDA SoEISNB0 B Hered DErD Heren @otrd.

o) BB Heren dearen S DHBGAK0 D& 5.

B8 Boggs® gheren EOAS Boh asrugheren SEraren Soareod (1)a® ©dtrs ey Srlorr
Gowed. (ii) B ©drs) heren &8 IZPYS® sowed. (9HarSoe® Gowed).

. 28 (Bghaod® 2l 2Herd8 dSrosSore ADS Te ADS Bok Hereld SHE%H DohHest

POBODS, & WADS Botd gheen a8 3@@68 QgsRoHaEToOD.

. o8 (BgHasns® AR Bo gheeod 28 @Kg@é’s IR0 DBEET, SorES 8Herd8 dSrosborr

Jood.

. Bo& (BghHeres® Slren $SE$or 608 T8 ©HEESH ghere QByen Jdedorr Goeron.

(005rB08° Gotrom) Bose & Boh (BeHeren HEFDH (Beheren (& .85 85 K8rHEs)

. a8 (BeDasnd® Both Seasmen SV IE°E (BeHessnst Both Epne PSS & Bok

(Bsheren S&maren (8585 08r08)
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8. If in two triangles, corresponding sides are in the same ratio, then their corresponding
angles are equal and hence the triangles are similar (SSS similarity criterion).

9. If one angle of a triangle is equal to one angle of another triangle and the sides including
these angles are in the same ratio (proportional), then the triangles are similar
(SAS similarity criterion).

A NOTE TO THE READER

If in two right triangles, hypotenuse and one side of one
triangle are proportional to the hypotenuse and one side of
the other triangle, then the two triangles are similar. This
may be referred to as the RHS Similarity Criterion.

If you use this criterion in Example 2, Chapter 8, the proof will
become simpler.
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8. Both Behered® a8 (Behmos® gherer ST (©5Hens® gherod WIS’ &) @ Bok
(B20eroSt ©dErd Seren HEPHED (2050 @ Botk (Bgheren HErared (8H.8H. 8D, HEPHES)

9. a8 (Behessns® a8 Sesn I8 (©Hesind® el BnsndsH JErsDd, & Lo OA &)
X gheren 2.8 AQBS® (0FB08%) 608 & Both (Bgheren Strren (45,8540, HEFHES)

FPEHOH $IE

Bo ©oas’s (Baberod® ol (BaHaos® égzéaa 0B850 2.8 8Haedn HBde
Bk (Bghesost égzéaa S0B0 2.8 2Hesinsd evdrardost 63), & 3ok (Bghezren
DEearen A ©0.8. gH. (RHS) $&rs88 dahorne Kedo.

& AoHrd) egsahso 8 & e 2 H D0E H80H DS S
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COORDINATE GEOMETRY 7

7.1 Introduction

In Class IX, you have studied that to locate the position of a point on a plane, we require a pair
of coordinate axes. The distance of a point from the y-axis is called its x-coordinate, or abscissa.
The distance of a point from the x-axis is called its y-coordinate, or ordinate. The coordinates
of'a point on the x-axis are of the form (x, 0), and of a point on the y-axis are of the form (0, y).

Here is a play for you. Draw a set of a pair of perpendicular axes on a graph paper. Now plot
the following points and join them as directed: Join the point A(4, 8) to B(3, 9) to C(3, 8) to
D(1, 6) to E(1, 5) to F(3, 3) to G(6, 3) to H(8, 5) to I(8, 6) to J(6, 8) to K(6, 9) to L(5, 8) to A.
Then join the points P(3.5, 7), Q (3, 6) and R(4, 6) to form a triangle. Also join the points
X(5.5,7),Y(5, 6) and Z(6, 6) to form a triangle. Now join S(4, 5), T(4.5, 4) and U(5, 5) to form
a triangle. Lastly join S to the points (0, 5) and (0, 6) and join U to the points (9, 5) and (9, 6).
What picture have you got?

Also, you have seen that a linear equation in two variables of the form
ax + by + ¢ =0, (a, b are not simultaneously zero), when represented graphically, gives a
straight line. Further, in Chapter 2, you have seen the graph of y = ax*> + bx + ¢ (a # 0), is a
parabola. In fact, coordinate geometry has been developed as an algebraic tool for studying
geometry of figures. It helps us to study geometry using algebra, and understand algebra with
the help of geometry. Because of this, coordinate geometry is widely applied in various fields
such as physics, engineering, navigation, seismology and art!

In this chapter, you will learn how to find the distance between the two points whose
coordinates are given, and to find the area of the triangle formed by three given points. You will
also study how to find the coordinates of the point which divides a line segment joining two
given points in a given ratio.
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7.2 Distance Formula
Let us consider the following situation:

A town B is located 36 km east and 15 km
north of the town A. How would you find the
distance from town A to town B without actually
measuring it. Let us see. This situation can be
represented graphically as shown in
Fig. 7.1. You may use the Pythagoras Theorem
to calculate this distance.

Now, suppose two points lie on the x-axis. Can
we find the distance between them? For instance,
consider two points A(4, 0) and B(6, 0) in Fig. 7.2.
The points A and B lie on the x-axis.

From the figure you can see that OA =4 units
and OB = 6 units.

Therefore, the distance of B from A, i.e., AB
=0B-0A =6—4=2 units.

So, if two points lie on the x-axis, we can easily
find the distance between them.

Now, suppose we take two points lying on the
y-axis. Can you find the distance between

them. If the points C(0, 3) and D(0, 8) lie on
the y-axis, similarly we find that CD=8 -3 =35
units (see Fig. 7.2).

North

B

IIS km
X

A € >
36 km East

Fig. 7.1

.D(0, 8)

C(0, 3)

MW R U1 00

| A B
O 1 23M 56
il

Fig. 7.2

X
(6,0)

Next, can you find the distance of A from C (in Fig. 7.2)? Since OA =4 units and OC =3
units, the distance of A from C, i.e., AC= /3> + 4> =5 units. Similarly, you can find the distance

of B from D = BD = 10 units.

Now, if we consider two points not lying on coordinate axis, can we find the distance
between them? Yes! We shall use Pythagoras theorem to do so. Let us see an example.

In Fig. 7.3, the points P(4, 6) and Q(6, 8) lie in the first quadrant. How do we use Pythagoras
theorem to find the distance between them? Let us draw PR and QS perpendicular to the x-axis
from P and Q respectively. Also, draw a perpendicular from P on QS to meet QS at T. Then the
coordinates of R and S are (4, 0) and (6, 0), respectively. So, RS =2 units. Also, QS = 8 units

and TS =PR = 6 units.
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Therefore, QT =2 units and PT =RS =2 units.

Now, using the Pythagoras theorem, we
have

PQ*= PT?+QT?
=22+22=8
So, PQ = ,./2 units

How will we find the distance between two
points in two different quadrants?

Consider the points P(6, 4) and Q(-5, -3)
(see Fig. 7.4). Draw QS perpendicular to the
x-axis. Also draw a perpendicular PT from the
point P on QS (extended) to meet y-axis at the
point R.

S

Y
8 Q(6, 8)
7
6 P T
T
4 4, 6)
3
2
1
R S e
O 12 3/ 5 6™\
6,0
AL
Fig. 7.3
P(6, 4)

X

AT -4-3-2-1,01 2 3 4 5 6

5,0)
-2

Q5,3 3

Fig. 7.4

Then PT =11 units and QT = 7 units. (Why?)

Using the Pythagoras Theorem to the right triangle PTQ, we get

PQ= 11>+ 7> = 170 units.
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Let us now find the distance between any two points Y
P(x,,»,) and Q(x,, y,). Draw PR and QS perpendicular to Qe )
the x-axis. A perpendicular from the point P on QS is drawn ‘
to meet it at the point T (see Fig. 7.5). P 1
Then, OR=x,0S=x,. So, RS=x —x =PT. (x; ¥

Also, SQ=y,, ST=PR=y. So, QT=y,—y,.
Now, applying the Pythagoras theoremin A PTQ, we get
2 pT2 2
PQ*=PT*+QT o R S X
= (X2 _x1)2 + ()’2 _y1)2

Therefore, PQ = \/(xz —x) +(1m-n)

Fig. 7.5

Note that since distance is always non-negative, we take only the positive square root. So,
the distance between the points P(x, y,) and Q(x,, y,) is

PQ= \/(xz_ x1)2 + (J’2_ yl)z ’

which is called the distance formula.

Remarks :

1. In particular, the distance of a point P(x, y) from the origin O(0, 0) is given by

OP= x2+y2.

2. We can also write, PQ = \/(xl - %) + (3 -y) - (Why?)

Example 1 : Do the points (3, 2), (-2, -3) and (2, 3) form a triangle? If so, name the type of
triangle formed.

Solution : Let us apply the distance formula to find the distances PQ, QR and PR, where P(3,
2), Q(=2,-3) and R(2, 3) are the given points. We have

PQ= /(3+2) + (2+3)> =[5’ + 5> =/50 =7.07 (approx.)
QR=[(2-2) 1 (3 —3) =[C4) + C6) =52 =7.21 (approx.)
PR= /G2 + (2-3) =/ + (L) =2 = .41 (approx.)

Since the sum of any two of these distances is greater than the third distance, therefore, the
points P, Q and R form a triangle.
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Also, PQ?+ PR?=QR?, by the converse of Pythagoras theorem, we have £ P =90°.
Therefore, PQR is a right triangle.

Example 2 : Show that the points (1, 7), (4, 2), (-1, —1) and (-4, 4) are the vertices of a square.

Solution : LetA(1, 7), B(4,2), C(-1,—1) and D(—4, 4) be the given points. One way of showing
that ABCD is a square is to use the property that all its sides should be equal and both its
digonals should also be equal. Now,

AB=\(1-47+(7-2) =J0+25=34
BC=\4+1)+@2+1) =25+ 9 =34
CD=\/(-1+4) + (-1 - 4)> =J9+ 25 =34
DA=J(1+4)> + (7 -4)* = 25+ 9 =34
AC=\J(1+ 1)+ (7 +1)* = J4+ 64 = /68
BD=/(4+4) +(2-4) = J64 + 4 =/68

Since, AB=BC=CD=DAand AC=BD, all the four sides of the quadrilateral ABCD are equal
and its diagonals AC and BD are also equal. Thereore, ABCD is a square.

—
=

Alternative Solution : We find the four
sides and one diagonal, say, AC as above.
Here AD?> + DC? = 34 + 34 = 68 = AC%.
Therefore, by the converse of Pythagoras
theorem, £ D =90°. A quadrilateral with
all four sides equal and one angle 90° is a
square. So, ABCD is a square.

Rows

&

Example 3 : Fig. 7.6 shows the
arrangement of desks in a classroom.
Ashima, Bharti and Camella are scated at
A3, 1), B(6, 4) and C(8, 6) respectively.
Do you think they are seated in a line? Give

W R SN

1 2 3 4 5 6 7 8 9 10
Columns

Fig. 7.6

reasons for your answer.
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Solution : Using the distance formula, we have
AB=[(6-3)+(@4 -1 =0+ 9 =18 =32
BC=8-6)+(6-4)7 =J4+4=8=22
AC= /(8 -3) + (6 - 1)* =/25 + 25 =~/50 = 5,2

Since, AB + BC = 342 + 24/2 = 512 = AC, we can say that the points A, B and C are collinear.
Therefore, they are seated in a line.

Example 4 : Find a relation between x and y such that the point (x , ) is equidistant from the
points (7, 1) and (3, 5).

Solution : Let P(x, y) be equidistant from the points A(7, 1) and B(3, 5).
We are given that AP = BP. So, AP?=BP?

ie., -7+ -1P=x-372+-95)7

e, xX*—14x+49+)y?-2py+1=x>—6x+9+)>— 10y +25

ie., x—-y=2

>

which is the required relation.

Remark : Note that the graph of the equation x—y
=2 is a line. From your earlier studies, you know
that a point which is equidistant from A and B lies
on the perpendicular bisector of AB. Therefore, the
graph of
x —y = 2 is the perpendicular bisector of AB (see
Fig. 7.7).

Example 5 : Find a point on the y-axis which is
equidistant from the points A(6, 5) and B(—4, 3).

Solution : We know that a point on the

B@3, 5)

ondL > B 7S T NS | I NN R -]

A(7,1)

172 34 5 6 7

2

-

y-axis is of the form (0, y). So, let the point P(0, y) 3

be equidistant from A and B. Then * Fig. 7.7
(6-0P+(G5-yP=-4-00+C-y)

ie., 36 +25+)?—10y=16+9 +)? -6y

ie., 4y =36
ie., y=9
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So, the required point is (0, 9).

Let us check our solution :AP = \/(6 0% +(5-9)?% =36 +16 =/52

BP= /(-4-0)’ + (3-9)’ =,/16 + 36 =~/52

Note : Using the remark above, we see that (0, 9) is the intersection of the y-axis and the
perpendicular bisector of AB.

EXERCISE 7.1
1. Find the distance between the following pairs of points :

1 (2,3),4, 1 (i) -5,7),=13) (iii) (a, b), (—a,—b)

2. Find the distance between the points (0, 0) and (36, 15). Can you now find the distance
between the two towns A and B discussed in Section 7.2.

3. Determine if the points (1, 5), (2, 3) and (— 2, — 11) are collinear.
4. Check whether (5, - 2), (6, 4) and (7, — 2) are the vertices of an isosceles triangle.

g.F"}

5. In a classroom, 4 friends are seated at 19
the points A, B, C and D as shown in
Fig. 7.8. Champa and Chameli walk into
the class and after observing for a few
minutes Champa asks Chameli, “Don’t
you think ABCD is a square?”” Chameli
disagrees. Using distance formula, find
which of them is correct.

Rovn

-:n»
5

6. Name the type of quadrilateral formed,
if any, by the following points, and give
reasons for your answer:

n
H -1,-2),(1,0),(-1,2),(-3,0) Ti

(ii) (-3,5), (3, 1), (0, 3), (-1,—4) 2 £ £ 78 5 10

(i) (4,5),(7,6),(4,3),(1,2) Fig. 7.8

7. Find the point on the x-axis which is equidistant from (2, -5) and (-2, 9).

e B W e B = @ Wl

=
i
| 2
L1

8. Find the values of y for which the distance between the points P(2, — 3) and Q(10, y) is
10 units.
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9. If Q(0, 1) is equidistant from P(5, —3) and R(x, 6), find the values of x. Also find the
distances QR and PR.

10. Find a relation between x and y such that the point (x, y) is equidistant from the point
(3,6)and (-3, 4).

7.3 Section Formula

Let us recall the situation in Section 7.2. Suppose Y

a telephone company wants to position a relay

tower at P between A and B is such a way that the

distance of the tower from B is twice its distance (x,»)
from A. If P lies on AB, it will divide AB in the LP C
ratio 1 : 2 (see Fig. 7.9). If we take A as the origin
O, and 1 km as one unit on both the axis, the
coordinates of B will be (36, 15). In order to know
the position of the tower, we must know the Fig. 7.9
coordinates of P. How do we find these

coordinates?

B(36, 15)

X

o>

D E

Let the coordinates of P be (x, y). Draw perpendiculars from P and B to the
x-axis, meeting it in D and E, respectively. Draw PC perpendicular to BE. Then, by the AA
similarity criterion, studied in Chapter 6, A POD and A BPC are similar.

OD OP 1 PD OP 1
PC PB 2°° BC PB 2

1 Y
So, Y __ and =— )
36-x 2 15—y 2 P V2)

m,

Therefore ,

These equations givex =12 and y=35. (6.~ P

You can check that P(12, 5) meets the condition that m, &
OP:PB=1:2.
Now let us use the understanding that you may have (g5 )7

developed through this example to obtain the general
formula.

—

Consider any two points A(x, y,) and B(x,, y,) and
assume that P (x, y) divides AB internally in the ratio m : Fig. 7.10

. PA m, .
L., —=—1L Fig. 7.10).
1e., = (see Fig )

m,

m,,
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Draw AR, PS and BT perpendicular to the x-axis. Draw AQ and PC parallel to the x-axis.
Then, by the AA similarity criterion,
APAQ~ABPC

PA AQ PQ

BP PC BC

Now, AQ=RS=0S-OR=x-x,
PC =ST=0T-0S=x,-x
PQ=PS-QS=PS—-AR=y-y,
BC=BT-CT=BT-PS=y -y

Substituting these valuesin (1), we get

(1)

Therefore,

m _ X5 _Y—nh
) X, =X V=Y

: m X—Xx mx, + m,x
Taking e - L we getx = 2 2%
) X, — X m, + m,
1M : m — m +m
Similarly, taking — = Sy , we get y = 1V T M)
) Yo =y m, + m,

So, the coordinates of the point P(x, y) which divides the line segment joining the points
A(x,,y,) and B(x,, y,), internally, in the ratio m, : m, are

{mlxz t X My, mz)’lj 2)
m, + m, m, + m,
This is known as the section formula.
This can also be derived by drawing perpendiculars from A, P and B on the
y-axis and proceeding as above.
Ifthe ratio in which P divides AB is & : 1, then the coordinates of the point P will be

kx2+x1’ky2+yl .
k+1 k+1

Special Case : The mid-point of a line segment divides the line segment in the ratio
1 : 1. Therefore, the coordinates of the mid-point P of the join of the points A(x,, y,) and

B(x,, y,) is

Ix, +1-x, 1.y, +1-y, ([ tx, vt
1+1 1+1 2 2 .

Let us solve a few examples based on the section formula.
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Example 6 : Find the coordinates of the point which divides the line segment joining the points
(4,—3) and (8, 5) in the ratio 3 : 1 internally.

Solution : Let P(x, ) be the required point. Using the section formula, we get

_®HIE) 39+
3+1 - YT T3

Therefore, (7, 3) is the required point.

Example 7 : In what ratio does the point (—4, 6) divide the line segment joining the points A(—
6, 10) and B(3, - 8)?

Solution : Let (—4, 6) divide AB internally in the ratio m : m,. Using the section formula, we
get

3m,—6 —8m, +10
(—4,6>=[ 2, — ’"J (1)
m+ m, m; + m,

Recall that if (x, y) = (a, b) then x =a and y = b.
So, 4= 3m, — 6m, and 6= —8my; +10m,

m +m2 ml+m2

3m,— 6m .

Now, 4= gives us

m + m,

—4m —4m,=3m —6m,
1e., Tm, =2m,
1e., m om,=2:7

You should verify that the ratio satisfies the y-coordinate also.

8™ 410
—8m +10m, _ m,

Now, (Dividing throughout by m,)
my + m, ™oy
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Therefore, the point (—4, 6) divides the line segment joining the points A(— 6, 10) and B(3, — 8)
in the ratio 2 : 7.

Alternatively : The ratio m, : m, can also be written as ", ork: 1. Let (— 4, 6) divide AB
m,

internally in the ratio & : 1. Using the section formula, we get

co-(r o
So, _4= K6
k+1
ie., —4k-4=3k-6
1e., Thk=2
ie., k:1=2:7

You can check for the y-coordinate also.

So, the point (— 4, 6) divides the line segment joining the points A(— 6, 10) and
B(3,—8)intheratio 2 : 7.

Note : You can also find this ratio by calculating the distances PA and PB and taking their ratios
provided you know that A, P and B are collinear.

Example 8 : Find the coordinates of the points of trisection (i.e., points dividing in three equal
parts) of the line segment joining the points A(2, —2) and B(— 7, 4).

. A P B
Solution : Let P and Q be the points of . = 3 i
trisection of AB i.e., AP = PQ = QB ss) 7.4
(see Fig. 7.11). Fig. 7.11

Therefore, P divides AB internally in the ratio 1 : 2. Therefore, the coordinates of P, by applying
the section formula, are

1(=7) +2(2) 1(4) +2(-2))
[ 1+2  1+2 J,l.e.,(—l,())

Now, Q also divides AB internally in the ratio 2 : 1. So, the coordinates of Q are

2(=7) +1Q2) 2(4)+1(=2)) |
[ 2+1  2+1 J,1.e.,(—4,2)
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Therefore, the coordinates of the points of trisection of the line segment joining A and B are (—
1,0)and (— 4, 2).

Note : We could also have obtained Q by noting that it is the mid-point of PB. So, we could
have obtained its coordinates using the mid-point formula.

Example 9 : Find the ratio in which the y-axis divides the line segment joining the points (5, —
6) and (-1, — 4). Also find the point of intersection.

Solution : Let the ratio be & : 1. Then by the section formula, the coordinates of the point

which divides AB in the ratio k : 1 are ("‘ *5 k- 6}.

k+1’ k+1

This point lies on the y-axis, and we know that on the y-axis the abscissa is 0.

—k+5

Therefore, P

So, k=5

: .. . : . : —13
That is, the ratio is 5 : 1. Putting the value of k=5, we get the point of intersection as [O, Tj .

Example 10 : Ifthe points A(6, 1), B(8, 2), C(9, 4) and D(p, 3) are the vertices of a parallelogram,
taken in order, find the value of p.

Solution : We know that diagonals of a parallelogram bisect each other.

So, the coordinates of the mid-point of AC = coordinates of the mid-point of BD

e 6+9 1+4) (8+p 243
U 2 2 2 2

: 155)_(8+p 3
ie., 5= |73 3

15 8+ p
SO - =
’ 2 2

ie., p=7
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10.

. To conduct Sports Day activities, in your

EXERCISE 7.2

. Find the coordinates of the point which divides the join of (-1, 7) and (4, —3) in the

ratio 2 : 3.

. Find the coordinates of the points of trisection of the line segment joining (4, —1)

and (-2, -3). D, &

rectangular shaped school ground ABCD, lines
have been drawn with chalk powder at a distance
of Imeach. 100 flower pots have been placed at
a distance of 1m from each other along AD, as

shown in Fig. 7.12. Niharika runs i— th the distance

AD on the 2nd line and posts a green flag. Preet

runs ;— th the distance AD on the eighth line and

» PRI KKK |

posts ared flag. What is the distance between both 2

the flags? If Rashmi has to post a blue flag exactly B . | B
halfway between the line segment joining the two 123456 78910
flags, where should she post her flag? Fig. 7.12

. Find the ratio in which the line segment joining the points (— 3, 10) and (6, — 8) is divided

by (1, 6).

. Find the ratio in which the line segment joining A(1, — 5) and B(— 4, 5) is divided by the

x-axis. Also find the coordinates of the point of division.

. If (1, 2), (4, y), (x, 6) and (3, 5) are the vertices of a parallelogram taken in order, find

xandy.

. Find the coordinates of a point A, where AB is the diameter of a circle whose centre is

(2,-3)and Bis (1, 4).

. If Aand B are (-2, — 2) and (2, — 4), respectively, find the coordinates of P such that

AP= % AB and P lies on the line segment AB.

. Find the coordinates of the points which divide the line segment joining A(— 2, 2) and B(2,

8) into four equal parts.

Find the area of a rhombus if its vertices are (3, 0), (4, 5), (— 1, 4) and (- 2, — 1) taken in
order. [Hint : Area of a rhombus = % (product of its diagonals)]
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7.4 Summary

In this chapter, you have studied the following points :

1. The distance between P(x, y)) and Q(x,, »,) i8 \[(x, - x)* + (v, - »)’.
2. The distance of a point P(x, y) from the origin is x*> + ;.
3. The coordinates of the point P(x, y) which divides the line segment joining the points A(x,

y,) and B(x,, y,) internally in the ratio m, : m, are (mm TN MYy T J

m; + m, m; + m,

4. The mid-point of the line segment joining the points P(x, y,) and Q(x,, y,) is

Nt Nt
2 2 )

A NOTE TO THE READER

Section 7.3 discusses the Section Formula for the coordinates
(x, ¥) of a point P which divides internally the line segment
joining the points
A(x,,y,) and B(x,, y,) in the ratio m : m, as follows :

_ LSl _ My

b

m + m, m + m,
Note that, here, PA: PB=m :m,.

However, if P does not lie between A and B but lies on the line
AB, outside the line segment AB, and PA: PB =m  :m,, we say
that P divides externally the line segment joining the points A
and B. You will study Section Formula for such case in higher
classes.
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PROOFS IN MATHEMATICS

Al.1 Introduction

The ability to reason and think clearly is extremely useful in our daily life. For example, suppose
a politician tells you, ‘If you are interested in a clean government, then you should vote for me.’
What he actually wants you to believe is that if you do not vote for him, then you may not get a
clean government. Similarly, if an advertisement tells you, ‘The intelligent wear XYZ shoes’,
what the company wants you to conclude is that if you do not wear XYZ shoes, then you are not
intelligent enough. You can yourself observe that both the above statements may mislead the
general public. So, if we understand the process of reasoning correctly, we do not fall into such
traps unknowingly.

The correct use of reasoning is at the core of mathematics, especially in constructing
proofs. In Class IX, you were introduced to the idea of proofs, and you actually proved many
statements, especially in geometry. Recall that a proof is made up of several mathematical
statements, each of which is logically deduced from a previous statement in the proof, or from
a theorem proved earlier, or an axiom, or the hypotheses. The main tool, we use in constructing
a proof, is the process of deductive reasoning.

We start the study of this chapter with a review of what a mathematical statement is. Then,
we proceed to sharpen our skills in deductive reasoning using several examples. We shall also
deal with the concept of negation and finding the negation of a given statement. Then, we discuss
what it means to find the converse of a given statement. Finally, we review the ingredients of a
proof learnt in Class IX by analysing the proofs of several theorems. Here, we also discuss the
idea of proof by contradiction, which you have come across in Class [X and many other chapters
of this book.

Al1.2 Mathematical Statements Revisited

Recall, that a ‘statement’ is a meaningful sentence which is not an order, or an
exclamation or a question. For example, ‘Which two teams are playing in the
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Cricket World Cup Final?’ is a question, not a statement. ‘Go and finish your homework’ is an
order, not a statement. ‘What a fantastic goal!” is an exclamation, not a statement.
Remember, in general, statements can be one of the following:
o always true
o always false
e ambiguous

In Class IX, you have also studied that in mathematics, a statement is acceptable only if
it is either always true or always false. So, ambiguous sentences are not considered as
mathematical statements.

Let us review our understanding with a few examples.

Example 1 : State whether the following statements are always true, always false or ambiguous.
Justify your answers.

(1) The Sun orbits the Earth.

(i1) Vehicles have four wheels.

(iii) The speed of light is approximately 3 x 10° km/s.

(iv) A road to Kolkata will be closed from November to March.
(v) All humans are mortal.

Solution :

(1) This statement is always false, since astronomers have established that the Earth orbits the
Sun.

(i1) This statement is ambiguous, because we cannot decide if it is always true or always false.
This depends on what the vehicle is — vehicles can have 2, 3, 4, 6, 10, etc., wheels.

(ii1) This statement is always true, as verified by physicists.
(iv) This statement is ambiguous, because it is not clear which road is being referred to.

(v) This statement is always true, since every human being has to die some time.

Example 2 : State whether the following statements are true or false, and justify your answers.
(1) All equilateral triangles are isosceles.

(i1) Some isosceles triangles are equilateral.

(ii1) All isosceles triangles are equilateral.

(iv) Some rational numbers are integers.
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(v) Some rational numbers are not integers.

(vi) Not all integers are rational.
(vii) Between any two rational numbers there is no rational number.
Solution :

(1) This statement is true, because equilateral triangles have equal sides, and therefore are
isosceles.

(i1) This statement is true, because those isosceles triangles whose base angles are 60° are
equilateral.

(ii1) This statement is false. Give a counter-example for it.

(iv) This statement is true, since rational numbers of the form £, where p is an integer and
q
. 3
q = 1, are integers (for example, 3 ZT)'
(v) This statement is true, because rational numbers of the form 2, p, q are integers and
q

.. . 3
g does not divide p, are not integers (for example, > ).

(vi) This statement is the same as saying ‘there is an integer which is not a rational number’.
This is false, because all integers are rational numbers.

r+s
5

(vii) This statement is false. As you know, between any two rational numbers 7 and s lies

which is a rational number.
Example 3 : If x <4, which of the following statements are true? Justify your answers.
(1) 2x>8 (i) 2x <6 (iii) 2x < 8
Solution :
(1) This statement is false, because, for example, x = 3 <4 does not satisfy 2x > 8.
(i1) This statement is false, because, for example, x = 3.5 <4 does not satisfy 2x <6.
(ii1) This statement is true, because it is the same as x <4.

Example 4 : Restate the following statements with appropriate conditions, so that they become
true statements:

(1) Ifthe diagonals of a quadrilateral are equal, then it is a rectangle.
(i1) A line joining two points on two sides of a triangle is parallel to the third side.

(iii) /p is irrational for all positive integers p.

(iv) All quadratic equations have two real roots.
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Solution :
(1) If the diagonals of a parallelogram are equal, then it is a rectangle.

(i1) A line joining the mid-points of two sides of a triangle is parallel to the third side.
(iii) /p is irrational for all primes p.
(iv) All quadratic equations have at most two real roots.

Remark : There can be other ways of restating the statements above. For instance, (iii) can also

be restated as * \[p is irrational for all positive integers p which are nota perfect square’.

EXERCISE Al.l

1. State whether the following statements are always true, always false or ambiguous. Justify
your answers.
(1) All mathematics textbooks are interesting.
(i) The distance from the Earth to the Sun is approximately 1.5 x 10% km.
(iii) All human beings grow old.
(iv) The journey from Uttarkashi to Harsil is tiring.
(v) The woman saw an elephant through a pair of binoculars.
2. State whether the following statements are true or false. Justify your answers.
(1) All hexagons are polygons. (i1) Some polygons are pentagons.
(iii) Not all even numbers are divisible by 2. (iv)  Some real numbers are irrational.
(v) Not all real numbers are rational.

3. Letaand b be real numbers such that ab # 0. Then which of the following statements are
true? Justify your answers.

(1) Both a and b must be zero. (i1) Both a and » must be non-zero.
(iii) Either a or b must be non-zero.
4. Restate the following statements with appropriate conditions, so that they become true.
(i) Ifa®>>b? then a>b. (i) If x> =»? , then x = y.
(iii) If (x +y)*> =x*+)?, then x = 0. (iv) The diagonals of a quadrilateral bisect each other.

A1l.3 Deductive Reasoning

In Class IX, you were introduced to the idea of deductive reasoning. Here, we will
work with many more examples which will illustrate how deductive reasoning is
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used to deduce conclusions from given statements that we assume to be true. The given statements
are called ‘premises’ or ‘hypotheses’. We begin with some examples.

Example 5 : Given that Bijapur is in the state of Karnataka, and suppose Shabana lives in
Bijapur. In which state does Shabana live?
Solution : Here we have two premises:
(1) Bijapuris in the state of Karnataka (ii) Shabana lives in Bijapur
From these premises, we deduce that Shabana lives in the state of Karnataka.

Example 6 : Given that all mathematics textbooks are interesting, and suppose you are reading
a mathematics textbook. What can we conclude about the textbook you are reading?

Solution : Using the two premises (or hypotheses), we can deduce that you are reading an
interesting textbook.

Example 7 : Given that y =—6x + 5, and suppose x = 3. What is ?

Solution : Given the two hypotheses, we gety =—6 (3) +5=—13.

D
Example 8 : Given that ABCD is a parallelogram, and =

suppose AD =5cm, AB =7 cm (see Fig. A1.1). What can
you conclude about the lengths of DC and BC?

Solution : We are given that ABCD is a parallelogram.
So, we deduce that all the properties that hold for a
parallelogram hold for ABCD. Therefore, in particular,

A B
Fig. A1.1

the property that ‘the opposite sides of a parallelogram are equal to each other’, holds. Since
we know AD =5 cm, we can deduce that BC =5 cm. Similarly, we deduce that DC =7 cm.

Remark : In this example, we have seen how we will often need to find out and use properties
hidden in a given premise.

Example 9 : Given that ,/p is irrational for all primes p, and suppose that 19423 is a prime.
What can you conclude about /19423 ?

Solution : We can conclude that /{9423 is irrational.

In the examples above, you might have noticed that we do not know whether the
hypotheses are true or not. We are assuming that they are true, and then applying
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deductive reasoning. For instance, in Example 9, we haven’t checked whether 19423
is a prime or not; we assume it to be a prime for the sake of our argument. What we are trying to
emphasise in this section is that given a particular statement, how we use deductive reasoning
to arrive at a conclusion. What really matters here is that we use the correct process of reasoning,
and this process of reasoning does not depend on the trueness or falsity of the hypotheses.
However, it must also be noted that if we start with an incorrect premise (or hypothesis), we
may arrive at a wrong conclusion.

EXERCISE A1.2

1. Given that all women are mortal, and suppose that A is a woman, what can we conclude
about A?

2. Given that the product of two rational numbers is rational, and suppose a and b are rationals,
what can you conclude about ab?

3. Given that the decimal expansion of irrational numbers is non-terminating, non-recurring,
and ./17 isirrational, what can we conclude about the decimal expansion of /17 ?

4. Given that y=x?+6 and x =— 1, what can we conclude about the value of ?

5. Given that ABCD is a parallelogram and £ B = 80°. What can you conclude about the
other angles of the parallelogram?

6. Given that PQRS is a cyclic quadrilateral and also its diagonals bisect each other. What
can you conclude about the quadrilateral?

7. Giventhat /p is irrational for all primes p and also suppose that 3721 is a prime. Can you
conclude that /3727 is an irrational number? Is your conclusion correct? Why or why not?

Al.4 Conjectures, Theorems, Proofs and Mathematical Reasoning

Consider the Fig. A1.2. The first circle has one

point on it, the second two points, the third 1 )
three, and so on. All possible lines connecting

the points are drawn in each case.

The lines divide the circle into mutually 1 2
exclusive regions (having no common portion). 2 5
We can count these and tabulate our results as 8
shown :
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Number of points Number of regions
1 1
2 2
3 4
4 8
5
6
7

Some of you might have come up with a formula predicting the number of regions given
the number of points. From Class IX, you may remember that this intelligent guess is called a
‘conjecture’.

Suppose your conjecture is that given ‘n’ points on a circle, there are 2"~! mutually exclusive
regions, created by joining the points with all possible lines. This seems an extremely sensible
guess, and one can check thatif n =5, we do get 16 regions. So, having verified this formula for
5 points, are you satisfied that for any » points there are 2" ' regions? If so, how would you
respond, if someone asked you, how you can be sure about this for n = 25, say? To deal with
such questions, you would need a proof which shows beyond doubt that this result is true, or a
counter-example to show that this result fails for some ‘n’. Actually, if you are patient and try it
out for n = 6, you will find that there are 31 regions, and for n =7 there are 57 regions. So, n =
6, is a counter-example to the conjecture above. This demonstrates the power of a counter-
example. You may recall that in the Class IX we discussed that to disprove a statement, it is
enough to come up with a single counter-example.

You may have noticed that we insisted on a proof regarding the number
of regions in spite of verifying the result for n = 1, 2, 3, 4 and 5. Let us consider
a few more examples. You are familiar with the following result (given in Chapter 5): 1 +2+3

+..+tn= ”(”TH) . To establish its validity, it is not enough to verify the result forn=1, 2, 3,

and so on, because there may be some ‘n’ for which this result is not true (just as in the example
above, the result failed for » = 6). What we need is a proof which establishes its truth beyond
doubt. You shall learn a proof for the same in higher classes.
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Now, consider Fig. A1.3, where PQ and PR are Q
tangents to the circle drawn from P.

You have proved that PQ =PR (Theorem 10.2). P
You were not satisfied by only drawing several such
figures, measuring the lengths of the respective

tangents, and verifying for yourselves that the result

was true in each case.

R
Fig. A1.3

Do you remember what did the proof consist of ? It consisted of a sequence of statements
(called valid arguments), each following from the earlier statements in the proof, or from
previously proved (and known) results independent from the result to be proved, or from axioms,
or from definitions, or from the assumptions you had made. And you concluded your proof with
the statement PQ = PR, i.e., the statement you wanted to prove. This is the way any proof is
constructed.

We shall now look at some examples and theorems and analyse their proofs to help us in
getting a better understanding of how they are constructed.

We begin by using the so-called ‘direct’ or ‘deductive’ method of proof. In this method, we
make several statements. Each is based on previous statements. If each statement is logically
correct (i.e., a valid argument), it leads to a logically correct conclusion.

Example 10 : The sum of two rational numbers is a rational number.

Solution :

S.No. Statements Analysis/Comments
1. Let x and y be rational numbers. Since the result is about rationals, we start
with x and y which are rational.
7 Let x=™ n#0and y=2, g#0 Apply the definition of rationals.
n q
where m, n, p and g are integers.
3. So, x4 y= m, p_mg+np The result talks about the sum of rationals,

nq nq

so we look at x + y.




BRB055 DBRDHe 241

S, B0, AL 3 D POrBoB08, B PQ bt Q
PR en arsig Hothsh P oo 3208 AR )8) Spen.

% PQ =PR Repodsn 10.2) o JErom.
Berod) eren Achto RO 02068 Q) Baren FEHedd
Fodio , HBC POTRY T VBITRED (8 Korksos®
@550 D850 @ BRDEB.

R
Hevo. A1.3

Qe D EOA &8 Dt 1HBT? B a8 (Do By 8O 0ol (Begert Dy TPen
29 PDOFKD), K050 AEPRRODLS (K550 58506 QEPR0B528S (5805w BOVD) Hdere Hod xBol&
HOB0 QBTH0BEErd8, Soe ?otrg;o@e) $008, Sow Q&SP Sod S % LA &%) @oiirey Hod
PHODIG $BAK o> &b e PQ =PR & (55:5:508° ohotod. HF° e A otads &rdo
38.

i Ryt SR STrErdteen B0k REFOTRRD HOBOED HOA T D= o HFRRHD

©d Jer éoaéoiﬁaaacgcﬁﬁ e @go DS SL 08 8% DD E@o.

HodK0 DBHe @wé& ‘@’)é%é’ Glmd ‘@Sgyé’ éeg&a) &HIBeA0NE0 TP @"60@@2533. &3 éig@éﬁ, HodSw
B Pisren D, (58 e5HB HobHd [HH550 B STREHE Sokood. H8 [BSETo SO B KB
(208, Deparen oGy TEI), 8O TGP B LOACY.

&S 10 : Both ©8shod Sogge Fndo a8 wSSBD Sogy,

PSS
8.0 (DSEPen Qgiea/agen
1. | x£080 yeo o85B0H HSoggen. $080 o0 ©83B Sogge N0 Sad
B850 X, Y e e55B0H Vogged® (EoDHRRL.

2. | x=" n#0800 y=L, 40 wEBHAD Soage TR SHEFAOT,
oS, B m, 1, p O g e
‘cﬁyg éosp?ge».

3. |oo9%, x4 y="ty R TATP X +y & $980 Botb ©EHD Hogge

noq nq
Sodo HBoN BOSH Enob.




242 PROOFS IN MATHEMATICS

4. Using the properties of integers, we see Using known properties of
that mq + np and ng are integers. integers.
5. Since n # 0 and g # 0, it follows that Using known properties of
ng # 0. integers.
6. Therefore, x+y="9""7 is a rational Using the definition of a
n 0
number 1 rational number.

Remark : Note that, each statement in the proof above is based on a previously established
fact, or definition.

Example 11 : Every prime number greater than 3 is of the form 6k + 1 or 6k + 5, where k is
some integer.

Solution :

S.No. Statements Analysis/Comments
1. Let p be a prime number greater than 3. | Since the result has to do with a prime
number greater than 3, we start with
such a number.
2. Dividing p by 6, we find that p can be of | Using Euclid’s
the form 6k, 6k + 1, 6k + 2, division lemma.
6k + 3, 6k + 4, or 6k + 5, where k is
an integer.
3. But 6k = 2(3k), 6k +2 =23k + 1), We now analyse the
6k +4=203k+2), remainders given that
and 6k + 3 =3(2k + 1). So, they are p is prime.
not primes.
4. So, p is forced to be of the We arrive at this conclusion
form 6k + 1 or 6k + 5, for some having eliminated the other
integer k. options.

Remark : In the above example, we have arrived at the conclusion by eliminating different
options. This method is sometimes referred to as the Proof by Exhaustion.
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Theorem Al.1 (Converse of the Pythagoras A
Theorem) : If in a triangle the square of the
length of one side is equal to the sum of the
squares of the other two sides, then the angle
opposite the first side is a right angle.
D C
Proof : P
Fig. A1.4
S.No. Statements Analysis
1. Let AABC satisfy the hypothesis Since we are proving a statement about
AC?*=AB’+BC2 such a triangle, we begin by taking this.
2. Construct line BD perpendicular to This is the intuitive step we have talked
AB, such that BD =BC, and join Ato D.| about that we often need to take for
proving theorems.
3. By construction, AABD is a right We use the Pythagoras
triangle, and from the Pythagoras theorem, which is already
Theorem, we have AD>=AB?+ BD”. proved.
4. By construction, BD =BC. Therefore, | Logical deduction.
we have AD*=AB?+ BC~
5. | Therefore, AC>*=AB?+BC?>=AD". Using assumption, and previous
statement.
6. Since AC and AD are positive, we Using known property of
have AC=AD. numbers.
7. We have just shown AC =AD. Also Using known theorem.
BC =BD by construction, and AB is
common. Therefore, by SSS,
AABC = AABD.
8. Since AABC = AABD, we get Logical deduction, based on
ZABC= ZABD, which s aright angle. | previously established fact.
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Remark : Each of the results above has been proved by a sequence of steps, all linked together.
Their order is important. Each step in the proof follows from previous steps and earlier known
results. (Also see Theorem 6.9.)

EXERCISEA1.3
In each of the following questions, we ask you to prove a statement. List all the steps in each
proof, and give the reason for each step.
1. Prove that the sum of two consecutive odd numbers is divisible by 4.

2. Take two consecutive odd numbers. Find the sum of their squares, and then add 6 to the
result. Prove that the new number is always divisible by 8.

3. If p > 5 is a prime number, show that p* + 2 is divisible by 3.
[Hint: Use Example 11].
4. Letx and y be rational numbers. Show that xy is a rational number.

5. Ifaand b are positive integers, then you know that a = bg +r, 0 < r<b, where ¢ is a whole
number. Prove that HCF (a, b) = HCF (b, r).

[Hint : Let HCF (b, ) = h. So, b = k h and r = k,h, where k| and k, are coprime. ]
6. Aline parallel to side BC of a triangle ABC, intersects AB and AC at D and E respectively.

Prove that 22 _ AE.
DB EC

Al.5 Negation of a Statement

In this section, we discuss what it means to ‘negate’ a statement. Before we start, we would like
to introduce some notation, which will make it easy for us to understand these concepts. To
start with, let us look at a statement as a single unit, and give it a name. For example, we can
denote the statement ‘It rained in Delhi on 1 September 2005’ by p. We can also write this by

p: Itrained in Delhi on 1 September 2005.
Similarly, let us write

q: All teachers are female.

r: Mike’s dog has a black tail.

s:2+2=4.

t: Triangle ABC is equilateral.

This notation now helps us to discuss properties of statements, and also to see how we can
combine them. In the beginning we will be working with what we call ‘simple’ statements, and
will then move onto ‘compound’ statements.
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Now consider the following table in which we make a new statement from each of the
given statements.

Original statement New statement
p: Itrained in Delhi on ~p: It is false that it rained in Delhi
1 September 2005 on 1 September 2005.
q: All teachers are female. ~ q: Itis false that all teachers are female.
r: Mike’s dog has a black tail. ~r: It is false that Mike’s dog has a black tail.
s:2+2=4. ~s: It is false that 2 + 2 = 4.
t: Triangle ABC is equilateral. ~t: It is false that triangle ABC is equilateral.

Each new statement in the table is a negation of the corresponding old statement. That is,
~p, ~q, ~r, ~s and ~¢ are negations of the statements p, g, r, s and ¢, respectively. Here, ~p is
read as ‘not p’. The statement ~p negates the assertion that the statement p makes. Notice that
in our usual talk we would simply mean ~p as ‘It did not rain in Delhi on 1 September 2005.’
However, we need to be careful while doing so. You might think that one can obtain the negation
of a statement by simply inserting the word ‘not’ in the given statement at a suitable place.
While this works in the case of p, the difficulty comes when we have a statement that begins
with ‘all’. Consider, for example, the statement g: All teachers are female. We said the negation
of this statement is ~¢: It is false that all teachers are female. This is the same as the statement
‘There are some teachers who are males.” Now let us see what happens if we simply insert ‘not’
in g. We obtain the statement: ‘All teachers are not female’, or we can obtain the statement:
‘Not all teachers are female.” The first statement can confuse people. It could imply (if we lay
emphasis on the word ‘All’) that all teachers are male! This is certainly not the negation of g.
However, the second statement gives the meaning of ~g, i.e., that there is at least one teacher

who is not a female. So, be careful when writing the negation of a statement!
So, how do we decide that we have the correct negation? We use the following criterion.

Let p be a statement and ~p its negation. Then ~p is false whenever p is true, and ~p is

true whenever p is false.
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For example, if it is true that Mike’s dog has a black tail, then it is false that Mike’s dog
does not have a black tail. If it is false that ‘Mike’s dog has a black tail’, then it is true that
‘Mike’s dog does not have a black tail’.

Similarly, the negations for the statements s and 7 are:
s: 2 +2 =4; negation, ~s: 2 +2 # 4.
t: Triangle ABC is equilateral; negation, ~¢: Triangle ABC is not equilateral.

Now, what is ~(~s)? It would be 2 + 2 =4, which is 5. And what is ~(~#)? This would be ‘the
triangle ABC 1is equilateral’, i.e., ¢. In fact, for any statement p, ~(~p)

is p.
Example 12 : State the negations for the following statements:
(1) Mike’s dog does not have a black tail.
(i1) All irrational numbers are real numbers.
(ii1) /7 is irrational.
(iv) Some rational numbers are integers.
(v) Not all teachers are males.
(vi) Some horses are not brown.
(vii) There is no real number x, such that x> =— 1.

Solution :

(1) Itis false that Mike’s dog does not have a black tail, i.e., Mike’s dog has a black tail.

(i1) It is false that all irrational numbers are real numbers, i.e., some (at least one) irrational
numbers are not real numbers. One can also write this as, ‘Not all irrational numbers are
real numbers.’

(ii1) Itis false that /7 is irrational, i.e., \/2 is not irrational.
(iv) It is false that some rational numbers are integers, i.e., no rational number is an integer.
(v) Itis false that not all teachers are males, i.¢., all teachers are males.
(vi) It is false that some horses are not brown, i.e., all horses are brown.
(vii) It is false that there is no real number x, such that x> =— 1, i.e., there is at least one real
number x, such that x>=—1.

Remark : From the above discussion, you may arrive at the following Working Rule for
obtaining the negation of a statement :
(1) First write the statement with a ‘not’.

(i1) Ifthere is any confusion, make suitable modification , specially in the statements involving
‘All’ or ‘Some’.
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EXERCISE Al4

1. State the negations for the following statements :
(1) Man is mortal. (i1) Line /s parallel to line m.
(iii) This chapter has many exercises.(iv) All integers are rational numbers.
(v) Some prime numbers are odd. (vi) No studentis lazy.

(vil) Some cats are not black.
(viii) There is no real number x, such that /x = -1.

(ix) 2 divides the positive integer a. (x) Integers a and b are coprime.

2. In each of the following questions, there are two statements. State if the second is the
negation of the first or not.

(1) Mumtaz is hungry. (i1) Some cats are black.
Mumtaz is not hungry. Some cats are brown.
(iii) All elephants are huge. (iv) All fire engines are red.
One elephant is not huge. All fire engines are not red.

(v) Noman isa cow.
Some men are cows.

A1.6 Converse of a Statement

We now investigate the notion of the converse of a statement. For this, we need the notion of a
‘compound’ statement, that is, a statement which is a combination of one or more ‘simple’
statements. There are many ways of creating compound statements, but we will focus on those
that are created by connecting two simple statements with the use of the words ‘if” and ‘then’.
For example, the statement ‘If it is raining, then it is difficult to go on a bicycle’, is made up of
two statements:

p: Itis raining

q: Itis difficult to go on a bicycle.

Using our previous notation we can say: If p, then g. We can also say ‘p implies ¢’, and
denote itby p = gq.

Now, supose you have the statement ‘If the water tank is black, then it contains potable
water.” This is of the form p = ¢, where the hypothesis is p (the water tank is black) and the
conclusion is ¢ (the tank contains potable water). Suppose we interchange the hypothesis and
the conclusion, what do we get? We get ¢ = p, i.e., if the water in the tank is potable, then the
tank must be black. This statement is called the converse of the statement p = gq.
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In general, the converse of the statement p = ¢ is ¢ = p, where p and ¢ are statements.
Note that p = ¢g and ¢ = p are the converses of each other.

Example 13 : Write the converses of the following statements :
(1) If Jamila is riding a bicycle, then 17 August falls on a Sunday.

(i1) If 17 August is a Sunday, then Jamila is riding a bicycle.

(iii) If Pauline is angry, then her face turns red.

(iv) If a person has a degree in education, then she is allowed to teach.
(v) Ifa person has a viral infection, then he runs a high temperature.

(vi) If Ahmad is in Mumbeai, then he is in India.

(vii) If triangle ABC is equilateral, then all its interior angles are equal.

(viii) If x is an irrational number, then the decimal expansion of x is non-terminating non-
recurring.

(ix) If x — a is a factor of the polynomial p(x), then p(a) = 0.

Solution : Each statement above is of the form p = ¢. So, to find the converse, we first
identify p and ¢, and then write ¢ = p.

(1) p: Jamila is riding a bicycle, and ¢: 17 August falls on a Sunday. Therefore, the converse is:
If 17 August falls on a Sunday, then Jamila is riding a bicycle.

(i1) This is the converse of (i). Therefore, its converse is the statement given in
(i) above.

(iii) If Pauline’s face turns red, then she is angry.
(iv) Ifa person is allowed to teach, then she has a degree in education.
(v) If a person runs a high temperature, then he has a viral infection.
(vi) If Ahmad is in India, then he is in Mumbai.
(vii) If all the interior angles of triangle ABC are equal, then it is equilateral.

(viii) If the decimal expansion of x is non-terminating non-recurring, then x is an irrational
number.

(ix) If p(a) = 0, then x — a is a factor of the polynomial p(x).

Notice that we have simply written the converse of each of the statements above without
worrying if they are true or false. For example, consider the following statement: If Ahmad is in
Mumbai, then he is in India. This statement is true. Now consider the converse: If Ahmad is in
India, then he is in Mumbai. This need not be true always — he could be in any other part of India.
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In mathematics, especially in geometry, you will come across many situations where
p = q is true, and you will have to decide if the converse, i.e., ¢ = p, is also true.

Example 14 : State the converses of the following statements. In each case, also decide
whether the converse is true or false.

(1) If n is an even integer, then 27 + 1 is an odd integer.

(i1) If the decimal expansion of a real number is terminating, then the number is rational.

(iii) If a transversal intersects two parallel lines, then each pair of corresponding angles is
equal.

(iv) If each pair of opposite sides of a quadrilateral is equal, then the quadrilateral is
a parallelogram.

(v) Iftwo triangles are congruent, then their corresponding angles are equal.

Solution :

(1) The converse is ‘If 2n + 1 is an odd integer, then n is an even integer.” This is a false
statement (for example, 15=2(7) + 1, and 7 is odd).

(i1) ‘If a real number is rational, then its decimal expansion is terminating’, is the converse.
This is a false statement, because a rational number can also have a non-terminating recurring
decimal expansion.

(iii) The converse is ‘If a transversal intersects two lines in such a way that each pair of
corresponding angles are equal, then the two lines are parallel.” We have assumed, by Axiom
6.4 of your Class IX textbook, that this statement is true.

(iv) ‘If a quadrilateral is a parallelogram, then each pair of its opposite sides is equal’, is the
converse. This is true (Theorem 8.1, Class IX).

(v) ‘If the corresponding angles in two triangles are equal, then they are congruent’, is the
converse. This statement is false. We leave it to you to find suitable counter-examples.

EXERCISE A1.5

1. Write the converses of the following statements.
(1) Ifitishotin Tokyo, then Sharan sweats a lot.
(i1) If Shalini is hungry, then her stomach grumbles.
(ii1) IfJaswant has a scholarship, then she can get a degree.
(iv) Ifaplanthas flowers, then it is alive.

(v) Ifananimal is a cat, then it has a tail.
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2. Write the converses of the following statements. Also, decide in each case whether the
converse is true or false.

(1) Iftriangle ABC is isosceles, then its base angles are equal.
(i1) If aninteger is odd, then its square is an odd integer.
(iii) Ifx*=1,thenx=1.
(iv) IfABCD is a parallelogram, then AC and BD bisect each other.
(v) Ifa, b and ¢, are whole numbers, thena + (b +c¢)=(a + b) +c.
(vi) Ifxand y are two odd numbers, then x + y is an even number.

(vii) If vertices of a parallelogram lie on a circle, then it is a rectangle.

A1.7 Proof by Contradiction

So far, in all our examples, we used direct arguments to establish the truth of the results. We
now explore ‘indirect’ arguments, in particular, a very powerful tool in mathematics known as
‘proof by contradiction’. We have already used this method in Chapter 1 to establish the
irrationality of several numbers and also in other chapters to prove some theorems. Here, we
do several more examples to illustrate the idea.

Before we proceed, let us explain what a contradiction is. In mathematics, a contradiction
occurs when we get a statement p such that p is true and ~p, its negation, is also true. For
example,

a .
prx=o, where a and b are coprime.

q: 2 divides both ‘a’ and ‘b’.
If we assume that p is true and also manage to show that ¢ is true, then we have arrived at a
contradiction, because ¢ implies that the negation of p is true. If you remember, this is exactly

what happened when we tried to prove that /7 is irrational (see Chapter 1).
How does proof by contradiction work? Let us see this through a specific example.
Suppose we are given the following :
All women are mortal. A is a woman. Prove that A is mortal.
Even though this is a rather easy example, let us see how we can prove this by
contradiction.

® [ et us assume that we want to establish the truth of a statement p (here we want to show
that p : ‘A is mortal’ is true).
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® So, we begin by assuming that the statement is not true, that is, we assume that the negation
of p is true (i.e., A is not mortal).

® We then proceed to carry out a series of logical deductions based on the truth of the
negation of p. (Since A is not mortal, we have a counter-example to the statement ‘All
women are mortal.” Hence, it is false that all women are mortal.)

® I[fthis leads to a contradiction, then the contradiction arises because of our faulty assumption
that p is not true. (We have a contradiction, since we have shown that the statement ‘All
women are mortal’ and its negation, ‘Not all women are mortal’ is true at the same time.
This contradiction arose, because we assumed that A is not mortal.)

® Therefore, our assumption is wrong, i.e., p has to be true. (So, A is mortal.)

Let us now look at examples from mathematics.

Example 15 : The product of a non-zero rational number and an irrational number is irrational.

Solution :

Statements Analysis/Comment

We will use proof by contradiction. Let  be a non-
zero rational number and x be an irrational number.

m 5
Let »=—, where m, n are integers and m # 0,
n

n # 0. We need to prove that rx is irrational.

Assume rx is rational. Here, we are assuming the
negation of the statement that
we need to prove.

Then rx=£, g # 0, where p and ¢ are integers. This follow from the previous
q
statement and the definition of a
rational number.
Rearranging the equation rx = 2 q#0,and
q

using the fact that » = 7 we get x= P _"P
n

rqg mq’
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Since np and mgq are integers and mq # 0, Using properties of integers,
X is a rational number. and definition of a rational
number.

This is a contradiction, because we have shown x | This is what we were looking
to be rational, but by our hypothesis, we havex [ for — a contradiction.
is irrational.

The contradiction has arisen because of the faulty| Logical deduction.
assumption that rx is rational. Therefore, rx
is irrational.

We now prove Example 11, but this time using proof by contradiction. The proof'is given
below:

Statements Analysis/Comment
Let us assume that the statement is note true. As we saw earlier, this is the
starting point for an argument using
‘proof by contradiction’.

So we suppose that there exists a prime number This is the negation of the
p >3, which is not of the form 6n + 1 or 6n+ 5, | statement in the result.
where 7 is a whole number.

Using Euclid’s division lemma on division by 6, Using earlier proved results.
and using the fact that p is not of the form 6n + 1
or bn + 5, we getp=6n or bn + 2 or 6n +3

or 6n + 4.
Therefore, p is divisible by either 2 or 3. Logical deduction.
So, p is not a prime. Logical deduction.

This is a contradiction, because by our hypothesis | Precisely what we want!
p 1s prime.

The contradiction has arisen, because we assumed
that there exists a prime number p > 3 which is
not of the form 6 + 1 or 61 + 5.

Hence, every prime number greater than 3 is of the| We reach the conclusion.
form 6n + 1 or 6n + 5.
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Remark : The example of the proof above shows you, yet again, that there can be several ways

of proving a result.

Theorem A1.2 : Out of all the line segments, drawn from a point to points of a line not

passing through the point, the smallest is the perpendicular to the line.

Proof:

P
ki A A,M B
Fig. A1.5
Statements Analysis/Comment

Let XY be the given line, P a point not lying on XY
and PM, PA ,PA_, ... etc., be the line segments
drawn from P to the points of the line XY, out of
which PM is the smallest (see Fig. A1.5).

Since we have to prove that
outofall PM, PA ,PA ,. ..
etc., the smallest is perpendi-
cular to XY, we start by
taking these line segments.

Let PM be not perpendicular to XY

This is the negation of the
statement to be proved by
contradiction.

by dotted lines in Fig. A1.5.

Draw a perpendicular PN on the line XY, shown

We often need
constructions to prove our
results.

PN is the smallest of all the line segments PM,
PA ,PA,,...etc., whichmeans PN <PM.

Side of right triangle is less
than the hypotenuse and
known property of numbers.

This contradicts our hypothesis that PM is the
smallest of all such line segments.

Precisely what we want!

to XY.

Therefore, the line segment PM is perpendicular

We reach the conclusion.
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EXERCISEA1.6

1. Suppose a +b =c +d, and a <c. Use proof by contradiction to show b > d.

2. Let r be a rational number and x be an irrational number. Use proof by contradiction to
show that » + x is an irrational number.

3. Use proof by contradiction to prove that if for an integer a, @* is even, then so is a.
[Hint : Assume a is not even, that is, it is of the form 2 + 1, for some integer n, and then
proceed. ]

4. Use proof by contradiction to prove that if for an integer a, a? is divisible by 3, then a is
divisible by 3.

5. Use proof by contradiction to show that there is no value of n for which 6" ends with the
digit zero.

6. Prove by contradiction that two distinct lines in a plane cannot intersect in more than one
point.

Al.8 Summary

In this Appendix, you have studied the following points :

1. Different ingredients of a proof and other related concepts learnt in Class IX.
2. The negation ofa statement.

3. The converse of a statement.

4. Proofby contradiction.
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ANSWERS/HINTS
I _
EXERCISE 1.1
1. () 22x5x%x7 (i) 22 x 3 x 13 (iii) 3> x 52 x 17

(iv) 5x7x11x13  (v) 17 x 19 x 23
2. (i) LCM = 182; HCF = 13(ii) LCM = 23460; HCF=2  (iii) LCM = 3024; HCF = 6
3. (i) LCM=420; HCF =3 (ii) LCM =11339; HCF =1 (i) LCM = 1800; HCF = 1
4. 22338 7. 36 minutes

EXERCISE 2.1
1. (i) No zeroes (i) 1 (iii) 3 (iv) 2 (v) 4 (vi) 3

EXERCISE 2.2

. . 11 1 3
1. 1) 2,4 (11) 35 (111) 33
(iv) 2.0 W A5 o) g
2. (i) 4x*—x—4 (i) 3x*=3V2x+1 (iii) »* +/5
(iv) x¥*—x+1 (V) dx*+x+1 (vi) X2 —4x + 1

EXERCISE 3.1
1. (i) Required pair of linear equations is
x+y=10; x —y =4, where x is the number of girls and y is the number of boys.

To solve graphically draw the graphs of these equations on the same axes on graph
paper.
Girls =7, Boys = 3.
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Answers/ Hints

(i1) Required pair of linear equations is
5x +7y=150; 7x + 5y =46, where x and y represent the cost (in ") of a pencil and of a
pen respectively.
To solve graphically, draw the graphs of these equations on the same axes on graph
paper.
Cost of one pencil = * 3, Cost of one pen= "5

2. (i) Intersectatapoint  (ii) Coincident (ii1) Parallel
3. (i) Consistent (i1) Inconsistent (ii1) Consistent
(iv) Consistent (v) Consistent
4. (i) Consistent (ii) Inconsistent (iii) Consistent (iv) Inconsistent
The solution of (i) above, is given by y = 5 — x, where x can take any value, i.¢., there are
infinitely many solutions.
The solution of (iii) above is x =2, y = 2, i.e., unique solution.
5. Length =20 m and breadth =16 m.
6. One possible answer for the three parts:
(1) 3x+2y-7=0 (i) 2x+3y—12=0 (iii)) 4x+6y—16=0
7. Vertices of the triangle are (-1, 0), (4, 0) and (2, 3).
EXERCISE 3.2
1. (i) x=9, y=5 (i1)) s=9, t=6 (iii)) y=3x-3,

2.
3.

where x can take any value, i.e., infinitely many solutions.
(iv) x=2, y=3 v)x=0,y=0 (vi)x=2, y=3
x=-2,y=5 m=-1
(1) x—y =26, x =3y, where x and y are two numbers (x > y); x =39, y=13.
(i1) x—y =18, x+y =180, where x and y are the measures of the two angles in degrees;
x=99, y=_8lI.

(ii1) 7x+ 6y =3800, 3x + 5y = 1750, where x and y are the costs (in ") of one bat and one

ball respectively; x = 500, y = 50.
(iv) x+10y=105, x+ 15y =155, where x is the fixed charge (in ") and y is the charge (in
" per km); x =5, y=10; * 255.
(v) 1lx—=9y+4=0, 6x—5y+3 =0, where x and y are numerator and denominator of the

fraction; % (x=17,y=9).

(vi) x—=3y—-10=0,x— 7y +30=0, where x and y are the ages in years of Jacob and his
son; x =40, y=10.
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23 &) (1) @wE), PGS y =5 —x, oo adgpbod, s8)E X BT DenHerdly), dme,edo8Ro0
I H.

2 (1il) Goo&) PGS x =2,y = 2, eolre, 988 &S
5. &% =20 & $58050 Seny = 16 .
6. S0 grrred @égéa&sa?g a8 JSoegeldo:

(1) 3x+2y-7=0 (i1)) 2x+3y—12=0 (iii)) 4x+6y—16=0
7. ®gheso Gws) doven (—1, 0), (4, 0) S8 (2, 3).

P50 3.2
1. (i) x=9, y=5 (i) s=9, t=6 (i) y=3x-3,
BEE X B 0308 Jenden é‘(\’wgaeéiﬁg), g0 Freden edodo.
(iv) x=2, y=3 v)x=0, y=0 (viyx=2, y=3

2. x=-2,y=5 m=-1
3. (1) x—y =26, x =3y, a8 x 5H005%0 y en Botk Doggen (x >y); x =39,y =13.
(if) x—y=18, x +y =180, 55% x L6 y & Sotsr YHee™ Bere Toder; x =99, y=81.

(iii) 7x + 6y = 3800, 3x + Sy = 1750, a5 x 80 y 03D SEOIT &8 argn 3o, af 208
@) 3o (* &%); x =500,y =50.

(iv) x+10y =105, x+ 15y =155, 55 x &36 18 Sarer 9y (&%) Lobosw y &36 8.8, &
Sarese s (8.8, &~ o8f); x =5, y=10; * 255.

(v) 1lx—9y+4=0, 6x—5y+3 =0, =555 x 50 y €3 o @) oo, o %(x=7,y=9).

(vi) x—=3y-10=0,x—T7y+30=0, BHE X Bk y O eTED, WS KrSretaed Boo¥) HADiyen
(Rosgyoee®); x =40, y = 10.
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EXERCISE 3.3

. _ 19 _6 N _ ey 9 5
1. (1)x—5,y 5 (i) x=2, y=1 (111) x 3V 5

(iv) x=2, y=-3
2. (1) x—y+2=0,2x—y—1=0, where x and y are the numerator and denominator of the

fraction; %
(i1) x—3y+10=0, x—2y—10=0, where x and y are the ages (in years) of Nuri and Sonu

respectively. Age of Nuri (x) = 50, Age of Sonu (y) = 20.

(iii) x +y =9, 8 —y =0, where x and y are respectively the tens and units digits of the
number; 18.
(iv) x+2y=40, x+y=25,where x and y are respectively the number of * 50and * 100
notes; x = 10, y = 15.
(v) x+4y =27, x + 2y =21, where x is the fixed charge (in *) and y is the additional
charge (in *) per day; x=15, y=3.

EXERCISE 4.1
1. (i) Yes (i1) Yes (ii1) No (iv) Yes
(v) Yes (vi) No (vii) No (viii) Yes

2. (i) 2x*+x—528 =0, where x is breadth (in metres) of the plot.
(ii) x?>+x—306 =0, where x is the smaller integer.
(iii) x?+32x—273 =0, where x (in years) is the present age of Rohan.
(iv) u?—8u— 1280 =0, where u (in km/h) is the speed of the train.

EXERCISE 4.2

. .. 3 5

1. (1) -2,5 (i1) -2.3 (i11) _E,_\/E
o 4 O

2. (1) 9,36 (i1) 25, 30

3. Numbers are 13 and 14. 4. Positive integers are 13 and 14.
5. Scmand 12 cm 6. Number of articles = 6, Cost of each article = " 15
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ogRgdo 3.3

6
5

(i)x=2,y=1  (ii)x=—,y=-—

. 19
1’ (1)x:_9y: 139 13

5
(iv) x=2, y=-3
2. (i) x—y+2=0,20—y—1=0, 555 x 506 y 030 Yo G, oo, Ho @ 3
(if) x=3y+10=0, x—2y— 10 =0, a8 x 56050 y @30 SEI™ 30 58k VT GBws)
Sobkes (HoBBTER) K0 Sy (x) = 50, Ve Habiy (1) = 20.
(iif) x+y =9, 8x—y =0, 8 x B y e ST dehen HHBAD F& Dever @o8; 18.
(iv) x+2y=40, x+y =25, 55 x 8 y e» $&Ge 50 s 100 FPe; x =10, y=15.

(V) x+4y=27, x+2y =21, a5 x o360 3 98y (o) 50w y o0 oD 9y (o)
Sfr; x=15, y=3.

ogRgdo 4.1
1. (1) o5 (1) o5 (iil) =0 (iv) o5
(V) o5 (Vi) o0 (vil) =% (viil) e

2. (i) 207 +x 528 = 0, 5% x 0B Yoo Tt Bey) (oo5sd)
(i) x*+x—306=0, 58 x &30 DI Hrgeodo.
(ii1) x2+32x—-273=0, S X OO (‘éoéé&@éj) 58S RBooE), (5 D).
(iv) u*—8u—1280 =0, 55 u &3& (8.8/ko &°) Bew Jo.

R0 4.2
1. () -2,5 (i) —2,% (iii) _%,-ﬁ
w & o
2. (i) 9,36 (ii) 25, 30

3. Soggen 13 B 14. 4. 53 g Soggen 13 05 14.
5. 520.80 $0605» 1220.8 6. Do dogy = 6, 58 50D b =" 15



274 Answers/ Hints

EXERCISE 4.3

2,2

NN

p—

. (1) Real roots do not exist (ii) Equal roots;

2. (1) k=% 205 (i) k=6
3. Yes. 40 m, 20 m 4. No 5. Yes. 20 m, 20 m
EXERCISE 5.1

(ii) Distinct roots;

3+43
2

p—

. (1) Yes. 15,23,31,... forms an AP as each succeeding term is obtained by adding 8 in its
preceding term.

2
(i1) No. Volumes are'V, 37\]’ G) v,L (ii1)  Yes. 150, 200, 250, . . . form an AP.

. 8 8 Y’ 8 Y’
1+——|,10000/ 1 + — | »10000| 1 +—| -L
(iv) No. Amounts are 10000 ( + 100) ( 100) [ 100)

2. (i) 10, 20, 30, 40 (i) —2,-2,-2,-2 (iii) 4, 1,- 2,5
(iv) -1, _%, 0,% (v) —1.25,—1.50,— 1.75, - 2.0

3. (i) a=3, d=-2 (i)a=-5, d=4
(iii) azéadzg (iv) a=0.6, d=1.1

4. (i) No (i) Yes.d=1:4.2:s
(iii) Yes.d=-2;-9.2,-11.2,— 132 (iv)  Yes.d=4; 6,10, 14

(V) Yes.d= \2;3+4J2,3+5J2,3+6/2 (vi) No

(vii) Yes.d=—4; — 16,20, — 24 (viii)  Yes. d = 0; -%, -%, -%
(ix) No (x) Yes. d=a; 5a, 6a, Ta

(xi) No (xii) Yes. d=/2; /50,~/72,98

(xiii)No (xiv) No (xv) Yes. d =24; 97, 121, 145

EXERCISE 5.2
1. (i) a =28 (i) d=2 (i) a=46  (iv) n=10  (v) a =3.5
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wgPo 4.3
1. (i) 58 soreren 89 (i) $EmS fareren; %% (iii) 9835 sooveren; 3izﬁ
2. (i) k== 205 (i) k=6
3. 05, 408,20 & 4. 3o s 5. 09,208,208

wgRsdo 5.1

1. (i) . 15, 23, 31, ... AP 388° Smoth Hi50%8 O oG Dogrg Do Do,
3V (3Y
(1) s°eh 08 o HoLrere Devde Kogy V, e (Z) V,L
(iil) eH. 150,200,250, ...AP @& e DYk,

. 8 I 2 8 3
“« 1+—1]1 1+—1 51 1+ —1,L
(v) =0, wdo &rady Sodre 10000 ( + 100) OOOO( + 100) OOOO( + 100)

2. (i) 10, 20, 30, 40 (i) —2,-2,-2,-2 (iii) 4, 1,- 2,5
(iv) -1, _%, 0,% (v) —1.25,—1.50,— 1.75, - 2.0

3. (i) a=3, d=-2 (i)a=-5, d=4
(iii) azéadzg (iv) a=0.6, d=1.1

4. (i) =% (i) %% d=1:45:3

(i) ©H. d=-2;-9.2,-11.2,—13.2 (iv) 0. d=4; 6,10, 14
(V) @9%0. d= 2;3+4J2,3+5J2,3+6/2 (Vi) =

(vii) 9%, d=—4; — 16,20, 24 (viii) ©9%. d = 0; -%, -%, -%

(iIX) =% (X) ©@5%0. d=a; Sa, 6a, Ta

(xi) =& (xil) ©H%. d=2; 50,72, /98

(xiii)see (Xiv) =% (xV) @3%. d=24;97,121, 145
P50 5.2

1. (i) a =28 (i) d=2 (iii) a =46 (iv) n=10 V) a =35
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2. (1) C (i) B
3. (1) (i) [18],[8] (iii) 638
(iv) [-2] . o], [2].[4] (v) [53], 23 . [8]. 7
4. 16th term 5. (1) 34 (i) 27
6. No 7. 178 8. 64
9. 5th term 10. 1 11. 65th term
12. 100 13. 128 14. 60
15. 13 16. 4,10, 16,22, ...
17. 20th term from the last term is 158.
18. —13,-8,-3 19. 11thyear 20. 10

EXERCISE 5.3
1. (i) 245 (ii) —180 (iii) 5505 (iv) ;—(3)
2. (i) 1046 % (ii) 286 (iii) — 8930

3. () n=16,8,=440 (i) d=-S,,=273 (i) a=4, S,,=246

1

(iv) d=-1,a, =8 Va=-2.4-%¥  ~i)n=5 a =34
10 3 9 3 n

(Vi) n=6, d= % (vii)n=7, a=-8 (ix) d=6
x) a=4
4. 12. By puttinga=9,d =38, S =636 in the formula S = §[2a + (n —1)d], we get a quadratic
equation 4n* + 5n — 636 = 0. On solving, we get n = —5743': 12, Out of these two roots only
one root 12 is admissible.
5.n=16,d=§ 6. n=38, S=6973 7. Sum=1661

8. S. =5610 9. n? 10. (i) S . =525 (i) S, =— 465
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2. (i) C (i1)) B
3. (1) (i) [i8,[8] (iii) 638
(iv) [-2] . o], [2].[4] (v) [53], 23 . [8]. 7
4. 16 S H80 5. (1) 34 (i1) 27
6. No 7. 178 8. 64
9. 5% %0 10. 1 11. 65 & HB0
12. 100 13. 128 14. 60
15. 13 16. 4,10,16,22, ...
17. 258 H&o Lood 20 S H5o158.
18. —13, -8, -3 19. 115 Bos&Bo 20. 10

ogRgdo 5.3
1. (i) 245 (ii) —180 (iii) 5505 (iv) ;—(3)
2. (i) 1046 % (ii) 286 (iii) — 8930

3. () n=16,8,=440 (i) d=-S,,=273 (i) a=4, S,,=246

1

(iv) d=-1,a, =8 Va=-2.4-%¥  ~i)n=5 a =34
10 3 9 3 n

(Vi) n=6, d= % (vii) n=7, a=-8 (ix) d=6
x) a=4
4. 12.a=9,d=138,S =636 % &rFo S = g[za +(n - 1)d] & HBEROBT Lo B B0

4n*+5n—-636=0. é@&@@oiﬁm FES N = —5743: 12, 08808, & Bot Lrers? .8 Hreo 12

(B SRTEBHGRI.

5.n=16,d=§ 6. n=38, S=6973 7. 3wgo =1661

8. S, =5610 9. n? 10. (i) S, =525 (i) S, =— 465
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Answers/ Hints

11.

12.
16.
17.
19.

S,=3,5,=4; a,=S,-S,=1;, §,=3, a,=S,-S =1,
a,=S,-S,=-15 a =S —-S  =5-2n.

4920 13. 960 14. 625 15. © 27750
Values of the prizes (in ") are 160, 140, 120, 100, 80, 60, 40.
234 18. 143 cm

16 rows, 5 logs are placed in the top row. By putting S =200, a =20, d =—1 in the formula

S= %[2a +(n - 1)d], we get, 41n—n> =400. On solving, n= 16, 25. Therefore, the number
of rows is either 16 or 25. a,, =a +24 d=—4

i.e., number of logs in 25th row is — 4 which is not possible. Therefore n = 25 is not
possible. For n =16, a,, = 5. Therefore, there are 16 rows and 5 logs placed in the top
TOW.

20. 370 m
EXERCISE 5.4 (Optional)*
1. 32nd term 2. 5,=20,76 3.385cm
4. 35 5. 750 m?
EXERCISE 6.1
1. (i) Similar (i1) Similar (iii) Equilateral

1.
2.
9.

1.

14.

15.

(iv) Equal, Proportional 3. No

EXERCISE 6.2

(1) 2cm (i1) 2.4 cm

(1) No (i1) Yes (iiii) Yes

Through O, draw a line parallel to DC, intersecting AD and BC at E and F respectively.
EXERCISE 6.3

(1) Yes.AAA,AABC~APQR (ii) Yes.SSS,AABC~AQRP

(iii) No (iv) Yes.SAS,AMNL~A QPR

(v) No (vi) Yes.AA, ADEF~APQR

55°, 55°, 55°

Produce AD to a point E such that AD = DE and produce PM to a point N such that
PM=MN. Join EC and NR.

42 m
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11. S, =3,5,=4; a,=S,-S =1, S,=3, a,=S,-§,=-1,
a,=S,-S,=-15 a =S —-S  =5-2n.

1

12. 4920 13. 960 14. 625 15. © 27750
16. aSwHse denden (T&¥) 160, 140, 120, 100, 80, 60, 40.
17. 234 18. 143 20.%

19. 16 S8oden, 5 3 e P $550058°% soded. S =200, a =20, d =1 o o

S = %[261 +(n-Dd] 8 H8ZoST % 4ln — n? = 400 ofod. FESE, n = 16, 25.

0LDHY, BOKd Eﬁéoééj NESEB Sogyg 16 S 25. a,,=a-+ 24 d =—4 edre, 25 $ $5H38°
&%) B Iy © Sogy — 4 26 o . wothHdY n = 25 Fggo == n =16, a = 5.
ORIOK, 16 HBden B $G%SE 5 Bé& 333&303@ SodaEEPon.

20. 370 .
oo 5.4 (mz‘i)géo)*

1. 325 o 2.8,=20,76 3. 385 0.5,
4. 35 5. 750 &°

ogRgdo 6.1
1. (i) %tedren (ii) e (iif) 2soe=sro

(iv) 2Emo, obebhso 3.

P50 6.2
1. (i) 2%0.5 (ii) 2.4 20,5
2. (i) =% (ii) o5 (iiil) o5

9. O oxoe, DC & Srosorr a8 B ADD, 1d SHdme E £605» F o o AD %8050 BC e
080D

ogRgdo 6.3
1. (1) o5%. AAA,AABC~APQR (ii) o%. SSS, AABC~AQRP
(ii1) =% (iv) @HB. SAS, AMNL~A QPR
(V) =% (Vi) o5%. AA, ADEF~APQR

2. 55°, 55°,55°
14. AD D gr&nosme E 565 AD = DE, PM 9 grénosme N & PM = MN oo, EC 805 NR @
Eoard.
15. 42 &
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EXERCISE 7.1
1. () 22 (1) a2 (ii1) 2ya®+p?
2. 39; 39 km 3. No 4. Yes 5. Champa is correct.
6. (i) Square (i) No quadrilateral (ii1) Parallelogram
7. (-=7,0) 8. -9,3 9. +4 QR =+/41,PR =+/82,92
10. 3x+y—-5=0

3. J/61m; 5thline at a distance of22.5m 4.2:7
5. 1;1;[_%,0) 6. x=6, y=3 7. (3,— 10)
8. [_2, _2) 9. [_1, 1) (0.5, [1, Ej 10. 24 sq. units
7 7 2 2
EXERCISE 8.1
1. (1) SinA = - cos A = 22 (i1) sinC = 22, cosC = -
25 25 25 25

2. 0 3. cosA—gatanA—% 4. sinA=1—§»secA=%7
5. sin6= i» cosb = 2, tan 0 = i, cot = 25 cosecO = B3

13 13 12 5 5

49 )
7. (1) o (11) o 8. Yes
9. (i) 1 (ii) 0 10. sinP - % cosP = % tan P = %
11. (i) False (i1) True (ii1) False (iv) False

EXERCISE 7.2

. (1, 3) 2. [z, -gj : [o, -gj

(v) False
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ogRgdo 7.1
1. 4) 032 (i) 443 (iii) 25"
2. 39; 39 8% 3. =% 4. 935 5. Soar Ko Bayod
6. (1) 3&8Ko (i) S&HBpeso =2 (1il) DSPoBS Sehisyeso
7. (-=7,0) 8. -9,3 9. +4 QR =+/41,PR =+/82,92
10. 3x+y—-5=0
ogRgdo 7.2
SY (o 7
1. (1,3) 2. [z, —Ej,[o, 3)
3. Jolo; 22.5 D &rdos® 55 B 5 4.2:7
5. 1;1;(_%,0) 6. x=6, y=3 7. 3, 10)
8. (_2, _Ej 9. (_1, %) (0.5, (1% 10. 24 5555 ey

7 7



Class X

Suggested Pedagogical Processes Learning Outcomes

The learners may be provided with | The learner—

opportunities individually or in groups

and encouraged to—

¢ extend the methods of finding LCM and
HCF of large numbers learnt earlier to
general form.

e discuss different aspects of
polynomials, such as—their degree,
type (linear, quadratic, cubic), zeroes,
etc., relationship between their visual
representation and their zeroes.

e play a game which may involve a series
of acts of factorising a polynomial and
using one of its factors to form a new
one. For example, one group factorising
say, (x® — 2x* — x — 2) and using one of
its factors x-1 to construct another
polynomial, which is further factorised
by another group to continue the
process.

® use quadratic equations to solve real life
problems through different strategies,
such as, making a perfect square,
quadratic formula, etc.

e discuss different aspects of linear
equations by engaging students in the
activities of the following nature:

= one group may ask another to form
linear equation in two variables with
coefficients from a particular number
system, i.e., natural numbers or
numbers that are not integers, etc.

= graphically representing a linear
equation in 1D or 2D and try to
explain the difference in their nature.

» encouraging students to observe
identities and equations and
segregate them.

e use graphical ways to visualise different
aspects of linear equations, such as,
visualising linear equations in two
variables or to find their solution.

® observe and analyse patterns in their
daily life situations to check if they form
an Arithmetic Progression and, if so,

generalises properties of numbers and
relations among them studied earlier to
evolve results, such as, Euclid’s division
algorithm, Fundamental Theorem of
Arithmetic and applies them to solve
problems related to real life contexts.

develops a relationship between
algebraic and graphical methods of
finding the zeroes of a polynomial.

finds solutions of pairs of linear
equations in two variables using
graphical and different algebraic
methods.

demonstrates strategies of finding
roots and determining the nature of
roots of a quadratic equation.

develops strategies to apply the concept
of A.P. to daily life situations.

works out ways to differentiate between
congruent and similar figures.

establishes properties for similarity of
two triangles logically using different
geometric criteria established earlier
such as, Basic Proportionality Theorem,
etc.

R

Lll] Learning Outcomes at the Secondary Stage - L



find rule for getting their nth term and
sum of n terms. The situations could be
— our savings or pocket money, games
such as, playing cards and snakes and
ladders, etc.

analyse and compare different
geometrical shapes, charts, and models
made using paper folding and tell about
their similarity and congruence.

discuss in groups different situations,
such as, constructing maps, etc., in
which the concepts of trigonometry are
used.

work in projects related to heights and
distances, that may include situations
in which methods have to be devised
for measuring the angle of inclination
of the top of a building and their own
distance from the building.

devise ways to find the values of
different trigonometric ratios for a given
value of a trigonometric ratio.

observe shapes in the surroundings
that are a combination of shapes
studied so far, such as, cone, cylinder,
cube, cuboid, sphere, hemisphere, etc.
They may work in groups and may
provide formulas for different aspects
of these combined shapes.

determine areas of various materials,
objects, and designs around them for
example design on a handkerchief,
design of tiles on the floor, geometry
box, etc.

discuss and analyse situations related
to surface areas and volumes of
different objects, such as, (a) given
two boxes of a certain shape with
different dimensions, if one box is to
be changed exactly like another box,
which attribute will change, its surface
area or volume? (b) By what percent
will each of the dimensions of one box
have to be changed to make it exactly
of same size as the other box?

discuss and analyse the chance of
happening of different events through
simple activities like tossing a coin,
throwing two dices simultaneously,

=% Learning Outcomes for Mathematics
1

derives formulae to establish relations
for geometrical shapes in the context
of a coordinate plane, such as, finding
the distance between two given points,
to determine the coordinates of a point
between any two given points, to find
the area of a triangle, etc.

determines all trigonometric ratios
with respect to a given acute angle (of a
right triangle) and uses them in solving
problems in daily life contexts like
finding heights of different structures
or distance from them.

derives proofs of theorems related to
the tangents of circles

constructs—

= a triangle similar to a given triangle
as per a given scale factor.

= a pair of tangents from an external
point to a circle and justify the
procedures.

examines the steps of geometrical
constructions and reason out each step

finds surface areas and volumes
of objects in the surroundings by
visualising them as a combination of
different solids like cylinder and a cone,
cylinder and a hemisphere, combination
of different cubes, etc.

calculates mean, median and mode for
different sets of data related with real
life contexts.

*
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picking up a card from a deck of 52
playing cards, etc.

generalise the formulas of mean, median
and mode read in the earlier classes by
providing situations for these central
tendencies.

collect data from their surroundings
and calculate the central tendencies.

to draw tangents to a circle from a
point which lies outside and a point
which lies inside the circle. They may
be motivated to evolve different ways to
verify the properties of such tangents.

determines the probability of an event
and applies the concept in solving daily
life problems.

( ééZ":'(
.
e

Suggested Pedagogical Processes in an Inclusive Setup

Children with special needs to be taken along the class and
keeping in view the learning objectives, similar to those of the
others, appropriate activities may be designed. The teacher
should take into account the specific problem of the child and
plan alternate strategies for teaching-learning process. A healthy
inclusive classroom environment provides equal opportunity to
all the students; to those with and without learning difficulties.
The measures to be adopted may include:

e developing process skills through group activities and using

ICT for simulation, repeated practice and evaluation.

® assessing learning progress through different modes taking
cognizance of the learner’s response.

e observing the child’s engagement in multiple activities,
through varied ways and levels of involvement.

e using of embossed diagram in the pedagogical process and

learning progress.

® using of adapted equipment (large print materials, adapted
text materials with simple language, more pictures and
examples, etc.) in observation and exploration (for example:
visual output devices should have aural output and vice
versa) during the teaching-learning process.

e using multiple choice questions to get responses from
children who find it difficult to write or explain verbally.

Learning Outcomes at the Secondary Stage == | =
] 5
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286 Answers/ Hints

NOTES
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